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ABSTRACT

In this paper, we introduce a new class of sets called shg-closed sets in topological spaces. A subset A of X is said to
be shg-closed if sSCI(A) < U whenever A < U and U is bg -open in X. Also we study some of its basic properties and
investigate the relationship with other existing closed sets in topological space. As an application, we introduce two
new spaces namely, Tgg and T
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1. INTRODUCTION

N. Levine [6] introduced semi-open sets in Topology and studied its properties in 1963. In 1970, N.Levine[7]
introduced generalized closed (briefly g-closed) sets and studied their basic properties. b-open sets have been
introduced and investigated by Andrijevic[2] in 1996. M.K.R.S. Veerakumar[14] defined g-closed sets in Topological
Spaces and studied their properties. Also, R.Subasree and M.MariaSingam[13] introduced bg-closed sets and studied its
properties in 2013.

Now, we introduce the concept of sbg-closed sets and shg-open sets in Topological space and study some of their
properties. Applying these sets, we obtain two new spaces namely Ts;-space and Tgpz-space.

2. PRELIMINARIES

Throughout this paper (X, t) (or simply X) represents topological spaces on which no separation axioms are assumed
unless otherwise mentioned. For a subset A of (X, 1), CI(A), Int(A) and A° denote the closure of A, interior of A and
the complement of A respectively. We are giving some definitions.

Definition 2.1: A subset A of a topological space (X, 1) is called
1. asemi-open set[6] if A < CI(Int(A)).
2. an a-open set[10] if A < Int(CI(Int(A))).
3. ab-openset[2] if A <Cl(Int(A)) U Int(CI(A)).
4. aregular open[12] set if A = Int(CI(A)).

The complement of a semi—open (resp.o—open, b—open, regular-open) set is called semi-closed (resp.o—closed,
b—closed, regular-closed) set.

The intersection of all semi-closed (resp.a-closed, b-closed, regular-closed) sets of X containing A is called the semi-
closure (resp.a-closure, b-closure, regular closure) of A and is denoted by sCI(A) (resp.aCl(A), bCI(A), rCI(A)). The
family of all semi-open (resp. a-open, b-open, regular-open) subsets of a space X is denoted by SO(X) (resp. aO(X),
bO(X), rO(X)).
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Definition 2.2: A subset A of a topological space (X, 1) is called
1) ageneralized closed set (briefly g-closed)[7] if CI(A) < U whenever A — U and U is open in X.
2) asg-closed set[4] if sCI(A) < U whenever A < U and U is semi-open in X.
3) ags-closed set[3] if SCI(A)c U whenever A < U and U is open in X.
4) agb-closed set[1] if bCI(A) — U whenever A — U and U is open in X.
5) arb-closed set[9] if rCI(A) — U whenever A — U and U is b-open in X.
6) ag*b-closed set[16] if bCI(A) — U whenever A c U and U is g-open in X.
7) ag-closed set[14] if CI(A) < U whenever A c U and U is semi-open in X.
8) abg-closed set[13] if bCI(A) < U whenever A — U and U is g-open in X.
9) aabg-closed set[11] if aCI(A) < U whenever A < U and U is bg-open in X

The complement of a g-closed (resp. sg-closed, gs-closed, gb-closed, rb-closed, g*b-closed, g-closed, bg-closed and
abg-closed) set is called g-open (resp. sg-open, gs-open, gb-open, rb-open, g*b—open, §-open, bg-open and abg-open)
set.

Definition 2.3: sCI(A) is defined as the intersection of all semi-closed sets containing A.

Definition 2.4: A space (X, 1) is called a
(i) aT,—space[5] if every gs-closed set in X is closed.
(i) aTg —space[1] if every gb-closed set in X is b-closed.
(iii) alp— space[13] if every bg-closed set in X is b-closed.
(iv) aT p; — space[13] if every bg-closed set in X is closed.
(v) aT ws—space[11] if every abg-closed set in X is closed.
3.sbg-CLOSED SETS

We introduce the following definition.

Definition 3.1: A subset A of a topological space (X, 1) is called a shg-closed set if sSCI(A) < U whenever A < U and
U is bg-open in X. The family of all shg-closed sets of X are denoted by sbg-C(X).

Definition 3.2: The complement of a sbg-closed set is called shg-open set. The family of all shg-open sets of X are
denoted by sbg-O(X).

Example 3.3: Let X = {a, b, ¢} and © = {X, ¢,{a},{b}.{a, b},{a, c}} then {X, ¢,{b}{c}.{a, c}.{b, c}} are sbg-closed
sets and {X, ¢,{b},{a}.{a, c}.{a, b}} are sbg-open sets in X.

Proposition 3.4: Every closed set is shg-closed set

Proof: Let A be any closed set in X and U be any b3 -open set in X such that A < U. Since A is closed, CI(A) = A for
every subset A of X. Therefore, sCI(A) cCI(A) = A < U. Hence, A is sbg-closed set.

The following example shows that the converse of the above proposition need not be true.

Example 3.5: Let X = {a, b, ¢} and © = {X, ¢, {a}}.sbg-C(X) = {X, ¢,{b}.{c}.{b, c}}. Here, {b}, {c} are shg-closed
sets but not closed sets in X.

Proposition 3.6: A subset A of (X, t) is semi-closed set in X iff A is shg-closed set in X.
Proposition 3.7: Every a-closed set is shg-closed set.

Proof: Let A be any a-closed set in X such that A < U where U is I -open. Since A is a-closed set, SCI(A) < aCl(A)
< U. Therefore, sCI(A) < U. Hence, A is shg-closed set.

The converse of the above proposition need not be true as shown in the following example.

Example 3.8: Let X = {a, b, ¢} and 7= {X, ¢,{a},{c}.{a, c}.{b. c}}.a-C(X) = {X, ¢.{a}.{a, b},{b, c}} and shg-C(X) =
{X, ¢,{a},{b}{a, b}.{b, c}}. Here, {b} is shg-closed set but not a-closed set in X.

Proposition 3.9: Every regular closed set is shg-closed set.
Proof: Let A be any regular closed set in X such that A — U where U is bg-open. Since A is regular closed set,

SCI(A) c rCI(A) < U. Therefore, sCI(A) < U. Hence, A is shg-closed set.
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The reverse implication does not hold as shown in the following example.

Example 3.10: Let X = {a, b, ¢} and = {X, ¢, {b}}.r-C(X) = {X, ¢} and sbg-C(X) = {X, ¢, {a}, {c}, {a, c}}. Here,
{a}, {c}, {a, c} are shg-closed sets but not regular closed sets in X.

Proposition 3.11: Every shg-closed set is b-closed set.

Proof: Let A be any &b -closed set in X such that A < U where U is bg-open. Since A is sbg-closed set,
bCI(A) < sCI(A) < U. Therefore, bCI(A) < U. Hence, A is shg-closed set.

The converse of the above proposition need not be true as shown in the following example.

Example 3.12: Let X = {a, b, ¢} and t© = {X, ¢,{c}.{a, b}}. bC(X) = {X, ¢.,{a}.{b}.{c} {a, b}.{a, c}.{b, c}} and
shg-C(X)={X, ¢,{c}.{a, b}}. Here, {a},{b}.{a, c}.{b, c} are shg-closed sets but not b-closed sets.

Proposition 3.13: Every shg-closed set is sg-closed set

Proof: Let A be any sbg-closed set in X and U be any semi-open set in X such that A < U. Since “Every semi-open set
is bg-open set”, we have sCI(A)c U where U is semi-open. Hence, A is sg-closed.

Every sg-closed set need not be shg-closed set as shown in the following example.

Example 3.14: Let X = {a, b, ¢} and © = {X, ¢,{a, c}}. sg-C(X) = {X, ¢,{b}.{a, b}.{b, c}} and sbg-C(X) = {X, ¢,{b)}.
Here, {a, b},{b, c} aresg-closed sets but not shg-closed sets.

Proposition 3.15: Every sbg-closed set is gs-closed set

Proof: Let A be any sbg-closed set in X and U be any open set in X such that A < U. Since “Every open set is bg-open
set”, we have sCI(A)c U where U is open. Hence, A is gs-closed.

The following example shows that the converse of the above proposition need not be true.

Example 3.16: Let X = {a, b, c,} and T = {X, ¢,{a},{b, c}}. gs-C(X) = {X, ¢,{a}.{b},{c}.{a, b}.{a, c}.{b, c}} and
sbg-C(X) = {X, ¢o.{a}.{b, c}}. Here, {b}, {c}.{a, c}.{a, b}are gs-closed sets but not sbg-closed sets.

Proposition 3.17: Every sbg-closed set is gb-closed set.

Proof: Let A be any sig -closed set in X. Let U be open set such that A < U. Since, “Every open set is & —open”, we
have bCI(A) < sCI(A) < U. Therefore, bCI(A)c U where U is open in X. Hence, A is gb-closed set.

The converse of the above proposition need not be true as shown in the following example.

Example 3.18: Let X = {a, b, ¢} and © = {X, ¢, {a}.{a, b}}. gb-C(X) = {X, ¢,{b}.{c}.{a, c},{b,c}} and sbg-C(X) =
{X, ¢,{b}.{c}.{b, c}}. Here, {a, c} is gb-closed set but not shg-closed set.

Proposition 3.19: Every rb-closed set is shg-closed set.

Proof: Let A be any rb-closed set in X. Let U be any b-open set in X such that A < U. Since “Every b-open set is
bg-open set”, we have sCI(A) < rCI(A) < U where U is bg-open. Therefore, sCI(A) < U. Hence, A is shg-closed set.

The reverse implication does not hold as shown in the following example.

Example 3.20: Let X ={a, b, ¢, d} and t = {X, ¢, {a}.{a, c}.{a, b, d}}. rb-C(X) = {X, ¢,{b, ¢, d}} and sbg-C(X) = {X,
¢,{b),{c},{d}.{b, c}{b, d}.{c, d}{b, c, d}}. Here,{b},{c}.{d}.{b, c}.{c, d}.{b, d} are sbg-closed sets but not rb-closed
sets.

Proposition 3.21: Every sbg-closed set is g*b-closed set.

Proof: Let A be any stg -closed set in X. Let U be g-open set such that A < U. Since, “Every g-open set is b —open
set”, we have bCI(A) < sCI(A) < U. Therefore, bCI(A)< U where U is g-open in X. Hence, A is g*b-closed set.

The following example shows that the converse of the above proposition need not be true
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Example 3.22: Let X = {a, b, ¢,} and © = {X, ¢,{c}.{a, b}}. g*b-C(X) = {X, ¢,{a},{b}.{c}.{a, b}.{a c}{b, c}} and
shg-C(X) = {X, ¢,{c}{a, b}}. Here {a},{b}.{a, c}.{b, c} are g*b-closed sets but not sbg-closed sets.

Proposition 3.23: Every shg-closed set is bg-closed set.

Proof: Let A be any sbg-closed set. By proposition 3.11, A is b-closed set in X. By proposition 3.3 in [13], A is
bg-closed set in X.

The converse of the above proposition need not be true as shown in the following example.

Example 3.24: Let X = {a, b, ¢, d} and t = {X, ¢, {b}, {a, b}, {b, c, d}}. bg-C(X) = {X, ¢,{a}.{c}.{d}.{a c}, {a, d},
{c, d}, {a, b, c},{a, b, d}.{a, c, d}} and sbg-C(X) = {X, ¢,{a}.{c}.{d}.{a, c}.{a, d}.{c, d}.{a, c, d}}. Here {a, b, c},
{a, b, d} are bg-closed sets but not shg-closed sets.

Proposition 3.25: Every abg-closed set is shg-closed set.

Proof: Let A be any abg-closed set. Let U be any bg-open set in X such that A < U. To prove that, A is shg-closed set.
Now, sCI(A) < aCl(A) < U where U is bg-open set. Therefore, A is sbg-closed set.

The converse of the above proposition need not be true as shown in the following example.

Example 3.26: Let X = {a, b, ¢,} and 1 = {X, ¢,{a},{b}.{a, b}}. abg-C(X) = {X, ¢,{c}.{a, c}.{b, c}} and sbg-C(X) =
{X, ¢, {a}, {b}.{c}.{a.c}.{b,c}}. Here, {a},{b} are sbg-closed sets but not abg-closed sets.

Remark 3.27: The following diagram shows the relationship of shg-closed sets with other known existing sets. A - B
represents A implies B but not conversely.

1. shg-closed 2. closed 3. semi-closed 4. a-closed
5. regular-closed 6. b-closed 7. gs-closed 8. sg-closed
9. gb-closed 10.g*b-closed 11.rb-closed 12.bg-closed

13. abg-closed.

4. CHARACTERIZATION

Lemma 4.1: The finite union of sbg-closed sets is shg-closed set.

Lemma 4.2: The finite intersection of sbg-closed sets is shg-closed set.

Proposition 4.3: Let A be a shg-closed set of X. Then sCI(A)-A does not contain a non-empty bg-closed set.

Proof: Suppose A is a shg-closed set. Let F be a p -closed set contained in sCI(A)-A. Now F° is a hg -open set of X

such that A c F°. Since A is sbg-closed, we have sCI(A) c F°. Hence, F < (sCI(A)). Also, F < sCI(A)-A. Therefore,
F < sCI(A) n (sCI(A)) © = ¢. Hence, F must be ¢.
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Proposition 4.5: If A is bg-open and sbg-closed set of X, then A is semi-closed.
Proof: Since A is bg-open and shg-closed, we have sCI(A) < A. Hence, A is semi-closed.
Proposition 4.6: The intersection of a shg-closed set and a semi-closed set of X is always sbg-closed set.

Proof: Let A be a sbg-closed set and B be a semi-closed set. Since A is sbg-closed, sCI(A) < U whenever U is
bg-open. Let B be such that AnB < U where U is b -open. Now, sCI(ANB) <sCI(A) n sCI(B) < U n B < U. Hence,
ANB is sbg-closed set. Therefore, intersection of any sbg-closed set and a semi-closed set of X is always shg-closed
set.

5. APPLICATIONS

As an applications of shg-closed sets, we introduce two new spaces namely, Tgp; - space and T~ Space.
Definition 5.1: A Space (X, 1) is called a Tq,-Space if every shg-closed set in X is closed.

Definition 5.2: A Space (X, 1) is called a T%;-space if every sbg-closed set in X is a-closed.
Proposition 5.3: Every Ty,-space is Tgs-Space.

Proof: Let (X, 1) be Ty-space. Let A be shg-closed set in (X, t). By proposition 3.15, A is gs-closed. Since (X, 7) is
Ty-space, A is closed. Hence, (X, 1) is Tgpz-Space.

The converse of the above proposition need not be true as shown in the following example.

Example 5.4: Let X ={a, b, ¢} and 7 = {X, ¢,{c}{a, b}}
Sbg'C(X) = {xv (I),{C},{a, b}

gs-C(X) = {X, ¢.{a}{b} {c}{a b}{a c}.{b c}}

C(X) = {X, ¢.{c}.{a, b}}

Here, (X, 1) is Tqg SPace but not Ty-space.
Proposition 5.5: Every Tys-space is Tg-space.

Proof: Let (X, 1) be Ty-space. Let A be sf -closed set in (X, 1). By Propositon 3.17, A is gb-closed. Since every
closed set is b-closed set, A is b-closed set in X. Therefore, (X, 1) is Tg-space.

The converse of the above proposition need not be true and is explained in the following example.

Example 5.6: Let X ={a, b, ¢} and 1= {X, ¢, {a}, {b}, {a b}}
sbg-C(X) = {X, ¢.{a}.{b}.{c}.{a c}{b, c}}

gb-C(X) = {X, ¢.{a} {b}.{c}{a c}.{b, c}}

bC(X) = {X, ¢.{a}{b}.{c}{a c}{b, c}}

C(X) = {X, ¢{c}{a, c}{b, c}}

Here (X, 1) is Tgs-space but not Ty-space.
Proposition 5.7: Every Tq;-space is Tyz-space.

Proof: Let (X, 1) be Ts-space. Let A be sfj -closed set in (X, 1). By Propositon 3.23, A is® -closed. Since every
closed set is b-closed set, A is b-closed set in X. Therefore, (X, 1) is Tys-Space.

The reverse implication does not hold as shown in the following example.

Example 5.8: Let X ={a, b, ¢} and 1= {X, ¢,{a},{b}.{a, b}}
sbg-C(X) = {X, ¢{a}.{b}.{c}.{a c}{b, c}}

bg-C(X) = {X, ¢.{a} {b}.{c}{a c}{b, c}}

bC(X) = {X, ¢.{a} {b}.{c}{a c}{b, c}}

C(X) = {X, ¢{c}{a c}{b, c}}

Here, (X, 1) is Trg- Space but not Tgy,-space.
Proposition 5.9: Every T*bg—space is Tspz-Space.
Proof: Let (X, 1) be T*bg-space. Let A be shg-closed set in (X, 1). By Propositon 3.23, A is § -closed. Since (X, 1) is

T*bg—space, A is closed set in X. Therefore, (X, 1) is Tspg-Space.
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The reverse implication need not be true as shown in the following example.

Example 5.10: Let X = {a, b, ¢} and 1= {X, ¢,{a},{b, c}}
sbg-C(X) = {X, ¢{a}{b, c}}

bg-C(X) = {X, ¢.{a}.{b}.{c}{a b}.{a, c}{b, c}}

C(X) ={X, ¢.{a}.{b, c}}

Here, (X, 1) is Tsps- SPace but not T*bg—space.
Proposition 5.11: Every T*bg -space is T"gp; -space.

Proof: Let (X, 1) be T*bg -space. Let A be shg- closed set in (X, 1). By Proposition 3.23, A is bg-closed. Since (X, 1) is
T ps—space, A is closed set in X. Since every closed set is a-closed set, A is a-closed in X. Therefore, (X, 1) is
T%pg -Space.

The following example shows that the converse of the above proposition need not be true.

Example 5.12: Let X = {a, b, ¢} and 1= {X, ¢, {a}}
sbg-C(X) = {X, ¢.{b}.{c}.{b, c}}

bg-C(X) = {X, ¢.{b}.{c}{a b}.{a c}.{b, c}}
aC(X) = {X, ¢.{b}{c}{b, c}}

C(X) ={X, ¢, {b, c}}

Here, (X, 1) is T"ys-space but not T*bg-space.
Proposition 5.13: Every Tgs-space is T - Space.

Proof: Let (X, 1) be Tys-space. Let A be abg-closed set in (X, t). By Proposition 3.25, A is sbg-closed. Since (X, 1) is
Teng-space, A is closed. Therefore, (X, 1) is T g Space.

The converse of the above proposition need not be true and is explained in the following example.

Example 5.14: Let X = {a, b, ¢} and 1= {X, ¢,{a}.{b}.{a, b}}
sbg-C(X) = {X, ¢.{a}.{b}.{c}.{a c}{b, c}}

U.bg'C(X) = {X! ¢’{C}!{a! C},{b, C}}

C(X) ={X, ¢ {c}. {a c} {b, c}}

Here, (X, 1) is Twg-Space but not T,-space.
Proposition 5.15: Every T, -space is T%g; - space.

Proof: Let (X, 1) be Ty -space. Let A be sbg-closed set in (X, t). Since (X, 1) is Tsg -Space, A is closed. Since every
closed set is a-closed set, A is a-closed set in X. Therefore, (X, 1) is T - Space.

The following example shows that the converse of the above proposition need not be true.

Example 5.16: Let X = {a, b, ¢} and 1= {X, ¢, {b}}
Sbg'C(X) = {xv (I),{a},{C},{a, C}}

aC(X) = {X, ¢.{a} {c}{a c}}

C(X) ={X ¢{a c}}

Here, (X, 1) is T g -space but not Tpz-space.

Remark 5.17: The following diagram shows the relationship about Tg,-Space and T%ys-space with other known
existing spaces.
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1. Tp-space 2. T upg-space 3.T s~ Space
4. T pg-space 5. Tyg-Space 6.T-space
7. Ty-space.

6. REFERENCES

1.

wmn

10.
11.

12.

13.
14.

15.
16.

Ahmad Al. Omari and Mohd. SalmiMD.Noorani, On Generalized b-closed sets, Bull. Malaysian
Mathematical Sciences Society,(2) 32(1) (2009),19-30.

D. Andrijevic, On b-open sets, Mat. Vesnik., 48(1996), no. 1-2, 59-64.

S.P.Arya and T.M.Nour, Characterizations of S-Normal spaces, Indian J. Pure Appl. Math., Vol. 21(1990).
P.Bhattacharya and B.K.Lahiri, Semi-generalized closed sets in Topology, Indian J. Math., 29(1987),
375-382.

Devi R., Maki H., and Balachandran K., Semi-generalized homeomorphisms and generalized semi-
homeomorphism in topological spaces, Indian J. Pure. Appl. Math., 26(3) (1995), 271-284.

N Levine, Semi-open sets and semi-continuity in topological spaces Amer. Math. Monthly, 70(1963), 36-41.

N Levine, Generalized closed sets in topology Rend. Circ. Mat. Palermo, 19(1970) 89-96.

N.Nagaveni and A.Narmadha, On regular b-closed sets in Topological spaces, Heber. International
conference on Application of Mathematics & Statistics, HICAMS-2012, 5-7, Jan 2012, 81-87.

A.Narmadha and Nagaveni, On regular b-open sets in Topological spaces, Int. Journal of Math. Analysis,
7(19) (2013) 937-948.

ON jastad, On some classes of nearly open sets, Pacific J Math., 15(1965), (961-970).

J.Stella Irene Mary and T.Nagajothi, Some Properties of abg-closed sets in Topological spaces, IJIMA, 6(3),
2015, 201-208.

Stone.M, Application of the theory of Boolean rings to general topology, Trans. Amer. Maths. Soc., 41(1937)
374-481.

R.Subasree and M.MariaSingam, On bg - Closed Sets in Topological Spaces, IIMA, 4(7) (2013), 168-173.
M.K.R.S.Veerakumar, (2003), g — closed sets in Topological Space, Bull. Allahabad. Math. Soc., VVol.18, 99-
112.

N.V. Velicko, H-closed topological spaces, Amer. Math. Soc. Transl., 78(1968), 103-118.

D.Vidhya and Parimelazhagan, g*b-closed sets in Topological spaces, Int. J. Contemp. Math. Sciences, 7(27),
2012, 1305-1312.

Source of support: Nil, Conflict of interest: None Declared

[Copy right © 2015. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2015, IIMA. All Rights Reserved 121



