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ABSTRACT

In this paper, neighbourly edge irregular fuzzy graphs, neighbourly edge totally irregular fuzzy graphs are introduced.
Comparative study between neighbourly edge irregular fuzzy graph and neighbourly edge totally irregular fuzzy graph
is done. Some properties of neighbourly edge irregular fuzzy graphs are studied and they are examined for neighbourly
edge totally irregular fuzzy graphs.
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1. INTRODUCTION

Euler first introduced the concept of graph theory in 1736. In 1965, Lofti A.Zadeh[10] introduced the concept of a
fuzzy subset of a set as a method for representing the phenomena of uncertainty in real life situation. Azriel Rosenfeld
introduced fuzzy graphs in 1975[7]. It has been growing fast and has numerous applications in various fields. The
relation between fuzzy sets were also considered by Rosenfeld, and he developed the structure of fuzzy graphs,
obtaining analogs of several graph theoretical concepts [2]. M.Akram and A.Dudek introduced the cocept of regular
bipolar fuzzy graphs.

A. Nagoorgani and K.Radha [4] introduced the concept of regular fuzzy graphs and defined degree of a vertex in fuzzy
graphs. A. Nagoorgani and S.R.Latha [3] introduced the concept of irregular fuzzy graphs, neighbourly irregular fuzzy
graphs and highly irregular fuzzy graphs in 2008. S.P.Nandhini and E.Nandhini introduced the concept of strongly
irregular fuzzy graphs and discussed about its properties [5].

K. Radha and N. Kumaravel [6] introduced the concept of edge degree, total edge degree in fuzzy graph and edge
regular fuzzy graphs and discussed about the degree of an edge in some fuzzy graphs. N.R. Santhi Maheswari and C.
Sekar introduced the concept of strongly edge irregular fuzzy graphs and strongly edge totally irregular fuzzy graphs
and discussed about its properties [8]. Also, N.R.Santhi Maheswari and C. Sekar introduced the concept of edge
irregular fuzzy graphs and edge totally irregular fuzzy graphs and discussed about its properties [9].

This is the background to introduce neighbourly edge irregular fuzzy graphs, neighbourly edge totally irregular fuzzy
graphs and comparative study between neighbourly edge irregular fuzzy graphs and neighbourly edge totally irregular
fuzzy graphs is done and neighbourly edge irregularity on some fuzzy graphs whose underlying crisp graphs are a path,
a cycle, a star and a barbell graph is also studied.
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2. PRELIMINARIES
We present some known definitions and results for ready reference to go through the work presented in this paper.

By graph, we mean a pair G= (V, E), where V is the set and E is a relation on V. The elements of V are vertices of G
and the elements of E are edges of G.

Definition 2.1: A Fuzzy graph denoted by G : (o, p) on the graph G™ : (V,E): is a pair of functions (o, ) where
6:V —[0; 1] is a fuzzy subset of a set V and i : V X V — [0; 1] is a symmetric fuzzy relation on o such that for all
u, vin V the relation x(u, v) =p(uv)< o(u) Ac(v) is satisfied. A fuzzy graph G is complete if x(u, v) = u(uv) = o(u)Ac(v)
for all u, v € V where uv denotes the line joining u and v. G : (V,E) is called the underlying crisp graph of the fuzzy
graph G : (o, 1), where ¢ and p are called membership function[12].

Definition 2.2: Let G: (o, p) be a fuzzy graph on G™: (V, E). The degree of a vertex u is dg(u) = Zu(uv), for uv € E and
u(uv) =0, for uv not in E, this is equivalent to dg(u) = X u(uv), u#£v uv € E [6].

Definition 2.3: Let G: (o, p) be a fuzzy graph on G’: (V, E). If d(v) = k for all v € V, then G is said to be a regular
fuzzy graph of degree k[6].

Definition 2.4: Let G: (o, u) be a fuzzy graph on G™: (V; E). The total degree of a vertex u is defined as
td(u) = Zp(uv) + o(u) = d(u) + o(u), uv € E [6]. If each vertex of G has the same total degree k, then G is said to be a
totally regular fuzzy graph of degree k or k-totally regular fuzzy graph [6].

Definition 2.5: Let G: (o, p) be a connected fuzzy graph on G: (V, E). Then G is said to be an irregular fuzzy graph if
there exists a vertex which is adjacent to the vertices with distinct degrees [5].

Definition 2.6: Let G: (o, 1) be a connected fuzzy graph on G™: (V, E). Then G is said to be a totally irregular fuzzy
graph if there exists a vertex which is adjacent to the vertices with distinct total degrees [5].

Definition 2.7: Let G: (o, p) be a connected fuzzy graph on G': (V, E). Then G is said to be a strongly irregular fuzzy
graph if every pair of vertices have distinct degrees [9].

Definition 2.8: Let G: (o, ) be a connected fuzzy graph on G': (V, E). Then G is said to be a strongly totally irregular
fuzzy graph if every pair of vertices have distinct total degrees [9].

Definition 2.9: Let G: (o, p) be a connected fuzzy graph on G': (V, E). Then G is said to be a neighbourly irregular
fuzzy graph if every pair of adjacent vertices have distinct degrees [5].

Definition 2.10: Let G: (o, p) be a connected fuzzy graph on G': (V, E). Then G is said to be a neighbourly totally
irregular fuzzy graph if every pair of adjacent vertices have distinct total degrees [5].

Definition 2.11: Let G: (o, p) be a connected fuzzy graph on G (V, E).
The degree of an edge uv is defined as dg(uv) = dg(u) + dg(v) -2 p(uv).

The minimum degree of an edge is g(G) = A{dg(uv) : uv € E}
The maximum degree of an edge is Ag(G) =V{dg(uv) : uv € E }[10]

Definition 2.12: Let G: (o, p) be a connected fuzzy graph on G: (V, E).
The total degree of an edge uv is defined as tdg(uv) = dg(u) + dg(Vv) -p(uv).

The minimum total degree of an edge is di(G) = A{tdg(uv) : uv € E}
The maximum total degree of an edge is A(G) = V{tds(uv) : uv € E }[10]

Definition 2.13: The degree of an edge uv in the underlying graph is defined as dg(uv) = dg(u) + dg(v) -2[1].

3. NEIGHBOURLY EDGE IRREGULAR FUZZY GRAPHS AND NEIGHBOURLY EDGE TOTALLY
IRREGULAR FUZZY GRAPHS.

In this section, neighbourly edge irregular graphs and neighbourly edge totally irregular graphs are introduced.

Definition 3.1: Let G: (o, p) be a connected fuzzy graph on G™: (V, E). Then G is said to be a neighbourly edge
irregular fuzzy graph if every pair of adjacent edges have distinct degrees.
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Definition 3.2: Let G: (o, 1) be a connected fuzzy graph on G': (V, E). Then G is said to be a neighbourly edge totally
irregular fuzzy graph if every pair of adjacent edges have distinct total degrees.

Example 3.3: Graph which is both neighbourly edge irregular fuzzy graph and neighbourly edge totally irregular fuzzy
graph.

Consider G™: (V, E) where V = {u; v; w; x} and E = {uv; vw; wx; xu}

w03 03 w4y
04 04
x{04h 03 =05
Figure.1

From Figure 1, dg(u) = 0.7; dg(v) = 0.7; dg(w) = 0.7; ds(x) = 0.7, Degrees of the edges are calculated below.
dg(uv) = dg(u) + dg(v) -2u(uv) =0.7 + 0.7 -2(0.3) = 0.8.

dg(vw) = dg(v) + dg(w) - 2u(vw) = 0.7 + 0.7 - 2(0.4) = 0.6.

de(wx) = dg(w) + dg(X) - 2u(wx) = 0.7 + 0.7 - 2(0.3) = 0.8.

ds(xu) = dg(x) + dg(u) - 2u(xu) =0.7 + 0.7 -2(0.4) = 0.6.

It is noted that every pair of adjacent edges have distinct degrees. Hence G is a neighbourly edge irregular fuzzy graph.

Total degrees of the edges are calculated below.
tdg(uv) = dg(uv) + x(uv) =0.8 + 0.3 = 1.1.
tdg(vw) = dg(vw) + u(vw) =0.6 + 0.4 = 1.
tdg(wx) = dg(wx) + u(wx) =0.8 + 0.3 =1.1.
tdg(uv) = dg(xu) + u(xu) = 0.6 + 0.4 = 1.

It is observed that every pair of adjacent edges having distinct total degrees. So, G is a neighbourly edge totally
irregular fuzzy graph. Hence G is both neighbourly edge irregular fuzzy graph and neighbourly edge totally irregular
fuzzy graph.

Example 3.4: Neighbourly edge irregular fuzzy graph need not be neighbourly edge totally irregular fuzzy graph.

Consider G: (o, p) be a fuzzy graph such that G: (V, E), a star on four vertices.
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Figure.2
From Figure 2, dg(u) = 0.3; dg(v) = 0.4; dg(w) = 0.5; dg(x) = 1.2
dg(ux) =0.9; dg(vx) = 0.8; dg(wx) = 0.7.
tdg(ux) = 1.2; tdg(vx) = 1.2; tdg(wx) = 1.2.

Here, dg(ux) # dG(vx) #dg(wx). Hence G is a neighbourly edge irregular fuzzy graph. But G is not neighbourly edge
totally irregular fuzzy graph, since all edges have same total degree.
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Example 3.5: Neighbourly edge totally irregular fuzzy graphs need not be neighbourly edge irregular fuzzy graphs.

Consider G: (o, ) be a fuzzy graph such that G™: (V, E), a path on four vertices.
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Figure.3

From Figure 3, dg(u) = 0.3; dg(v) = 0.9; dg(w) = 0.9; dg(x) =0.3
dg(uv) = 0.6; dg(vw) = 0.6; dg(wx) = 0.6.
tdg(uv) = 0.9; tdg(vw) = 1.2; tdg(wx) = 0.9.

Here, dg(uv) = dg(vw) = dg(wx). Hence G is not neighbourly edge irregular fuzzy graph. But G is neighbourly edge
totally irregular fuzzy graph, since tdg(uv) # tdg(vw) and tdg(vw) # tdg(wx).

Theorem 3.6: Let G: (o, p) be a connected fuzzy graph on G™:(V, E) and p is a constant function. If G is neighbourly
edge irregular fuzzy graph, then G is neighbourly edge totally irregular fuzzy graph.

Proof: Assume that p is a constant function, let x«(uv) = c, for all uv in E, where c is constant.

Suppose that G is neighbourly edge irregular fuzzy graph=-every pair of adjacent edges have distinct degrees
=dg(uv) #£dgs(vw), where uv and vw are pair of adjacent edges in E.

Now, dg(uv) # dg(vw) =dg(uv) +c #dg(vw)+c =dg(uv)+u(uv) # dg(vw)+u(vw) =tdg(uv) #dg(vw), where uv and vw
are pair of adjacent edges in E. Hence G is a neighbourly edge totally irregular fuzzy graph.

Theorem 3.7: Let G: (o, p) be a connected fuzzy graph on G'(V, E) and u is constant function. If G is neighbourly
edge totally irregular fuzzy graph, then G is neighbourly edge irregular fuzzy graph.

Proof: Assume that « is a constant function, let u(uv) = ¢ for all uv in E, where c is constant. Suppose that G is
neighbourly edge totally irregular fuzzy graph =every pair of adjacent edges have distinct total degrees
=tdg(uv) #tds(vw), where uv and vw are pair of adjacent edges in E

Now; tdg(uv) # tdg(vw) =dg(uv)+u(uv) £dg(vw)+u(vw) =dg(uv)+ ¢ # dg(vw)+c =dg(uv) # dg(vw), where uv and vw
are pair of adjacent edges in E. Hence G is neighbourly edge irregular fuzzy graph.

Remark 3.8: Let G: (o, p) be a connected fuzzy graph on G'(V, E): If G is both neighbourly edge irregular fuzzy graph
and neighbourly edge totally irregular fuzzy graph. Then ¢ need not be constant function.

Example 3.9: Consider G : (o, 1) be a fuzzy graph such that G™ : (V,E) is a path on four vertices.
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Figure.4

From Figure 4, dg(u) = 0.2; dg(v) = 0.5; dg(w) = 0.5; dg(x) = 0.2
dg(uv) =0.3; dg(vw) = 0.4; dg(wx) = 0.3.
tdg(uv) = 0.5; tdg(vw) = 0.7; tdg(wx) = 0.5.

Here, dg(uv)# dg(vw) and dg(vw) #dg(wx). Hence G is a neighbourly edge irregular fuzzy graph. Also, tdg(uv)# tdg(vw)
and tdg(vw)#tdg(wx). Hence G is a neighbourly edge totally irregular fuzzy graph. But 4 is not constant.

Theorem 3.10: Let G: (o, p) be a connected fuzzy graph on G'(V, E) and p is constant function. If G is strongly
irregular fuzzy graph, then G is neighbourly edge irregular fuzzy graph.

Proof: Let G : (o, p) be a connected fuzzy graph on G*(V,E). Assume that p is a constant function, let p(uv) = c for all
uv € E, where c is constant. Let uv and vw are any two adjacent edges in G. Let us suppose that G is strongly irregular
fuzzy graph= every pair of vertices in G having distinct degrees

=da(U) # de(V) # do(W) =dg(u)+ds(V)-2¢ #ds(V)+ds(W)-2C
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=dg(U)+ds(v)-2u(uv) #d(v)+ds(W) -2p(uv)
=dg(uv) # dg(vw)
= every pair of adjacent edges have distinct degrees. Hence G is a neighbourly edge irregular fuzzy graph.

Theorem 3.11: Let G: (o, p) be a connected fuzzy graph on G (V, E) and p is constant function. If G is strongly
irregular fuzzy graph, then G is neighbourly edge totally irregular fuzzy graph.

Proof: Proof is similar to the above Theorem 3.10.
Remark 3.12: Converse of the above theorems need not be true.

Example 3.13: Consider G : (o, p) be a fuzzy graph such that G™: (V,E) is a path on four vertices.
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Figure.5

From Figure 5, dg(u) = 0.2; dg(v) = 0.4; dg(w) = 0.4; ds(x) = 0.2. Here, G is not strongly irregular fuzzy graph.
dg(uv) =0.2; dg(vw) = 0.4; dg(wx) = 0.2.
tdg(uv) = 0.4; tdg(vw) = 0.8; tdg(wx) = 0.4.

It is noted that dg(uv) # dg(vw) and dg(vw)#dg(wx). Hence G is neighbourly edge irregular fuzzy graph. Also,
tdg(uv)# tds(vw) and tdg(vw)#tds(wx). Hence G is both G is neighbourly edge irregular fuzzy graph neighbourly edge
totally irregular fuzzy graph. But G is not strongly irregular fuzzy graph.

Theorem 3.14: Let G: (o, ) be a connected fuzzy graph on G'(V, E) and p is a constant function. Then G is highly
irregular fuzzy graph if and only if G is a neighbourly edge irregular fuzzy graph.

Proof: Let G: (o, p) be a connected fuzzy graph on G'(V, E). Assume that 4 is a constant function, let x(uv) = ¢ for all
uv € E, where c is constant.

Let uv and vw are any two adjacent edges in G. Let us suppose that G is a highly irregular fuzzy graph
= every vertex adjacent to the vertices in G having distinct degrees

=dg(u) #de(w)

=dg(u)+de(V)#de(v)+ds(W)

=dg(u) + dg(v) -2c #dg(v) + dg(w) -2C

=dg(U) + dg(v)- 2p(uv) # dg(v) + de(W)- 2u(uv)

=ds(uv)#dg(vw) = every pair of adjacent edges have distinct degrees.

Hence G is a neighbourly edge irregular fuzzy graph.

Conversely, Let v be any vertex adjacent with u, w and x. Then uv, vw and vx are adjacent edges in G. Let us suppose
that G is a neighbourly edge irregular fuzzy graph= every pair of adjacent edges in G having distinct degrees
=dg(uv) # de(vw) # dg(vX)

=dg(v)+dg(u)-2u(uv) #ds(v)+ds(W)-2p(vw)#£ds(v)+ds(X)-2u(vX)

=dg(V)+dg(u)-2¢ # dg(v)+ dg(w) - 2¢ # dg(v) + d(x) - 2¢

=dg(v) + dg(u) # dg(v) + dg(W) # dg(V) + dg(x)

=dg(u) # ds(w) #ds(X)

=the vertex v is adjacent to the vertices with distinct degrees. Hence G is highly irregular fuzzy graph.

Theorem 3.15: Let G : (o, p) be a connected fuzzy graph on G'(V,E) and x is a constant function. Then G is highly
irregular fuzzy graph if and only if G is neighbourly edge totally irregular fuzzy graph.

Proof: Proof is similar to the above theorem 3.14.
Some known definitions and theorems in strongly edge irregular fuzzy graph[13].

Definition 3.20: Let G: (o, ) be a connected fuzzy graph on G™: (V, E). Then G is said to be a strongly edge irregular
fuzzy graph if every pair of edges have distinct degrees (or) no two edges have same degree [13].
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Definition 3.21: Let G: (o, ) be a connected fuzzy graph on G': (V, E): Then G is said to be a strongly edge totally
irregular fuzzy graph if every pair of edges have distinct total degrees (or) no two edges have same total degree [13].

Theorem 3.22: Every strongly edge irregular fuzzy graph is neighbourly edge irregular fuzzy graph [13].
Theorem 3.23: Every strongly edge totally irregular fuzzy graph is neighbourly edge totally irregular fuzzy graph [13].

Theorem 3.24: Let G: (o, ) be a fuzzy graph on G : (V, E); a path on 2m (m > 1) vertices. If the membership value of
the edges ey, €;, €3,..., €am.; are respectively ¢y, Cy, Cs,..., Cam.z SUCh that €1 < ¢, < €3 <...<Cpne1, then G is both strongly
edge irregular fuzzy graph and strongly edge totally irregular fuzzy graph.

Theorem 3.25: Let G: (o, p) be a fuzzy graph on G™: (V, E), a cycle on n (n > 4) vertices. If the membership value of
the edges ey, e, es,..., e, are respectively ¢, ¢,, Cs,..., Cy Such that ¢; < ¢, < ¢3 < ...<cp, then G is both strongly edge
irregular fuzzy graph and strongly edge totally irregular fuzzy graph.

Theorem 3.26: Let G: (o, p)be a fuzzy graph on G™: (V, E), a star Ky ,. If the membership values of no two edges are
same, then G is strongly edge irregular fuzzy graph and G is totally edge regular fuzzy graph.

Theorem 3.27: Let G: (o, ) be a fuzzy graph on G': (V, E), a Barbell graph B, If the membership values of no two
edges are same, then G is strongly edge irregular fuzzy graph.

4. NEIGHBOURLY EDGE IRREGULARITY ON A PATH, ACYCLE, ASTAR, ABARBELL GRAPH WITH
SOME SPECIFIC MEMBERSHIP FUNCTIONS

Theorem 4.1: Let G: (o, p) be a fuzzy graph on G': (V, E), a star Ky .. If the membership values of no two edges are
same, then G is neighbourly edge irregular fuzzy graph.

Proof: Let G: (o, p) be a fuzzy graph on G™: (V, E), a star Ky . If the membership values of no two edges are same,
then by theorems 3.22 and 3.26, G is neighbourly edge irregular fuzzy graph.

Theorem 4.2: Let G: (o, w) be a fuzzy graph such that G™: (V, E), a path on 2m (m > 1) vertices. If the alternate edges
have the same membership value, then G is both neighbourly edge irregular fuzzy graph and neighbourly edge totally
irregular fuzzy graph.

Proof: Let G: (o, 1) be a fuzzy graph on G”: (V, E); a path on 2m (m >1) vertices. If the alternate edges have the same
membership values, then

u(e)= | ¢y ifiisodd
c, ifiiseven.

where ¢; # ¢, and €, # 2¢;

de(er) =Ci+cC1+C-2c1=¢C;

For i=3,5,7,...,2m- 3:

dg(ei) =C,+Cy+Cy+Cy- 201 = 202
For i=2,4,6,...,2m-2

dg(ei) =C,+Cy+Cy+Cy- 202 = 201
d(€zm-1) =C1+Cy+ CL-2C;=C

We observed that the adjacent edges have distinct degrees. Hence G is a neighbourly edge irregular fuzzy graphs.
de(B1) =C1+C1+C2-C1=C +C;

For i=3,5,7,...,2m-3
do(e) =C1+Cp+C1+C-CL=Cy + 20,

For i=2,4,6,...,2m -2
tds(e)=cy1+ Co+ C1+Cy-Ca=Cp + 20,
tds(esm-1)) =C1+Co+C-C=C 1+,

We noted that the adjacent edges have distinct degrees. Hence G is a neighbourly edge totally irregular fuzzy graph.
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Theorem 4.3: Let G: (o, p) be a fuzzy graph such that G™: (V, E) is an even cycle of length 2m + 2. If the alternate
edges have the same membership value, then G is both neighbourly edge irregular fuzzy graph and neighbourly edge
totally irregular fuzzy graph.

Proof: Let G: (o, p) be a fuzzy graph on G™: (V, E), an even cycle of length 2m+2. If the alternate edges have the same
membership values, then

u(e)= | cy ifiisodd
c, ifiiseven.
where ¢; Z C,.

2,4,6,...,2m -2
Cl+Cz+Cl+Cz'2CZ:2C]_

For i
ds(ej)

For i
de(ei)

1,3,5,...,2m-3,2m -1

Ci+Cy+Cy+Cy-2C;=2C

We observed that the adjacent edges have distinct degrees. Hence G is a neighbourly edge irregular fuzzy graphs.

For i=2,4,6,...,2m-2
tdg(e) =C1+Co+C +C-C=2C1 + C

For i=1,3,5,7,...,2m-3,2m -1
tdg(e) =C1+Co+C1+C-C1=2C2+Cy

We noted that the adjacent edges have distinct degrees. Hence G is a neighbourly edge totally irregular fuzzy graph.

Theorem 4.4: Let G: (o, p) be a fuzzy graph on G™: (V, E), a cycle on n (n > 4) vertices. If the membership value of the
edges ey, ey, es,..., €, are respectively ¢y, ¢,, Ca,..., C, SUCh that ¢; < ¢, < ¢3 < ...< ¢, then G is both neighbourly edge
irregular fuzzy graph and neighbourly edge totally irregular fuzzy graph.

Proof: Let G: (o, p) be a fuzzy graph on G™: (V, E), a cycle on n (n >4) vertices. If the membership value of the edges
€1, €, €3,...,8, are respectively ¢4, ¢y, Cs,..., C, such that ¢; < ¢, < ¢3 < ...< ¢, then by theorems 3.22, 3.23 and 3.25 ,G
is neighbourly edge irregular fuzzy graph and neighbourly edge totally irregular fuzzy graph.

Theorem 4.5: Let G: (o, p) be a fuzzy graph on G™: (V, E), a Barbell graph B, . If the membership values of no two
edges are the same, then G is neighbourly edge irregular fuzzy graph.

Proof: We proved that,let G: (o, 1) be a fuzzy graph on G : (V, E), a Barbell graph B, . If the membership values of no
two edges are the same, then by theorems 3.22 and 3.27, G is neighbourly edge irregular fuzzy graph.
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