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ABSTRACT
In this paper we introduce the idea of comparative growth properties of entire functions of two complex variable on
the basis relative order, relative L -order and relative L"-order.
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INTRODUCTION

In the poly disc, f be an entire function of two complex variables holomorphic
U={(z,,z,):z|Kr,i=L2Vr >0,r, >0}

and
M (r, ) =max{| f(z,,2,) |z I<r,i=1,2}

From maximum principle and Hartog's theorem in [2], M , (rl, r2) is increasing function of r;, I, in [2].
Definition 1: In [1, 2] the order , o and the lower order A, of an entire function f of two complex variables are

defined as

log™' M (r,,,)

p, = lim sup
<P a T og(n,)
and
o log® M (n,1,)
oA, = lim inf AL
T log(nr,)

If f is regular then order and lower order are the same .An entire function of two complex variables which is not equal
is called irregular .For single variable, above definition concides with the classical definition of order in [18] L.Bernal
in [3, 4] introduced the definition of relative order between two entire functions of single variable. During the past
decades, several authors in see [13, 14, 15, 16] made close investigations on the properties of relative order of entire
functions of single variable. In facts, some works relating to the growth estimates of composite entire functions of
single variable on the basis of relative order of entire functions have been explored in [6, 7, 8, 9, 10]. In case of relative
order Banerjee and Dutta [5] to define the relative order of entire functions of two complex variables as follows.
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Definition 2: The relative order between two entire functions of two complex variables denoted by
_ logM *M , (r,,1,)
. Pg(f)=lim sup A
2 Ty > log(r,r,)
where g is an entire function holomorphic in the closed polydisc U ={(z,,z,):|z, |<r,i=12V,r,>0 ,

r, >0} and if g(z)=e"" the definition coincides with definition 1 in see [5] the relative lower order of f with
respect to g

logM *M . (r,,r.
A (f)= lim inf 2= 1 (5, 12)
2 Cha log(r,r,)

for two complex variable relative order and relative lower order of entire function with respect to another entire
functions are the same is said to be regular relative growth not regular is called irregular relative growth.

Definition 3: The relative hyper order, o, () and relative hyper lower order , A4 (f) of an entire function f of
two complex variable with respect to another entire g of two complex variable are defined as follows:

— logM *M . (r,, 1
L 7o(1)= tim inf 29Ms M (1)
™ T log(nr,)

and
2 logM "M ( (r,, T
W Za(f)= lim inf 0= (1)
I, >0 Iog(rlrz)

Somasundaram and Thamizharasi [18] introduced the notion of L -order ( L -lower order) for entire functions where
L=1L(r,r,) is a positive continuos functions increasing slowely i.e., L(ar,,ar,) = L(r,r,) as r,,r, — oo for
every positive constant 'a' their definition are as follows:

Definition 4: [18] The L-order p'f‘ and the L -lower order v l'; of an entire function f of two variable defined as

follows:
log® M (r,,r
b= tim supog M (1)
neoe o log[(nn)L(n, )]
log® M, (r,,r
and vz;t# = lim inf - )

R, —>0 |0g[(rlr2)|-(r1,r2)]

—L —L
Similarly one can define the L -hyper order and v, P the L -hyper lower order of vy At an entire function f .

Definition 5: The definition of relative L-order of f with respect to g denoted by pg‘(f) as follows
V2,ogL(f):inf{,u>0 P M (r, ) <M [(nr)L(r,r,)]* forall r,r, >r,(u) >0} or

_ logM;*M ¢ (r,, T
L P5(1)= lim sup-oacla ()
2 1, F—>o0 |Og[(r1r2)|—(r1’r2)]
Similarly we may define the relative order L -lower order of f of two complex variable with respect to g denoted by
. logM "M ((r,,r
o, A ()= lim inf gM, M, (5.)
2 r,r—w |Og[(rlr2)|—(r11 rz)]

L —L
Definition 6: The relative L -hyper order , o (f) and the L -hyper lower order , A4 (f) of an entire function f
of two complex variable with respect to another entire function g of two complex variable are defined as follows:

- log® M ;*M , (r,, 1
VZP;(f)z lim sup g M M (n,r)
R, log[(r,r,)L(r,1,)]
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[2] pg -1
—L . log"= MM (r, 1)
L Ag(f)= lim inf g _1hn 2
’ 12> log[(r;r,)L(r;,1,)]
the more generalized concept of L -order( L"-lower order ) of an entire function is L™ -order( L" -lower order) their
definition as follows:

Definition 7: The L"-order and L -lower order of an entire function f denoted by
. log M *M  (r,,1,)
L pY = lim sup PESRE O T
’ 2> log[(r,r,)e"""]
.. log¥M M, (r,1,)
X = lim inf ESRL O T
e Iog[(rlrz)e " ]

Vo

the more generalized concept of relative L -order and the relative L -hyper oder are the relative L"-order and relative
L -hyper order respectively their definitions as follows:

Definition 8: The relative L"-order of an entire function f of two complex variable with respect to another entire
function g, denoted by

o Py (F)=inf{u>0 1 M (r,1,) <M [(r,r,)e" ™21 forallr,r, > r, (1) > O}

. logM *M (r,,T.
, Py (f)=lim sup ! fﬁf)
fo T log[(r,r,)e"""%]
and

. logM *M  (r,, T
o Ay ()= lim inf 9V, f:z?
2 no= log[(rr,)e ]

—L —LU
Definition 9: The relative L™ -hyper order, o, (f) and relative L"-hyper lower order , A4 (f) of entire function
f with respect to another entire function g are defined as follows:
121 pg -1
—L i log“" M "M, (r,r,)
. Py ()= lim sup L
’ EE Iog[(rlrz)e (rlyrZ)]

and

7 I0g” MM, (.
vzi; (f)= lim inf g 9 Lf(r(:) )
r,hp—m |Og[(rlr2)e 1.1 ]

Some results on the comparative growth properties of entire of two complex variable functions on the basis of relative

order(relative lower order),relative L -order(relative L -lower order) and relative L -order(relative L"-lower order)have
been proved earlier.

In this section we present the main results of the paper.

Theorem 1: Let f,gand h be three entire functions such that 0<, A, (f)<, p,(f)<w and 0<, 4,(h)<, p,(h)<e
then

V2/19(1“)S i inf IogMg‘lle(rl,rz)S v2ﬁ,g(f)
vng (h) EX e IogMg Mh(rl’rz) vzﬁ'g(h)

< lim SuplogM;Mf(rl’rz)<Vng( )
Canoe T logMt™™, () T 4, (h)
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Proof: From the definition of relative order and relative lower order we have for arbitrary positive & and for all large
values of I, I,
-1
IOgMg Mf(rl,rz)Z(VZﬂg(f)_g)logrer (1)
and
-1
logM "M, (1,,1,) > (,, p, (f)+&)logrr, @)

Now from (1) and (2) it follows for all large values of r,, I,
logM,'M (r,T,) v A,(F)-¢
logM "M, (r,,1,) — , p,(h)+e
As & > 0 is arbitrary, we obtain that
logM '™ (r,.5,) 4 (f)
neoe logM IM (1) P, (h)
Again for a sequence of values of I}, I, tending to infinity
logM ;*M ( (r,,1,) <(,, 4, (f)+&)logr,r, @)
and for all large values of I, I,
logM ;*M, (1, 1,) = (,, 4, (f)- &) logrr, 5)

®)

So combining (4) and (5) we get
logM "M (1, 1,) § WA (F)+e
logM "M, (r,,1,) ~ , 4,(h)-¢

Since ¢ > 0 is arbitrary it follows that
Iog MglM f (rl1r2) < vy ﬂ'g (f)
weoe o logM "M (1,1,) 4, (h)

(6)

Also for sequence of values of I, I, tending to infinity,

logM;*M, (r,,1,) <(,, 4, (h)+ &) logrr, )

Now from (1) and (7) we obtain for a sequence of values of I, I, tending to infinity
logM,'M (r,T,) v A,(F)-¢
logM "M, (r,,1,)  , A,(h)+&

Choosing £ — 0 we get from above that
log MélM f (r1’ rz) S v /’i’g(f)
IOgMg;th(rlvrz) vy ﬁ“g (h)
Also for all large values of I, T,
logM*M ( (r,,1,) <(,, p,(f)+¢)logr,r, (9)
so from (5) and (9) it follows for all large values of I}, I,
logM g;lM ¢ (r,1,) < Py (f)
logM'M, (r,r,) 44 (h)

(8)

(10)

Thus the theorem follows from (3) (6), (8) and (10).The following theorem can be proved in the line Theorem 1 and so
the proof is omitted.
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Theorem 2: Let f, g and h be three entire functions such that 0<, 4;(f)<, py ()< and 0<, 4;(h)<, ot (h)<oo
then

L -1
VzﬂgL(f)S lim i IOgMQ]_le(G’ (f)
v, pg (h) i, —w0 Iog M M (r, v, (h)
logM 1M L(f
< lim sup o9 - (5 gL( )
. —>% |Og Mg Mh(l g (h)

Using the more generalized concept of relative L -order (relative L -lower order) and relative L*-order (relative

L" -lower order) of an entire functions of two complex variable with respect to another entire function we may state the
following theorem without proof.

. . . v U
Theorem 3: Letf,g and h be three entire functions such that 0<, A (f)szpg (f)<oo and

0< ﬂL() (h)<oothen
e (f)_ i infIogMg‘_lle( n) . wAe ()
Lol () Tog MM, (5. 2L (1)

< lim suplogMg_le( i ()
T hnow |Og Mg_th( ) gL ( )

Theorem 4: Letf,g and hbe three entire functions such that 0<, A, (f)< v, Py (f)<oo and
0<,, py(h)<oo then

logM ;"M (1,1, _ v p(f) o 10gM™™ (1)
1, —>© IogM;Mh(l’l,rz) v, pg (h) N, —>® IogMg_th(rl,l’z)

Proof: From definition of relative order we get for sequence of values of I, I, tending to infinity
logM 'M, (1,,1,) > (,, p, (h)-&)logr,r, (11)

Now from (9) and (11) it follows for a sequence of values of I, I, tending to infinity,
logM'M ( (r.1,) _ ., p(F)+e
mQMiMdmr) o Py(h)—¢
as &(> 0) is arbitrary we obtain that
f Iog M g71M f (rli r2) < vy pg(f )
o= IOgMg;th(rl’rZ) - v, Pg (h)
Again, for a sequence of values of I, I, tending to infinity
logM;*M ( (r,,1,) > (,, p, (f)-&)logrr, (13)
So combining (2) and (13) we get for sequence of values of I, I, tending to infinity,
logM '™ ( (r.1,) o, p(F)-¢
mQMiMdmr) o Py (h)+e
Since &(> 0) is arbitrary it follows that
logM g;lM £ (r,1) 5 %Py (f)
IOgMg;th(rl’rZ) v, Py (h)
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Thus the theorem follows from (12) and (14). The following two theorems can be carried out in the line of theorem 4
and therefore we omit their proofs.

Theorem 5: Let f,g and h be three entire functions such that 0<, A; ()<, p; (f)<wand 0<, p;(h) <o
then

logM "M (1.1) _ pi(t) up logM "M, (1., 1,)
e logM M, (r,1) ~  py(h) " woe T logM M (1, T,)

=

Theorem 6: Let f, g and h be three entire functions such that 0 <, 25 (f )<, py (f)<wand 0<, p¥(h)<w
then

f IogMgle(r11r2)< Vzpé‘*(f)< . IogMg‘le(rl,rz)
1, =0 IOgM&th(rl,rz) v, pé'* (h) 1, =0 |OgM§th(rl,r2)

the following theorem is a natural consequence of theorem 1 and theorem 4.

Theorem 7: Let f,g and h be three entire functions such that 0<, ig(f)ﬁvz pg(f)<oo and
0<, 4, (h)< v, Py (h)< oo then
IOgMg_iMf(rlvrz)Smin vzﬂ‘g(f)’vng(f)
o f2 IogMg;Mh(rl’rZ) vzﬂ’g(h) vng(h)
-1
< max vz/lg(f),vng(f) < | IOgMgle(rlirz)
vzﬂ’g(h) vng(h) 112> IogMg;Mh(rlvrz)

the proof is omitted. Analogously the following two theorems without proof.

Theorem 8: Let f,gand hbe three entire functions such that 0< l;(f )< v ng(f )<oo and
0<,, ﬂ;(h)é v, p;‘(h)< o then
IOgMgle(rl’r2)<min vzl;(f) vnglj_(f)
weoe logM "M () | Ag(h) T, pg(h)
L L -1
< max vzli(f)’vngl_(f) < ||m su IogM%le(rl’rz).
v, lg (h) Vv, pg (h) f1fz e IOgMg Mh(rl’rz)

Theorem 9: Let f,g and h be three entire functions such that 0<, /t;*(f )< v ng*(f ) < coand
0<,, /l'g‘* (h)< v, ng* (h)< oo then
(JogM M, (rr) WA (F) P (F)

lim in =) < R :
Il > |Og M g M h (rl, I’z) v, ﬂ,; (h) v, pé‘ (h)
< max vzﬂ”lg_;(f) vnglg_*(f) < i IogMgle(rler)

) Rl )] T Tog MM ()

We state the following theorems without proof based on relative hyper order, relative L -hyper order and relative
L" -hyper order of an entire function with respect to another entire function.
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Theorem 10: Let f,g and h be three entire functions such that 0<szg(f)£V2;g(f)<ooand
0<, Ag(h) <, py(h) <oo then

Ag(f - Ao(f

Vzig( )S Im Inf IogMg_le(rllrz) < Vzﬁg( )

Vng (h) I, —>0 |Og Mg Mh(l’l,rz) Vzﬂ/g(h)

< lim sup IOgmI\/Igll\/lf(rl’rZ)< wPo(1)
N f,hp—>0 |Og[2] Mg_th(rl:rz) - vzﬂg(h) .

Theorem 11: Let f, g and h be three entire functions such that 0 <, Ao(f) <, ;g (f)<owand 0<, Eg (h) <o
then

logM *M . (r,, T o (f log® M *M . (r,,r
0g 971 ¢ (n,1,) < vzlig( )S lim sup 9[2] c{l ¢ (1, 2).
e Iog M g M h (rl’ rZ) A pg (h) = Iog M g M h (rl! rz)

Theorem 12: Let f,g and h be three entire functions such that 0< A (f) < Vz;g (f) <ooand
0<, Ag(h) <, pg(h) <oo then

log® M *M  (r,,r A(f) . p (f
Hmegm zf(lﬂsmn“f()ﬁf“)
wroe o log? MM, (1, 1,) L Za() L oy (h)

Ao(f) . p (f log® MM (r,,r
< max Vz_g( ),vzgg( ) < lim Sup g[z] g_l f(l 2).
wAg(h)  pg(h) | wreoe " log™ M "My (1, 1)

Theorem 13: Let f,g and h be three entire functions such that 0<VZZZ(f) sz,;;(f)<oo and
0<, Ag(h) <, p,(h) <o then
—L —L —L
Ag(f log® M 'M , (r,,r Ag(f log™ M *M, (r,,r f
VZ_gL( )S lim inf g[z] g_l f(l Z)SVZ_?-( )S lim sup g[z] g_l f(l 2)£v2€gl_( )
Vng(h) I, —o Iog Mg Mh(rl,l’z) Vzﬂ/g(h) n,r—>w© Iog Mg Mh(l’l,rz) Vzﬂ’g(h)

—L —L

Theorem 14: Let f,gand h be three entire functions such that 0<, A4(f)<, p (f)<oo and
—L

0<, p4(h) <o then

. —L _
log® MM, (1,.T,) ) WPy (f) < lim sup log'? M ;*M (. r)
v ogEI MM (1 R) o () 10gEIM M, (1)

—L —L
Theorem 15: Let f,g and h be three entire functions such that 0 <, 14 (f) <, p (f) <oo and
—L —L
0<, A¢(h) <, py(h)<oo then

log® M *M  (r,,T,) < min wAe(f) , py (1)
wre " Tog@ MM, (1 T,) WA oy (h)

—L —L
wAa(f) o (| Suplog[z]Mgle(rl,rz)

LAs()  pg(y ] mE T Iog MM, ()

< max
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—L —L
Theorem 16: Let f,gand h be three entire functions such that 0<, Aq (f) <, p, (f)<ooand

0<, A (h) <, pu () <o then

_Lt
v, Ao (F)

[2] - LU [21 _ —L
< lim inf 12 MM () o Ae (F) log” MM, (r.1,) _ P (F)

—t neoe logPt MM, (L) 7Y gy R - log®” MM, (r,,r,) 7Yy
vng (h) v g g itz vz//{g (h) " g g itz vzﬂ’g (h)

L 0
Theorem 17: Let f,g and h be three entire functions such that 0<, Aq (f) <, p, (f) <o and

0<, p, ()< then

_ —L .
fim ing PTMIM (0) e (D) L Tog MM, (1)

neoe logt M g;1|\/|h(l’1, r,) , ;; (h) "% log M (;th(rl’ ;) .

L v
Theorem 18: Let f,gand hbe three entire functions such that 0<, Aq (f) <, p, (f) <o and

0<, A5 ()<, py (N) <o then

—L —L
log'? M;l\/l  (r,1) < min v, Ao (F) oy (F)

lim inf ————— < TR R—
1, T —>00 |Og Mg Mh(rl,rz) , g (h) WPy (h)
—L" —L
Ag (f f log® M *M , (r,,r
< max VZ_gL*( ),Vz'igv( ) < lim sup g[z] - (% 2).
WAs () oy ()] P 10gT MM (n, )
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