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ABSTRACT

In this paper, the Bernstein Polynomial method is used to find an approximate solution to initials values problem for
3".order linear Volterra-Fredholm integro differential equation of the second kind. Some different examples
considered and the solution discussed numerically and display graphically. By enhancing the degree of Bernstein
Polynomial, we can improve the accuracy results.
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1. INTRODUCTION

Mathematical modelling of real-life problems usually results in functional equations, such an ordinary or partial
differential equations, integral and integro-differential equations and stochastic equations. Many mathematical
formulation of physical phenomena contain integro-differential equations, these equations arises in many fields like
fluid dynamics, biological models and chemical kinetics. In fact, integro-differential equations are usually difficult to
solve analytically so it is required to obtain an efficient approximate or numerical solution [1], [2]. There are several
numerical and analytical methods have been of great interest by several authors to study integro-differential equations,
Therefore, in literature, there exist many numerical and semi-analytical-numerical techniques to solve Integro-
differential equation. For Example, Integral Collocation Approximation Methods for the Numerical Solution of High-
Orders Linear Fredholm-Volterra Integro-Differential Equations is found in [3].Wavelet-Galerkin method (WGM) to
solve integro-differential equation can be found in [4]. Solution of forth-order integro-differential equation using
variational iteration method in [5].In [6] Numerical Methods For Solving The First Order Linear Fredholm-Volterra
Integro-Differential Equation. Numerical solution of nonlinear Volterra—Fredholm integro-differential equations via
direct method using triangular functions was employed in [7]. In [8, 9] integro-differential equation is studied by using
the differential transform method. In [10] Lagrange interpolation method is applied to solve integro-differential
equation. The Tau method is applied to the integro-differential equation in [11]. Application of Adomian's
decomposition method on Integro-differential equation are investigated in [12, 13, 14]. In [15] rationalized Haar
functions method is applied on system of linear integro-differential equations. An Approximate solution of linear
integro-differential equations by using modified Taylor expansion method is found in [16]. Numerical Solution of
Volterra-Fredholm Integro-Differential Equation by Block Pulse Functions and Operational Matrices can be found in
[17]. In [18] Collocation method is used to solve fractional integro-differential equation.

In recent years, many researchers have been successfully applying Bernstein polynomials method (BPM) to various
linear and nonlinear integro-differential equation. For example, Bernstein polynomials method applied to find an
approximate solution for Fredholm integro-Differential equation and integral equation of the second kind in [19]. The
propose method is applied to find an approximate solution to initials values problem for high-order nonlinear Volterra-
Fredholm integro differential equation of the second kind in [20]. Application of the Bernstein Polynomials for Solving
the Nonlinear Fredholm Integro-Differential Equations is found in [21]. This method is used to find an approximate
Solution of Fractional Integro-Differential Equations in [22].
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In this paper, we propose Bernstein polynomials method to solve second kind 3™ order Volterra-Fredholm integro-
differential equations. We have introduced that the BPM is very powerful and efficient technique in finding analytical
solutions for such as equations. The present paper is organized as follows: The Bernstein Polynomial method is
described in the second section. In third section we present the Bernstein Polynomial approximation which method
required for our function. In the fourth section the numerical finding to demonstrate the accuracy and applicability of
the propose method by considering two examples are reported.

The linear Volterra-Fredholm integro-differential equation of the second kind can be expressed in general form as
follows [13]

u™(x) = f(x)+ ﬂii k, (x,t)u(t)dt + ﬂj k, (x,t)u(t)dt, @)

d"x
dx"
U(X) is the unknown function which must be determined. The linear Volterra-Fredholm integro-differential equation
of the second kind can be expressed as follows [23]

iui(x)[u“’(x)} f(x)wfkl(x,t)u(t)dt%sz(x,t)u(t)dt, @

Where u™ (x) =

and f(x), k(x,t), k,(X,t) are known functions, a, b, 4, A,are constant Values, and

with the initial condition y (a) = y.,i =1,2,---,m—1 where £ (X),i =1,---,m, £ (X) # Oare known functions

that have derivatives on an interval a < x <t <h.
2. BERNSTEIN POLYNOMIALS METHOD

Polynomials are incredibly useful mathematical tools as they are simple to define, can be calculated quickly on
computer systems and represent a tremendous variety of functions. The Bernstein polynomials of degree-n are
defined by [24]

Bi”(t):(in]t‘(l—t)“‘i for i=0,4,2,...,n 3)

exponents on the (£} term increase by one as (i} increases, and the exponents on the {1 — £} term decrease by one as
(i} increases. The Bernstein polynomials of degree 2 are:

Bs (t) = (1-t)°
BZ(t) =2t(1-t)
BZ(t) =t

n n!
where { j: ﬁ , (n) is the degree of polynomials, (i) is the index of polynomials and (t) is the variable. The
Hn !

In addition, derivatives of the n**-degree Bernstein polynomials are polynomials of degree (n—1) By using the

definition of the Bernstein polynomial in Equation (3). The derivative can be written as a linear combination of
Bernstein polynomials [24].

d n d n n— n— n—
p B/ (t) =E{k]tk(l_t) “=n(B/;(t)-B™"), &k <n. )

3. BERNSTEIN POLYNOMIALS APPROXIMATION METHOD

In this section, we consider the Bernstein polynomial approximation solution. Any function U(X) € L? ([a, b]) can be

expanded into a Bernstein polynomial series of finite terms [24], [25].
u(x) =c¢,B; (t)+c¢,B]' (t)+¢,B, () +---+¢,B(t), —o<a<x<b<w (5)
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Where By (x), B['(x), B, (X),--+, B, (X) are Bernstein polynomials terms which defined in Equation (3).

Cy:C;,C,, -+, C,are unknown Bernstein polynomial coefficients, then Equation (5) can be decomposed as
n

u(x) = Zci Bin (X) (6)
i=0

By utilizing Equation (6) and substituting into Equation (2), we obtain

Zm:yi(x)[zn:ch;‘(x) } = f(x)+ﬂijx'k1(x,t){zn:cj81.”(x) }dt +/12j.k2(x,t){zn:cj8?(x) }dt )

The Equation (7) can be rewritten in a simplify form as:

> 14 (0 B () + GBI () +C,BI(X) + -+ +¢,BI (9] = (4
+/11JX'kl(x,t) [ 0B () +C,B (X)+¢,B] () + --+¢,B(x) ] dt
+Azjkz(x,t) [COBO”(X)+clBl"(x)+czB;(x)+ ---+an:(x)} dt, ®)

Finally, extension the Bernstein polynomial terms into Equation (8) by using Equation (3), we obtained

Zm:yi(x)[co(l—x)” +CX(L—-X)" e xP(AL-X)" + ---+cnx”]i =f(x)

i=0
+A, j k (D[ A=) +GtA-1)" + et (A-1)" + -+ " dt
+12jk1(x,t)[co(1—t)” +Ct@-t)" o P (1-t)" + --~+cnt”]dt, )

Now by integrating the terms in the right hand side of Equation (9) after simplifying and derivatives the terms in the
left hand side using Equation (4).

Once this equation is simplified and represent as a linear equation include X as a variable. Then substitute the
collocation points in the interval [a, b] , Which can be calculated as follows:

X, =a+i a1 i=012,..,n (10)

n

The result obtained from Equation (9). At the end, we establish a system of linear equations involve {n+ 17} the
unknown coefficients Ci,i =0,1,2,..,n which can be determined by solving the linear system using the Gauss
elimination method.

4, NUMERICAL EXAMPLES AND RESULTS

In this section, we consider the following examples of linear 3"-order Volterra-Fredholm integro-differential equation.
These examples are studied in [13] by using series solution method and variation iteration method respectively. The
computations associated with the examples were performed using Matlab ver.2013a.

Example 1: Consider a 3™ order linear Volterra-Fredholm integro-differential equation as follows:

u”(x) = —%XZ +Iu(t)dt + I xu(t)dt, u(0)=u'(0) =-u"(0) =1. and the exact solution is u(x) = x+ C0S(X).
0 -
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Table-1: Numerical results for Example 1 with exact solution by using BPM.

t yexact Bernstein polynomial method
yapp,n=2 | Error,n=2
0 1.0000 1.0000 0.0000
0.1000 | 1.0950 1.0950 0.0000
0.2000 | 1.1801 1.1800 0.0000
0.3000 | 1.2553 1.2550 0.0000
0.4000 | 1.3211 1.3200 0.0000
0.5000 | 1.3776 1.3750 0.0000
0.6000 | 1.4253 1.4200 0.0000
0.7000 | 1.4648 1.4550 0.0001
0.8000 | 1.4967 1.4800 0.0003
0.9000 | 1.5216 1.4950 0.0007
1.0000 | 1.5403 1.5000 0.0016
2 T T T T T T T T T “.o
191 —4A— datal O 7
| (RN © XEN yapp,n=l K i
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Figure-1: Approximation solutions and exact solution for Example 1 by using BPM.

Example 2: Consider a 3™ order linear Volterra-Fredholm integro-differential equation as follows:

7

u”(x) = 2sin(x) — x —3T(x—t)u(t)dt+ fu(t)dt,

u(0)=u'(0) =1, u"(0)=-1. and the exact solution is U(X) =sin X) +cos(x).

Table-2: Numerical results for Example 2 with exact solution by using BPM.

t yexact Bernstein polynomial method
yapp,n=2 | Error,n=2

0 1.0000 1.0000 0.0000
0.1000 | 1.0948 1.0950 0.0000
0.2000 | 1.1787 1.1800 0.0000
0.3000 | 1.2509 1.2550 0.0000
0.4000 | 1.3105 1.3200 0.0001
0.5000 | 1.3570 1.3750 0.0003
0.6000 | 1.3900 1.4200 0.0009
0.7000 | 1.4091 1.4550 0.0021
0.8000 | 1.4141 1.4800 0.0043
0.9000 | 1.4049 1.4950 0.0081
1.0000 | 1.3818 1.5000 0.0140
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Figure-2: Approximation solutions and exact solution for Example 2 by using BPM.

5. CONCLUSION

Most integro differential equations are difficult to solve analytically, in many cases it requires to obtain the
approximate solution. In this work, the Bernstein polynomial method for the solution of 3™-order linear Volterra-
Fredholm integro-differential equations is successfully implemented. The proposed approach is simple and has been
tested on two examples to illustrate the efficiency of the present method. It is clear that from the results, more accurate
results can be obtained by increasing the n*-degree of the Bernstein polynomial.
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