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ABSTRACT

In this paper, we have to define (P, k) — quasiposi n-perinormal operator on Complex Hilbert space H and using this
definition, we have derive the theorem which satisfies inequality condition. if T is ( P, k )— quasiposi normal operator,
We prove, T is (P, k)- quasiposi n-perinormal operator and we have discussed characterization of (P, k)- quasiposin-
perinormal operator in H. Finally, we proposed the relations between quasi normal operator and frames with shift
invariant operator.
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1. INTRODUCTION

Kotaro Ttnahashi, Atsushi Uchiyama and Muneo Cho discussed [2] Isolated point of spectrum of (p, k)-
quasihyponormal operators and they given some result on this operators in 2004. M. L. Lee and S. H. Lee [1] have been
discussed theorem and some properties on (p, k) - quasiposinormal operators in 2005. D. Senthil kumar, P. Maheswari
Naik and Kiruthika investigated [3, 4] and given some theorems on (p, k)- quasiposinormal operators in 2013. In this
paper, In order to extend the operator and investigate on (p, k )—quasiposi n-perinormal operator T on complex Hilbert
space H and we discussed characterization of these operators in the first section.

In the second section, Frames were formally defined in Hilbert spaces by R.J. Duffin and A.C. Schaffer [5] in 1952 to
deal with non harmonic Fourier series. After a couple of years, frames were brought to life in 1986 by Daubechies,
Grossmann and Meyer, in the context of Painless nonorthogonal expansions [6] and Peter G.Casazza and Ole
Christensen discussed Perturbation of operators and Applications to Frame theory [7].

K.Raju pillai and S.Palaniammal are investigated a nice reconstruction theorem for Frames in Hilbert Space and
application in Communication systems. Frames and they used shifting operators to transmitted information or signal
one domain to another domain [8, 9]. In this paper, we discussed Frame theory with quasinormal operators, quasi
unitary operator and shift invariant operators.

SOME RESULT ON (P, k) - QUASIPOSI N- PERINORMAL OPERATORE
2. DEFINITIONS AND PRELIMINARIES

Let H be a complex Hilbert space and B(H) be a algebra of all bounded linear operator on H, kernel and angel of an
operator T are ker(T) and Ran(T) respectively . An operator T € B(H) is called

e Hyponormal, if T*T = TT".

e P-Hypo normal, if (T*T)? = (TT*)P for a positive integer p.

e P-Posinormal, if c?(T*T)? = (TT*)?, forsome ¢ > 0and 0 <p < 1.

Corresponding Author: K. Rajupillait”
*Department of Mathematics, Government College of Technology (Autonomous),
Coimbatore- 641 013, Tamil Nadu, India.

International Journal of Mathematical Archive- 6(10), Oct. — 2015 122


http://www.ijma.info/�

K. Rajupillail’ *, S. Palaniammal’® / A Certain Investigation of Operators and Frame Theory / IIMA- 6(10), Oct.-2015.

n-perinormal, if T*"T" > (T*T)" foralln > 2.

An operator T € B(T) is said to be positive (T = 0) if (Tx,x) = 0forall x € H.

An operator is called Paranormal if ||Tx||? < |IT%x||||x|| for all x € H.

An operator is said to be Hemi normal if T is hypo normal and T*T commute with T*T.

e  An operator is said to be (p, k)- quasihyponormal, if T*k(T*T)p > (TTPTK,0<p < 1.

e (p, k) —quasiposinormal, if T*kcz(T*T)p > (TT*)PTk for some c > 0, 0 < p < 1 and for integer k > 0.

The quasi nilpotent part of T defined to be the set Hy(T) = {x €T : lim,_,||[T"x|*/" } = 0and T is said to be Quasi
nilpotent if its spectral radius y(T) = inf, ey ||T™[|V/" = lim,,_|IT™||'/* = 0, clearly Hy(T) is a linear subspace of H.
Let g, (T) be the joint spectrum of T , then A € g;, (T) if and only if there exists a non zero vector x such that
Tx =Ax and T"x = A"x, this implies g, (T) c 0,(T) , equality condition hold , if T is normal. Let o, (T) be the
approximate point spectrum of T and A be Eigen value of T, then a,, (T) = {1 € c : 3 a unit vector (x,) € H},
such that lim,_,.||(T — A)x,|| = 0t is evident that o, (T) < g, (T), we have g;, (T) c 6, (T) < 0,,(T) and the
equality conditions hold for normal operator.

In this paper, we given a definition of ( p, k )—quasiposi n-perinormal operator on Complex Hilbert space H and we
derive theorems using this operator in Hilbert space.

Definition 2.1: Let T € B(H) be a (p, k )—quasiposi n-perinormal operator on Complex Hilbert space H, for all
n > 2 such that T**¢2 (T*"T™)P — (T*T)™T* > 0, for a positive integer k, 0 < p < 1, and fixed constant ¢ > 0.

Example 2.2: Let [,(C) = {x;x = (x1, X3, X3, eov .. ), Y% 1x;1* < o}, the unilateral shift operator on H is defined by
U1, X9, X3, con vee v ) = (0, %1, X5, X3, ee ven ), then U is (p, k )—quasiposi n-perinormal operator, on Complex Hilbert
space , the Bilateral shift operator is define by for the vector x € H such that B (xq, X5, X3, cve ver vu. ) = (X9, X3, cer eee o).
This statement is not trivial for the Bilateral shift Operator on Complex Hilbert space.

Example 2.3: In which follows we will show that T is not n-perinormal operator, T is n-perinormal if and only if
IT|"x|| < |IT"x]|, foralln = 1 and for a non-zero vector € H,
100

100
and T"=<000>

000

ITI"=[{010
000
For e; = (0,1,0), the above relation does not hold, i.e. T is not n-perinormal operator for all n = 1= T is not (p, k)-
quasiposi n-perinormal operator on complex Hilbert space.

Theorem 3.1: Let T € B(H) be an invertible, isometry operator on Hilbert space, If T is (p, k)-quasiposinormal
operator on H for 0 < p < 1 and for positive integer k, then T is (p, k) —quasiposi n-perinormal operator on H.

Proof: Let T be (p, k) -quasiposinormal operator for positive integer k,
ie T*c2(T*T)? = (TT*)PTk,

For a positive integer k and fixed constant ¢ > 0. T is invertible operator on H and then, we have
i.e c2(T*T)P = (TT*)P,forall0 <p < 1.

= N(T*T) = TT*, for fixed constant N = ¢2/? > 0 and % >1

i.e N(T*T)(T*T) = TT*(T*T)

N(T*T)(T*T) = N(T*T*)(TT)
= NT**T? (1.1)

We know that

TT*(T*T) = TT'TT"
= (TT")? (1.2)

Therefore by (1.1) and (1.2) it follows that NT**T? > (TT*)?, for fixed constant N > 0,

By induction, it follows that
NT*"t7n=1 > (TT*)" !
= NT*'T*" > (TTH", forall n > 1
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For positive number p # 0 such that c?(T*"T™)? > (TT*)", for all n>1 and fixed constant N? = c? > 0.
i.e (c2(T*"T™)P — (TT*)™)x,x) > 0, for non-zero vectorx € H and T* and T s positive operator in H and if
x =Tky, such that (T**c2(T*"T™)P — (TT*)™)T*y,y) >0, for non zero vectory € H, Therefore, we have
T c2(T* TP — (TT*)™)Tk > 0,foralln > 1,0 < p < 1 and positive integer k.

Hence, the proof of the theorem 3.1 is completed.

Theorem 3.2: Let T € B(H) be an operator on Hilbert space and T is (p, k) —quasiposi n-perinormal operator, if ¢ is
homeomorphism for dimension, then ¢(T) is (p, k) —quasiposi n-perinormal g;, (T) \ {0} = a,, (T) \ {0}.

Proof: Suppose T is (p, k) —quasiposi n-perinormal operator and let ¢ be the representation of Berberian, in first, we
have to show that ¢(T) is (p, k) —quasipaosi n-perinormal,

() (DT ™GT™) — (GTTNPIG(TF = d(T™ )2 (T T™)P — ($(TT*))"™ $(TF)
= (T (P T™))P — (¢(TT)” p(T*)
= p(T™ (T T™P) — G(TT*)™)TF)

— ¢(T*kCZ(T*nTn)p _ (TT*)np)Tk)

Since T**c2(T**T™)? — (TT*)™)T* > 0 i.e T is positive operator
= ¢(T*c2(T™ TP — (TT*)"™)T*) > 0
Thus ¢(T)" 2 ((T"™)P(T™))? — (S(TT*))"™)p(TH = 0

Therefore ¢(T) is (p, k) —quasiposi n-perinormal and by [3], hence we have the following result

0a(T)\ {0} = 0, (¢(T)) \ {0} = 0, (¢(T)) \ {0} = gy, (T) \ {0}
Therefore the proof is completed.

Theorem 3.3: Let T € B(H) be an invertible quasi normal operator on complex Hilbert space, If T is (p, k) —quasiposi
n-perinormal operator, then T is (p, k) —quasiposi (n + 1)-perinormal operator ,Its converse is also true , if T has dense
range in H.

Proof: Suppose T is (p, k) —quasiposi n-perinormal operator, we have to show that, T is (p, k) —quasiposi (n + 1)-
perinormal operator, i.e (T**c2(T*"*'77+1)" — (TT*)@+Dp)Tk) > 0 forall 0 < p < 1, and fixed constant ¢ > 0
= ((T*kcz(T*nT")” — (TT™T*)x,x) =0, for nonvector x € H
there exists a non zero vector x, y € H such that a system TPy = x, then we have
(T 2@ TmYP — (T TOYTPy , TPy) = (T*P(T**c2(T*"T")P — (TT*)™T*)T?y,y)
= (@ A () — (AT Ry L y),
for all non vector y € H.
i.e (T c2(T" 1)’ — (TT)™+DP)Tk) > 0, forall 0 < p < 1,n > 1

Thus T is (p, k) —quasiposi (n + 1)-perinormal operator.

Conversely Suppose T is (p, k) —quasiposi (n + 1)-perinormal operator and T has dense range in H, i.e H = R(T), let
x € H, then if there exists (x,,), () € H,y, = TPx,, such that T?x,, -y

(T (T TP = (TTY TR)y, , y) = (T 2T TP — (TT*)™ T)TPx, , TP x,)

Since T has dense range in H, If x, »x andy, »y then{(x,,y,) = {(x,y),y, =TPx, ,y, -y and
(T**c2(T*"T™)P — (TT*)"™ T*) is continuous in H, we have

e (T (T TP = (TT)" T9)y ) = (T (T TP — (T TH)y, y)
= (T c2(T*™"T™)P — (TT*)"™T*)y,y) = 0 i.e positive operator on H
i.e T**c2(T*™"T™)P — (TT*)™Tk >0, foralln>1and0<p <1

Thus T is (p, k) — quasiposi n-perinormal operator in H,
Therefore, the proof of theorem 3.3 is completed.
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Hdélder-McCarthy Inequality 3.4 ([1])

Let A be positive operator on H, then the followings hold,
(i) (A"x,x) < |Ix|PAAxx) if 0<r<1
(i) (A7x,x) = |Ix]I?04x,,x) if r>1

Theorem 3.5: Let T € B(H) be an invertible operator on complex Hilbert space, If T is (p,k)—quasiposi
n-perinormal, for all n>1and 0 <p <1 such that |[|[T**1x||? < cM/P||T*+"+1x||||T*+1x|| for all unit vector
x €H.

Proof: Suppose T is (p, k) —quasiposi n-perinormal operator and T is invertible operator on H and we have
CZlTn|2p > |T|2np

Now,
”Tn+k+1x”2 — (Tn+k+1x , Tntk+l, )

— (T*nTnTk+1x , Tk+1x>
— ( |Tn|2 Tk“x, Tk+1x>

1
= |Tn|21’7; Thtly  Thk+ly )

> |T”|2?’ Thtly, Thtly )P ||T"+1x||2(1 by Hélder-McCarthy Inequality
1
>cr ( T2 Tty Th+lg Yo ||T*+ x> by proposition 2.5
1
>c 7 ( |T|2np|T|2n Tk n+1x Tk n+1x )p ”Tk+1x”2(1 p)

- 2n(p+1) Thk—n+1 kmn+1\3 (17k+1 2(1—1)
>CP(IT| T x, T xl)"IIT x|

> P(llen Tk n+1x Tk n+1x) » ”Tk n+1x” -2 ”Tk+1 ”

c P”Tk+1x|| ”Tk n+1x” -2

201

\%

i.e||T*1x||? < c||Tk*+1x||||T*—*1x||, for all orthonormal vector x € H
Where ¢ > 0 is fixed constant and for n > 1.
Hence, proof is completed.

FRAME THEORY WITH OPERATOR

Frames are generalizations of orthonormal basis. The linear independence property for a basis which allows each
element in the space to be written as a linear combination and this is very restrictive for practical problems. A frames
allows each element in the space to be written as a linear combination of the elements in the frames, here linear
independence between the frames element is not required. This fact plays important role in signal processing, image
processing, coding theory and sampling theory.

4. PRELIMINARIES AND NOTATIONS

Let H be hilbert space and 1(#) be a set of all linear bounded operators on H . we can define the following operators
T:1? >H, Ta=Yr_a,f,, fora={a,} €’
is called synthesis operator or pre frame operator and the ad joint operator is given that
T : K- 1P, T ={(f6,))r,
is called the analysis operator. The compaosition operator T with its adjoint T* is denoted by S = T*T,
ie S: H->H Sf=H
is called the frame operator.

Before going to definition of Stable and unstable, let us define bounded and unbounded signal or frames. If the signal is
bounded, then its magnitude is always be finite. i.e |f,| < m,, , otherwise unbounded. A system is said to be unstable if
the output of the system is unbounded for bounded input. A system is called Stable if the output of system is bounded
for every bounded input or BIBO stable.

We begin with frame definitions. Let £ be separable Hilbert space with the inner product (-, -) linear in the first entry
and all index sets are assumed to be countable.
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Definition 4.1: Let ' be separable Hilbert space and a sequence {f,}n—; < H is called an ordinary frames. If there
exist constants A, B> 0, such that A [|f]|? < ¥%_,|{f,f,)|* < BJ|f||?,forall f € H, where A and B are lower and upper
frame bound.

Definition 4.2: Let  be separable Hilbert space. A sequence {f,}>_, < H is called a Bessel Sequence. If here exists
constant B > 0, such that Y*_,|{f,f,}|* < B||f||?,for f€ H.

Definition 4.3: Let H be Hilbert space, then
(i) Asequence {g,}n— is called a dual frame for {f, }5_, if f = Xo_(f. f,)g,, forf € H
(ii) A sequence {g,}>_, is called a canonical dual frame for {S7'f }>_, if f = ¥*_,(f f,)g,, forf € H

Theorem 5.1: Let H be separable Hilbert space and TeH is reductive quasi similar to quasi normal operator and S is
frame operator of the frame {f,,}—; € H. Then T is quasi normal operator.

Proof: For each geH, g =lim,,_n=19mn) and S, = T|g, which is reductive quasi similar to quasi normal
operator,
Now,
(T(TT*)g' g) = (limmaw(er:l T(TT*).gmn) l.g)
= (lim,,, ., O%-1 S, (Snsn*)gmn) ,9)
= (limm—nx:(z;?:l S*nsnsngmn) ’ g>
= (limy, s Bz T"TTGmn ), 9)
=(T"TTg, 9)

i.e((T(TT*) —T*TT)g,9) =0
Therefore TTT* = T*TT

Therefore T is quasi normal operator.
Now,
(TSg,9) =(T(X3=1(9,9n)gn ). 9)

= (X7=1(9,91)T91 ), 9)

= 2r=149,92){(Tgn ), 9)

= 2n=1{9, 9n) (X7=1nGn » 9)

We have, (TSg, g) = K Xr-11{g, gu)I?

Since {g,, }5—,is frame in H,
(TSg,9) = K Xr-11(g, 9.)I* < KBIlIgll* and (TSg, g) = K ¥5-11{g, gn)I* = KAllglI®

There exist constants B = KB < wand A = KA > 0, We have (TSg, g) < Bllgl|*> and (TSg, g) = Al|g||?

Therefore, we get the inequality A||g||*> < (TSg,g) < Bllgl|?
Where lower frame bound A and upper frame bound B with frame operator S¢ = TS.

Theorem 5.2: Let I be separable Hilbert space and the frame operator S of the dual frame for {f; };,—; is positive, self
adjoint, invertible and commutes with synthesis operator, then

(i) T is quasi normal operator in Hilbert space H

(i) If {f,}_,is dual frame for {f,}%_,, then T is quasi unitary operators.

Proof: we know that (ref[8])

T: 1> >3, Ta=Y7",a.f,, fora={a,} €1

is called synthesis operator or pre frame operator and the ad joint operator is given that
T": H > 12‘ T*f= {(f, fn)}:lc=1

is called the analysis operator. The composition operator T with its adjoint T* it denoted by
S =T'T,i.e SSH - H, Sf=Y7_(ff,)f, forf€ H is called the frame operator.

Since T is bounded linear operator,
TSf=T (Z?:l(f' fn )fn )
= (Troalf £,)TE,)
= Zﬁ:l(f' fn)fn
= Xr-{f ), (1.1)
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Now
STf = (Zi_1(TE £,)f, )
= Yo (£ F)F, 2

From (1.1) and (1.2), we have TS =ST

ie TTT"=T*TT

Therefore T is quasi normal operator.

Since {f, }*_,is dual frame for {f,}7_;,

From (1.1) TSf= Y*_(ff)f, = TS =1

From (1.2) STf = Y*_(f,f ), = ST =1

So,wehave TS=ST=1

Therefore T is quasi unitary operator in Hilbert space H Therefore T is quasi unitary operator in Hilbert space H.

Theorem 5.3 ([9]): Let H be Hilbert space and Ty and T, be self ad joint operators in H, then
(i) S=T,T; = 0isselfadjoin operator.
(if) If Ty and T, are shift invariant operators in H then S is shift invariant operators in H.
(iii) If the sequence (a,,) — a € H, then the frame operator S is stable.

Proof: (i) is trivial for self adjoin operator

Since T, and T, are shift invariant operators, composition of any two shift invariant operators is also shift invariant
operators in H.

Forevery (f,_) €l g, =T _Dandg _, =T, )

9k = T*(T(fn—k))
=TT,
=3S(9,_)

Therefore S is shift invariant. Since the sequence (a,) — a in the Hilbert space which is bounded (BIBO). Therefore the
system is stable.

CONCLUSION

We conclude that the main problem of communication systems is noise, which is eliminated by frame theory operator
in the modes of linear, Shift invariant and orthogonal. The shift invariant operators are used data or information
transmitted one domain to another domain. The orthonormal Frames in Hilbert space used for reduce noise to received
original data. Frames with operators play an important role not only the theoretic but also many applications in
Engineering and Technology.
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