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ABSTRACT

The four dimensional objects have been already introduced in [2],the standard tesseract in Euclidean 4-space is given

as the convex hull of the points (#1,#1,#1 #1).That is it consists of the points { (X1, Xp, X3, Xs) € R*, -1 <x; <1}. The

vertex cover polynomial of a graph G of order n was introduced in [3] it is defined as the polynomial
v (G)l .

C(G.x= Y% c(G i)x' , where ¢(G , i) is the number of vertex covering sets of G of size i, and A(G) is the covering
i=p@)

number of G. In this paper we formed a magic 4-dimensional cube and we find the vertex cover polynomial related to

the vertices and faces.

Keywords: Four dimension, Vertex Covering Set, Vertex Covering Number, Vertex Cover Polynomial.

INTRODUCTION 1

A generalization of the cube to dimension greater than three, is a 'hypercube'. The tesseract is the four dimensional
hypercube or 4-cube. A tesseract is bounded by eight hyper planes (x; = £1). Each pair of non parallel hyper plane
intersects to form 24 square faces in a tesseract. Three cubes and three squares intersect at each edge. There are four
cubes, six squares, and four edges meeting at every vertex. Over all it consists of 8 cubes, 24 squares, 32 edges, and 16
vertices. Let G = (V, E) be a simple graph. For any vertex veV, the open neighborhood of vis the set
N(v) = {u € V/uve E} and the closed neighborhood of v isthe set N[v]=N(v) w{v},the open neighborhood of S is
N(S) = N(v) and the closed neighborhood of S is N[S]=N(S)uS. A set S €V is a vertex covering of G if every edge
uveE is adjacent to atleast one vertex in S. The vertex covering number B(G) is the minimum cardinality of the vertex

covering sets in G.A vertex covering set with cardinality B(G) is called a B-set. Let C(G, i) be the family of vertex

covering sets of G with cardinality i and let ¢(G, i)= |C(G, i) |. The polynomial, C(G, x) = lv§)| c(G,i)x s defined as the

i=B(G)
vertex cover polynomial of G. In earlier, many properties of the vertex cover polynomials have been studied.

Definition: 2.1 A tesseract is four dimensional cube in principle obtained by combining two cubes, that is two copies of
similar cubes in which the corresponding vertices are connected by edges.

Definition: 2.2 A graph G(V, E) is said to be bipartite the vertex set V can be partitioned into two sets V; and V,, such
that every edges of G is adjacent with one end in VV; and other end in V5.

Definition: 2.3 A set IcV is called an independent set if no two elements of | are adjacent in G.

Definition: 2.4 Let C(G, i) be the family of vertex covering sets of G with cardinality i and let c(G, i) = |C(G, i) |. The
o _
vertex cover polynomial of G is defined as C(G, x) = lvi)l c(G, i)xl-

i=B(G)
Definition: 2.5 A set S < V is said to be a covering of G if every edge of G is incident with at least one elementin S.

Definition: 2.6 Aset S cV is an independent set of G, then V — S is a covering of G.
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Formation of 4 dimensional cube:

¥ ¥
—
i 1
; :
i vz : :
— —_—
- Vi P
zero d imension One dim ension Two dimension
(Figure : 1) (Figure 2 (Figurs 3)
(T points 1 and v ae (Two paralld line sspmentz v and vy
conectzd byvaline that iz teo copes can beconnected b become a square)
of v are connected by an edge). (beo copies of ws ate connectad
by lines of same leng th)
¥ ¥
¥ -.." ¥ !."'
.l"" ¥ ..."I
¥
Three dimension Four d imension
(Figurs : 4) (Figurs: 5)
(Two copiesof a squate iscomnected Two parallel cubes have to be connected
bylines toformacube) to become a hyper cube.

(Two copiesof the cube and the comesponding verfices
are cotnected bylines of same lengh).

A tesseract (hypercube) in principle is obtained by combining two cubes, and the scheme is similar to the construction
of a cube from two squares, and two copies of the lower dimensional cube are connected to the corresponding vertices.
Each edge of a tesseract is of same length. Tesseract is a bipartite graph. The bipartite graph of the above tesseract
based on its vertices is represented in figure 6.
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Figure: 6
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Let S; ={v1,V2,V3,V4,V5,Ve,V7,Va} and S;={Vg,V10,V11,V12,V13,V14,V15,V16 }0E the vertices of G.
Covering polynomial of the tresseract, based on its vertices S;and S;:

Covering sets with cardinality 8 are:
C(G, 8) = {S1,S:}
Therefore, ¢(G,8) = 2.

Covering sets with cardinality 9 are
C(G,9) ={{S1 v{vi}/vie S }; {So Avi}/vi € Si}}
It can be selected in 2 x 8C, ways
Therefore, ¢(G, 9) = 16.

Covering sets with Cardinality 10 are
C(G, 10) = {{S; u{ Vi, Vi} I vi vj € S; 1{So W{vi v} T vi, vj € Si}}
It can be selected in 2 x 8C, ways.
Therefore, ¢(G, 10) =2 x 8C,,

Covering sets with Cardinality 11 are
C(G,11) = {{S1 W{vi, vj, vid / {vi, vj, vid € So1:{S2 W Vi, vj, Wi/ {Vi, Vi Vi }€S)
{S1 v} UNW) /vie Si}, {S —{vi} UN(vi)/vieS:}}
Therefore, ¢(G, 11) =2 (8C; + 8Cy)

Covering sets with Cardinality12 are
C(G,12) ={{S1 U{Vi, Vj, Vie Vi H{Vi, Vi, Vie Vi Y€ Sob{S2 {Vi, Vj, Vie Vi FHVi vy i vide Si}
{Si—{ViFUNVi) AV }{vi} € Si.{vi} e Sobi {So—{VitON(vi) AV} {vi} €S2 {vi} €Si}
{S1 = {vi, vi} U N(v;, vj) / (i, v;) are not an opposite diagonal vertices of hypercube,
(i, vj) # (V1, Vg), (V2, V7) (3, V) (Va, Ve) and N(vi, vj) = Sp}} .
Therefore, ¢(G, 12) =2 x 8C4 + 2 x 8Cy x 4Cy + 24,

Covering sets with cardinality13 are same as the independent sets with cardinality 3.
I(G, 3) = {{{ Vi, vj id {Vvi.vivid e Sat{vivpvidH{Vivivid €S2}
{{vivipoAvidH{vivi}eSi{vi} €S, and viig N(vi,v))},
{{vivipoAvidH{vivi}eSo{wideSi and viee N(vi,vj) }}.
Therefore ¢(G,13) =2 x [8 C3 + 24 x 2C]

Covering sets with cardinality 14 is same as the independent sets with cardinality 2 are
(G, 2)={{{Vi, vi}/{vi, vi} & Si}; {{Vi, vit/{vi, vi} e So}i{{vi}A{vi}/vie Siand vjeN(vi) € S.}}
Therefore, |I(G, 2) | = ¢(G, 14) = 2[8C, + 4 x 4C4]

Covering sets with cardinality 15 and 16 are:
c(G,15)=16 and ¢(G,16)=1

Therefore, vertex cover polynomial is
C(G, x) = 2x% + 8Cx° + 8Cx™® + (8C5 + 8Cy) X! + (8C4 + 8Cyx 4 + 12) x*
+(8C3+8Cy x 3) X+ (8C, + 4 x 4C;) x** + (8 x°] +x™®
= 2x% + 16x7 + 56x'% + 128x™ + 228x™2 + 208x™* + 88x™ + 16x™ + x'°.

Lemma: 2.7 The coefficient of the vertex cover polynomial x °[C(G, X)] is log- concave.

Proof: Clearly % > ai.,. a1, Vi=1, 2,....,.9.
Therefore, x ®[C(G, X)] is log -concave.

Magic Tesseract:

Now our aim is to form a tesseract, in such a way that facial sums of all cubes are equal.

© 2015, IIMA. All Rights Reserved

152



Stephen John. B*, Annie Subitha. M.P. / Magic Hypercube and its Cover Polynomial / IIMA- 6(10), Oct.-2015.

Let the vertices of the two 3-dimensional cubes to be denoted by ABCDEFGH and IJKLMNOP respectively. From
figure: 5, the 24 faces of the tesseract are denoted by the vertices vy, V,, V3, . . . Vo4 as follows:

ABCD - v,
CDKL - v,
ADIL - vy
ABIJ - v,

BCIK — Vs
IIKL — Vg

CDEF -v;
EFMN — vg

DELM - v,
CFNK — Vo
KLMN = vy,
EFGH — vy,
GHOP - Vi3
EHMP- vy,
FGNO - V15
MNOP- Vig

ABGH- V7
AHIP = v
BGJO — Vi
1JOP — vy

BCFG - Vo1
JKNO - v,

ADEH - v,
ILMP — vy,

By our given notation, the faces of eight cubes and the corresponding vertices are as follows:

Cube 1

Cube 2 Cube 3 Cube 4 Cube 5 Cube 6 Cube 7 Cube 8
ABCD-v; | CDEF-v; | EFGH-vV;; | ABGH-v;; | BCFG—Vv,; | ADEH-v,3 | ABCD-v; | IJKL-vg
CDKL-vV, | EFMN-vg | GHOP-v;5; | ABIJ —v,; | CFKN-v;, | ADIL-v; | CDEF-v; | KLMN-vy;
ADIL-v; | DELM-vy | EH MP-v;, | AHIP —v;5 | BCJK —v5 | DELM—-vy | EFGH-v;, | MNOP-vyg
ADlJ-v, | CDKL-v, | EFMN-vs | GHOP-v;3 | BGJO —vi9 | EHMP-vy, | ABGH-vy7 | 1JOP —vy
BCJK-vs | CFKN-v;; | FGNO-v;5 | BGJO-vyg | FGNO-vy5 | AHIP —vig | BCFG—Vv,; | JKNO-vy,
IJKL- vg KLMN-vy; | MNOP—=v;5 | IJOP —vyy | JKNO=Vy | ILMP —vy, | ADEH-V,3 | ILMP —vy,
Table: 1

Three mutually perpendicular set of four surfaces of each cube is denoted as the following:

Cube | Cube 2 Cube 3
Cuhe 4 Cube § Cube &
Citabd7 e 0

Figure: 7

In cube 1, the three mutually perpendicular four surfaces are (i) vi,Ve,Vo,V4 (i) V1,V6,V3,V5 (iii)Vs,V3,V2,V4. In similar each
cube consists of three mutually perpendicular set of four surfaces is given in figure: 7.
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In our tesseract, the common faces of newly formed six cubes other than the basic two cubes are shown below:

Figure: 8

Now we choose 24 even values from 2 to 48 to fill on the faces of the tesseract such that the sum of the facial values of
each cubes are equal to 150.

(@]
c
o
D
w

24 |22 | 26 | 28 | 42 | 8 | 150
24130 |6 |38]|32]|20] 150
36 |30 |16 |40 |10 | 18 | 150
12 | 46 | 26 | 14 | 34| 18 | 150
4 |48 16|28 |34 |20 | 150
36 |22 |44 |14 32 |2 | 150
12 |48 |6 |40 (42|12 |150
4 14614438108 |150

Table: 2

O |NO|O|PR|WIN|F-

The faces of newly formed six cubes are filled by the values given in table: 2 is represented In figure: 9 as below:
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Figure: 9

Each cube and its six facial values are shown as below in figure: 10

Cube? Cubed

Figure: 10
© 2015, IIMA. All Rights ReserveL 155



Stephen John. B*, Annie Subitha. M.P. / Magic Hypercube and its Cover Polynomial / IIMA- 6(10), Oct.-2015.

Now the faces of the tesseract ate consider as the vertices and its adjacency is represented in figure: 11 is shown below:
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Figure: 11

The vertex cover polynomial based on its faces considered as vertices.
Now the vertices of G can be partitioned into three sets Sy, S, and Sz as given below:

Let Sy = {V1, Ve, Vg, V1g, Vig, V1o, V12, Vis}
Sy = {Va1, Va2, V2, V4, Vs, Vi3, Vg, Vaa}.
Sz = {V7, Vi1, V3, Vs, Vaa, V15, Va7, Voot

I. Covering set with cardinality 24 is
{S; U S, U S3}; Therefore, ¢(G, 24) =1

11. Covering sets with cardinality 23 are
{{S: U S, U Sz} — {v;}/ for every clementv; € S; U S, U S3}
Therefore, ¢(G, 23) =24

111. Covering sets with cardinality 22 of G is same as the Independent sets with cardinality 2 are
(i) Select {{vi, vi}/ {vi, v} €S.}. it can be selected in 8C, ways.
(ii) For the fixed element v; €S, and v; €S, {{vi}\U{v;} / deg (vi) = 4; v; €S,}, It can be selected in 4 X 6C; ways.
(iii) {{virA{v} / deg (vj) = 8; vj €S,}, It can be selected in 4 x 4C, ways.
For all three categories,
c(G, 22) =3[8C,+ 4 X 6C; + 4 X 4Cy]
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V. Covering sets with cardinality 21 of G is same as the independent sets with cardinality 3 are as follows
(i) Select all three elements from the same set {{v; v;, vi}/{Vi, Vj, i} € S1}

It can be selected in 8C; ways and for all the three sets 3 x 8C; ways.
(ii) Selection of two vertices from one set and one element from any one among the remaining sets.
Select two elements from S; and one element from S,:

{{vi, viio{vid{vi, v; } €Sy, {vid €Sz and d(vi) = d(vj) =4 & N(v;) = N(v)} it can be selected in 2 X 6C; ways
Select one element from S; and two elements from S,:
{{vir Ay, vid{vir €Sy, {vj, it €S, and d(vi) = d(vi) = 4& N(v;) # N(vi)}
it can be selected in 4 x 4C, ways
{vir Ay, vid it €Sy, {vj, Wi €Sy; d(vi) = 4, d(vi) = 8}
{{vir Ay, vid {vir €Sy, {v;, vid € Sy d(vy) = 4 and d(vi) = 8}
it can be selected in 4 x 4 x 3C; ways
{vir oy, vid it €Sy, {vj, v} € Sy, d(vi) = d(vi) = 8}
it can be selected in 4 x 2C; ways

All six sets have total number of choices
:6|:2 x 6C, +4 x 4C + 4 x 4 x 3C, + 4 x 2C1}

(iii) Selection of one element from each set

{viroAviroAvid{vir € Sidvi Sy {vit €Ss,d(vi) = d(v)) = d(vi) = 4}
it can be selected in 16 x 5C; ways
{viro{viro{vd{vit €S {vi} €So,{wi} €Ss, d(vi) = d(v;) = 4 and d(vi) = 8}
it can be selected in 16 x 2C; ways
{vir YAy} U{vid{viteSi{vi} €S {vi} €Ss,d(vi} =d(v;) = d(v) = 8}
it can be selected in 8 x 1C; ways
Total number of choices to select one element from each set is

[16 x 5C,+ 16 x 2C, + 18 x 101}
Therefore,

¢(G,20)=3x8C,+6| 2 x 6C,+4 x 4C,+ 4 x 4 x 3C,+ 4 x 2C, |

+[16 x 5C,+ 16 x 2C, + 18 x 1(:1}

IV. Covering sets with cardinality 20 is same as the independent sets with cardinality 4
(i) Selection of four elements from any one among three sets

Vi Vi i Hvi Vi, vid €81}
It can be selected in 8C, ways. For all the three sets it can be selected in 3 x 8C4 ways.

(ii) Selection of three elements from any one of the set and one element from any one among other two. Now the
different ways to select one from S; and three from S,.

{{vir v, vie vi{Vi} €S1,{vj Vi, i} €S,,d(v;) =d(vi) =d(vi) = 4,vi& N(Vi,vj, i} }
it can be selected in 4 x 4C; ways.

{{vi} VA, vi, vid{vit €814V, Vi ViF €S,,d(v)) =d(vi) = 4; d(vi)=8; N(v;) = N(vi)}
it can be selected in 8x3C; ways.

{{vi} YAV, Vi it {vi} €S1,{vj, vie, i} €S2,d(vy) =d (Vi) =4;d(vi)=8; N(v;) # N(vi)}
it can be selected in 4 x 4 x 2C; ways.

{vir v, vie vidd{vi}=4;d(vi) =d(v)=8,vigN{v;, Vi, Vi }€S1}

it can be selected in 4 x 2C; ways

{vir AV, vi, it/ d(v) =4;d(vi) =d(vi) =8

Vi & N{vj, vi, vi}€ Siand N(vj) = N(vj) = N(vi) = S —{vi}}

it can be selected in 4 x 1 ways. for all the six sets the total number of choices
6] 4x 4C,+ 8 x 3C,+ 4 x 4 x 2C,+ 4 x 2C, + 4 x 1|
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(iii) Among the three sets, select two sets, and take two elements from each
{{vio v i vidH{vi, Vi €Si{vio ViR €S, d(vig=d(vi) = 4 and N(vi) = N(v))}
it can be selected in 2 x 6C, ways.
{{vi, v FoH{vi, vidi{vi, vi} €Sii{vi, Vi €S, d(vi) = d(vi) = 4 and N(vi) # N(vi)}
it can be selected in 4 x 4C, ways.
{Vi ViR oH{vie it Vi, Vi} €S1i{Vie I} €S, d(vi) =4 and d(vy) =
it can be selected in 4 x 4 x 3C, ways.
{{vi, viroH{vi, vidH{vi, vi} € Si;{vi, Vi} €S, d(vi) = d(v)) = 8}
it can be selected in 4 x1 ways.
Total choices for the above category are

| 2% 6C,+4 % 4C,+ 4 x 4x3C,+ 4x1|

for all the three sets, 3(2 x 6C,+4 x 4C,+ 4 x 4 x 3C,+ 4 x 1)

(iv) Selection of 2 elements from one set and exactly one from the remaining two
{{vi} Ay, vid AVi{vieSi{v;, ik €Sai{vid €S, d(vi) = d(vj) = d(vi) = 4 & N(vj) = N(vi)}
it can be selected in 8 x 5C,ways.
{{vir Ay, i oAvi{vieSi{v;, vid €Sy{vid € Ss d(vi) = d(v)) = d(vi) =4 & N(v)) # N(vi)}
it can be selected in 16 x 4C;ways.
{{vir oLy, vidoA{vip{vi} €Sii{v;, i} €Ss; {vi} €Ss, any one of v; or v; or vy is of degree 8}
it can be selected in 4 x 10 x 2C,ways.
Therefore, all the three sets the total number of choices in the above category is

3[8X5C; +16 x4C;+ 4 x 10 x 2C, ]
Therefore,C( G,20)z3 x 8C, +6[(4Xx4Cy) + (8% 3Cy) + (4x4x2Cy) + (4x2Cy) + (4x1)]
+3[ 2% BC,+4 x 4C,+ 4 x 4 x 3C,+ 4 x 1|

+3[8 x5C;+16 x4C; + 4 x 10 x 2C| 1.

V) Covering sets with cardinality 19 is same as the independent sets with cardinality 5.

(i) Selection of five independent elements from any one of the set {S; — {v;, vi, vi} / i = 1, 2, 3}and it can be
selected in 3 x 8Cs ways.

(if) Selection of 4 elements from one set and one element from any one of the remaining two sets

ViR AV Vie Vi, ViV € SV, Vio Vin} €S23d(Vi) = 4:{Vj, Vie Vi, Vin} €N(Vi)}

it can be selected in 4 x 6C, ways.

For an six different choices 6 x 4 x 6C, ways.

{Vir AV Vie vi, Vi {Vi} €S2V, Vie Vi, Vin} €S2, d(vi) = 8;{V;, Vi Vi, Vin} €N(Vi)}
it can be choose 4 x 4C, ways

For all six sets it can be selected in 6 x 4 x 4C, ways.
(iii) Selection 3 elements from one set and 2 elements from any one among the other two sets for a fixed set S; and
S,.

{{vi ViR AV, i, VeV, v Y €SV Vi, Vs € S, d(vi) = d(v) = 4 & N(vi) = N(vj)}
it can be selected in 2 x 6C; ways

Vi, Vit Ve Vi, VMV, Vid € S1i{Vie Vi, Vs}E S, d(vi) = d(vy) = 4 & N(vi) # N(v)}
it can be selected in 4 x 4C; ways.

{{vi, viroH{vie vi, Vst i, Vit €Sy i{vi Vi, Vs} € S, d(vi) = 4 and d(v;) = 8}

it can be selected in 4 x 4 ways

For all sets Sy, S; & S3 The number of choices for the above category

6] 2 x 6C,+4 x 4C,+ 4 x 4 |
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(vi) Selection of three elements from one set and each one element from the remaining two set
{vir oAV, Vie iRH{Vs} Qvir € Sidvj, vio i € Si{vs}eSs
d(vi) = d(vj) =d(vi) =d(w) =d(vs) = 4}
it can be selected in 4 x 4 x 4C; ways.
For a fixed set S,

{{vir v, vie ViRO{ve} 7 vi € Sy {vj, Vi, VITES,; VsE€S;
d(vi) = d(vj) = d(vi) = 4; d(v)) = 8 & vi & N(vi)}-

it can be selected in 4 x 4 x 2C; ways

Total number of set in the above category for all three sets

3[4 x4 x4C + 4 x 4 x 2C1}Ways
(v) Each two elements from any two sets and one element from the remaining set for a fixed set S,

Let {v} € S,.

{{vi, vi} W{vic }A{vs, vid} = 4 X 5C; sets if N(vi) = N(v;) / d(v;) = d(v;) = d(v) = 4
4 x 4C; sets if N(vi) # N(v)) / d(vi) = d(v;)) = d(vi) =4
4 x 4 sets if d(vi) = 4 d(vj) = 4; d(vj) =8 ; d(vi) = 4 and N(v;) # N(vy)

2 x 2 sets if d(vi) = 4 d(vj) = 4; d(vi) =8 and N(v;) = N(v;)

Therefore, all sets S;, S, & S;, total number of different sets are

3[4><5C2+4><4C2+4><4+4><1}

Therefore,

¢(G,20)=3 x 8C,+6 x 4 x 6C,+ 6 x 4 x 1

+6[2x6C3+4x4C3 +4><4]+3[4><4><4C1+4x4><2C1]

+3[ 4 X BC,+ 4x4C, + 4 x4+ 4x1].

V1. Covering sets with cardinality 18 is same as the independent sets with cardinality 6.
(i) Selection of six elements from any one of the sets

{Si - {Vi, Vj} /{Vi, Vj}ESi li=1,2, 3}
it can be selected in 3 x 6C, ways
(if) Selection of five elements from one set and the remaining one element from any one of the other two sets

{{viy{any five elements from six elements of S;-N(vi)}/N(vi) €S; & deg (vi) =4}
For a fixed set S; four elements which satisfies the above condition.

Therefore, the total number of sets are 6 X 4 X 6Cs.
(iii) Selection of four elements from one set and each one element from the remaining two sets

{{viyu{wt{any four elements from 5 elements of S;— N(vi, vj)}Vi€S,, V;ES,,
d(vi) = d(v)) =4 and |N(vi) N N(v;)| = 1}
it can be selected in 4 x 4 x 5C, ways.

All the sets the total choices are 3 X 4 x 4 x 5C, ways
(iv) Selection of 4 elements from one set and 2 elements from any one among the other two sets

{{vi, vi} any four elements from 6 element of S,— N(vi, v;) {v; v; }€S;,

d(vi) = d(vj) =4 and |N(vi) = N(v))}

it can be selected in 2 x 6C, ways.

{{vi, vj}U all four elements of S, — N(v;, v;) {v; v} €Sy,

d(vi) = d(v;) =4 and |N(vi) = N(v)}

it can be selected in 4 x 4C, ways.
All the six sets which satisfy the above category are 6[ 2 x 6C,+ 4 x l]

(v) Selection of each 3 elements from any two sets for a fixed set S;
{{Vi, v, vid IS - N{vi, g, vidH{vi vj, i €8y, d(vi) = d(v)) = d(vi) = 4}
it can be selected in 4 x 4C; ways.

{{vi, Vi, viddA{S; — N(vi, v, vi) v, vj, v} €Sy; any one of the vertices of v; v;, v is of degree eight and other
two vertices of degree 4}
it can be selected in 8 ways.
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Therefore, total sets which satisfy the above conditions are 3[ 4 x 4C,+ 8 } ways.
(vi) Independent sets with selection of any one set containing three elements another one set containing two
elements and one element from the remaining set.
{{vi, viio{viF{any three elements from the five elements of
Sa=N(vi V)i {vivi} € Si{vit €S2, d(vi) = d(v)) = d(vi) = 4 and N( vi) = N(vj)}
it can be selected in 4 x 5C; ways
{{vi, viyu{w{any three elements from four elements of
Sz=N(Vi V) UNV)H{Vivi} €S1. {WiF €S,, d(vi) = d(vj) = d(vi) = 4 and N(vi) # N(v;)}
it can be selected in 4 x 4C; ways.
Total number of sets which satisfy the above condition is 6[ 4 x 5C,+ 4 x 4C, ]

(vii) Selection of exactly two elements from each set
Vi, vir v, Vi o{vs vid / d(vi) = d(v) = d(vi) = d(vi) =4
{Vi Vi3 €S1; {Vik i} € Sy; {vs, vi} €Szand N(vi) = N(vj)}
it can be selected in 4 x 5C, ways
{{vi ViR AV vir oy vid 7 d(vi) = d(vy) = d(vi) = d(vi) =4
{Vi v} €Sy {Vi, i} € Sa; {vs vi}€Szand N(vi) # N(vj)}
it can be selected in (4C, x 4C, — 4 ) x 4C, ways.
Vi viro{vie Vi o{vs v d(vi) = d(vj) = d(vi) = 4, d(vi) = 8
N( Vi) # N(V)); {vi, vi} & N(vi v}

(viii) it can be selected in 4 x 4 x 2 ways.
Therefore, the total number of sets for the above category [ 4 x 5C,+ 32 x 4C, +16 X 2}

Therefore,
¢(G,18)=3 x 6C, + 6 x 4 x 6C, +(3x4x4x5C, )+6[2 x 6C, + 4 x 1]

+3[ 4 X 4C,+ 8 |+6[ 4x5C, +4x4C, | +[ 4 x 5C,+ 32 x 4C, +16x2 |.

V1) Covering sets with cardinality 17 is same as an independent sets with cardinality 7.
(i) Selection of seven independent elements from any one of the set is as follows

{{Si-vi}/vie S, i=1,2,3}

The number of sets which satisfy the above conditions are 3 x 8C;

Selection of 6 elements from one set and one element from the remaining two sets. Letv; € S;
{{vi} U {5;—N(vi)/d(v;) =4} in all the six different choices

the total number of setsare 6 x 4

(ii) Selection of 5 elements from one set and two elements from any one of the remaining two, for the fixed sets
S; and S,.
{{Vii Vj} O SZ - (Vil Vj)} / (Vil Vj) esl;
D(v)) = d(vj) = 4and N(vi) = N(v))}
it can be selected in 2 ways

Therefore, the total choice for all in combinations are 6 X 2 sets
(iii) Selection of 5 elements from one set and each one element from the remaining two sets

{vir v} U Ss = N(vi, v)) /vi € Sy, vj € Sy);
d(vi) = d(vj) =4 & IN(v) " N(v))| =1}
it can be selected in 8 ways

for all the three sets, the number of sets which satisfy the above conditions are 3 x 8
(iv) Section of 4 elements from one set 2 elements from another set and one element it from the remaining are

{{virHy;, vido{any four elements from the five elements of
Se=N(Vi) UN(V;, i }Vi€S1 v}, VkES,); d(vi) = d(vy) =d(Vi) = 4 & N(vj) = N(vi)}
It can be selected in 4 x 5C, ways
{vir v, vido Sz — N(vi) U N(vj, vi} {vie S}, {vj, WES2});
d(vi) = d(vj) = d(vi = 4; IN(vj) " N(vi)| =4}
The number of sets which satisfy the conditions are 4 x 4 ways
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Therefore, for all six different choices total number of sets which satisfy the above conditions are
6[4 < 5C,+ 4 x 4}

Selection of three elements from any two sets and one element from the remaining one

i, Vi ik DLV P AV, Ving Vo Vi, Vg, iF € St {Vs} €S

{1, Vi, Vn}E€S5, d(vi) = d(v;) = d(vi) =d(vi) =4}

it can be selected in 4 x 4C; x 4C3 ways.
for all 3 fixed choice total number of sets which satisfy above conditions are

3[ 4 x 4C,x AC, } collections

(vi) Selection of three elements from one set, and each two elements from the remaining two set

{{vir Vi IH{Vie ViRV Ve, ViRV Vi ES{VIG VIFES, i{Vr Vs, VFES;
d(vi) =d(vj) =d(vi) =d(v) =4, N(vi) =N(vj)) & N(vi) =N(v)}

The number of sets for the above category are 4 x 5C,
{{vi, viro{vie ViR, s, VRV, Vi3 €S1i{Vi, Vi}ESy; {Vi, Vs, VFES;
d(vi) =d(v) =d(v) =d(v) =4and N(vi) #N(v)}
The number of sets which satisfy above conditions are 4 x 4C, x 4C,
For all three different sets the total number of choices 3[ 4 x 5C, + 4 x 4C,x 4C,]
Therefore ,
c(G,17) = (3x8C;) + (6x4) + (6x2 )+ (3 x 8) + 6 [4x5C, + 4 x4]
+3[4 x 4C, x 4C, J +3[4 x 5C, + 4 x 4C, x 4C, J

VII) Covering sets with cardinality sixteen is equal to the Independent set with cardinality 8

(i)
(i)

Selection of eight elements from each set {S; /i =1, 2, 3}. This can be selected in 3 ways.
Selection of six elements from one set and 2 elements from one among the other two sets

{{vi Vil W{S; - N(vi, vj) {vi, vi}€Sy; d(vi) =d(v)) =4; N(vi) = N(v)}
Two sets which satisfy the above condition.
For the all six sets. Total number of choices are 6 x 2

(iii) Selection of five element from any one, two element from one among the remaining two, one element from

the other, the six different categories are

{vido{vi, vidUSs — N(vi) U N(v;, vio} Vi€ Sy v, Vi € S);

d(vi) = d(vj) =d(vi) = 4; N(v) = N(vi}

For each v; € Sy, two elements {vj, vi} € S, satisfies the above condition.
Therefore 4 x 2 number of sets which satisfy the above condition.

For all the six different choices 6 x 4 x 2 sets have the above property.

(iv) Selection of each four elements from any two sets and one element from the other

v)

{H{vi, ViR AV, i} Vi, vid €S {vi, i} ESy); d(vi) = d(v)) = d(vi) = d(v) = 4

N(vi) = N(vj) & N(vi) = N(v)}

Totally 3 sets which satisfy the above property

Selection of Four elements from one set, three elements from another & one from the remaining one
Vi Vi, Vio Vi WV, Ve vid v} Vi, v, Vie Vi ESy,

{Vi, Vs, i} €Sy; {Vm} € S3; all vertices of degree 4}

It can be selected in 16 ways.

For all six different choices 6 x 16 sets which satisfy the above category.

(vi) Selection of four elements from any one and each two elements from the remaining two sets.

Vi, vj, Vi ViRAVE Vs POV, VaH{Vi, Vi, Vio VIFE Sy Vi, Vs €S2; {Vim, Vn} €Ss;
d(vi) = d(v;) = d(vi) = d(vi) = d(v,) = d(vs)= d(vm) = d(vn) = 4}

It can be selected in 1 x 4C, x 4C, ways
For all the 3 different choice the number of sets satisfy the above category 3 x 4C, x 4C,

(vii) Selection of each 3 elements from any two sets and 2 from the remaining set

{{vi, vj, vid v Vs, vid i, Vind HVi, v vidEe Sy
{Vi, Vs, i} €Sy; {V;, i} €S3; all vertices of degree 4}
It can be selected in 4C; X 4C3 X 4C, ways.

© 2015, IIMA. All Rights Reserved

161



Stephen John. B*, Annie Subitha. M.P. / Magic Hypercube and its Cover Polynomial / IIMA- 6(10), Oct.-2015.

(viii) For all 3 different choices the number of sets which satisfy the above condition are

3 X 4C3 X 4C3 X 4C,
Therefore, the covering sets with cardinality 16 is

(G, 16)=3+6 x 2+ 6 x 4 x 2+ 3+6 x 16
, 3% 4C,x 4C,+ 3x 4C, x 4C,x 4C

2]
Therefore, the vertex covering polynomial
C(G, X) = x** + 24x% + 228x% + 802x*! + 1584x%° + 1524x™ + 1305x'® + 900x"" + 558 x'° (A)

Lemma: 2.8 The coefficients of the cover polynomial of (A) is x “°[C(G, x)] is log-concave.

Proof: Clearly a® > a1 ais3, V 1= 1,2,....,9.

Therefore, x *°[C(G, x)] is log-concave.
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