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ABSTRACT 
A basic difference between ordinary metric and k-metric is in the triangle inequality. In this paper we have shown that 
instead of this difference, by restricting the domain of effectively involved constant, some fixed point theorems for      

kT -contractions can be obtained as in cone metric spaces.  
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1. INTRODUCTION 
 
H. Pajoohesh introduced the concept of k-metrics in 2012 which are valued in lattice ordered groups and that allows to 
talk about distance in non-abelian lattice ordered groups. He also characterized intrinsic metrics on lattice ordered rings 
and established that if a lattice ordered ring is representable then every intrinsic metric therein is a k-metric. Being 
motivated by these facts we study some fixed point theorems for T -contractive mappings in this setting. In this paper we 
actually traslated the results of [1] in the language of k -metric spaces. As in [2] a k-metric, where k  is a real number 

1≥ , on a nonempty set X  is a mapping :d X X R× →  such that  

(i) 0),( ≥yxd  ∀  Xyx ∈, , 

(ii) yxyxd =0=),( ⇔ , 

(iii) ),(=),( xydyxd  ∀  Xyx ∈, , 

(iv) )),(),((),( yzdzxdkyxd +≤  ∀  Xzyx ∈,, . 
 
The ordered pair ),( dX  is called a k -metric space. 
 
Let us consider the mapping :d R R R× →  defined by 2)(=),( yxyxd −  , .x y R∀ ∈ The fact 

2 2 2( ) 2( ) ,a b a b a b R+ ≤ + ∀ ∈  ensures that the mapping d  enjoys all the properties of being a k -metric for 

2=k . 
 
From the definition and the example, just given above, it is clear that every metric is a k -metric 1)=(k , but a         

k -metric may not be a metric and every k -metric is an l -metric, where kl ≥ . 
 
Open balls, closed balls, diameter of non empty sets, open sets (A subset O  of a k-metric space ),( dX  is said to be 

open in ),( dX  if ∀  Ox∈  ∃  0>ε  such that the open ball OxBd ⊂),( ε .), closed sets, closure and interior of 
a set, convergence of a sequence, Cauchy sequence, completeness of k-metric spaces are defined as in case of metric 
spaces. It is also seen that every k -metric space is first countable and 4T . 
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2. −kT CONTRACTIONS AND FIXED POINT THEOREMS 
 
We begin with the following definitions which bear the character of the mappings involved in the theorems of this 
section.  
 
Definition 1: Let ),( dX  be a k-metric space and T: XX → . T is said to be sequentially convergent in X if for 

every sequence { ny } in X , {T ny } is convergent implies that { ny } is also convergent.  
  

Definition 2: Let ),( dX  be a k-metric space and T: XX → . T is said to be sub-sequentially convergent in X if  

for every sequence { ny }, {T ny } is convergent implies that { ny } has a convergent subsequence.  
  

Definition 3: Let ),( dX  be a k-metric space and XXST →:,  are functions. The mapping S is said to be        

kT -contraction if there is a constant 
10,
k

α  ∈  
 such that 

),(),( TyTxd
k

TSyTSxd α
≤ , Xyx ∈∀ ,  

  
Theorem 1:  Let ),( dX  be a complete k-metric space and T: XX →  be a one to one and continuous function. In 

addition let S: XX →  be a kT -contraction continuous function. Then  

(i) for every 1
0 0 0, lim ( , ) = 0.n n

n
x X d TS x TS x+

→∞
∈  

(ii) there is Xy ∈0  such that 00 =lim yxTS n

n ∞→
  

(iii) if T is sub-sequentially convergent, then there is a unique Xz ∈0  such that 00 = zSz   

(iv) if T is sequentially convergent, then for each Xx ∈0 , the sequence { 0xS n } converges to 0z .  
 
Proof: Let Xxx ∈21, , then   

1 2 1 1 1 2( , ) [ ( , ) ( , )]d Tx Tx k d Tx TSx d TSx Tx≤ +  

    
2

1 1 1 2 2 2( , ) [ ( , ) ( , )]kd Tx TSx k d TSx TSx d TSx Tx≤ + +  

    

2
1 1 1 2 2 2( , ) ( , ) ( , )kd Tx TSx k d Tx Tx d TSx Tx

k
α ≤ + +    

 

1 2 1 1 2 2( , ) [ ( , ) ( , )] > ( )
1

kd Tx Tx d Tx TSx kd TSx Tx A
kα

≤ + − − − − − −
−

 

 
(i) Let Xx ∈0  and consider the sequence { nx } given by N∈∀−− nxSxSSxx n

nnn ,=...=== 02
2

1  
 
Now,   

),(=),( 0
1

01 xTSxTSdTxTxd nn
nn

+
+  

                ))(),((= 00
1 xSTSxSTSd nn−  

                
))(),(( 00

1 xSTxSTd
k

nn−≤
α

 

                
))(),((= 0

1
0

2 xSTSxSTSd
k

nn −−α
 

                
))(),(( 0

1
0

2
2

2

xSTxSTd
k

nn −−≤
α
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continuing this process, we get   

),(),( 001 TSxTxd
k

TxTxd n

n

nn
α

≤+  

So 0=),(lim 0
1

0 xTSxTSd nn

n

+

∞→
, since 1<0

k
α

≤ . 

 
(ii) For, N∈nm,  with nm > ,   
 

),(=),( 00 xTSxTSdTxTxd mn
mn  

     1 1
0 0 0 0[ ( , ) ( , )]( )

1
n n m mk d TS x TS x kd TS x TS x by A

kα
+ +≤ +

−
 

              
0 0 0 0( , ) ( , )

1

n m

n m

k d Tx TSx k d Tx TSx
k k k

α α
α
 

≤ + −  
 

              
0 0( , )

1

n m

n m

k k d Tx TSx
k k k

α α
α

 
≤ + −  

 

  
which implies,   

0=),(lim
, mnmn

TxTxd
∞→

 

0=),(lim 00,
xTSxTSd mn

mn ∞→
 

 
Therefore, { 0xTS n } is a Cauchy sequence in X . By completeness of X , Xy ∈∃ 0  such that 

00 =lim yxTS n

n ∞→
 

 
(iii) Let T be sub-sequentially convergent, then since { 0xTS n } is convergent the sequence { 0xS n } has a subsequence  

{ 0xS in
} such that   

XzxS in

in
∈

∞→ 00 =lim  (1) 

],[,=lim 00 continuousisTSinceTzxTS in

in ∞→
⇒  

00 = yTz⇒  

By (1) ,   

us]iscontinuoS[since=lim 00
1 ′+

∞→
SzxS in

in
 

0000
1 ==lim TSzyTSzxTS in

in
⇒⇒ +

∞→
 

Then, we have   

00 = TzTSz  

]isoneoneTsince[= 00 ′⇒ zSz  

Therefore 0z  is a fixed point of S . 
 
We now prove the uniqueness of fixed point of S . 
Let Xzz ∈10 ,  so that 00 = zSz  and 11 = zSz . Then   

),(),(=),(0 101010 TzTzd
k

TSzTSzdTzTzd α
≤≤  

neone).(sinceTiso==0=),( 101010 zzTzTzTzTzd ⇒⇒⇒  
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(iv) This is a special case of (iii).    

 
Note 1: In the above Theorem 1 if we take T  as identity map and 1=k  then we obtain the classical Banach fixed 
point theorem.  

 
Theorem 2: Let ),( dX  be a complete k-metric space and XXT →:  be an injective and continuous function. 

Suppose that XXS →:  is a mapping such that nS  is a kT -contraction for some n N∈ . Then S  has a unique 
fixed point in X   
 
Proof: As in general case.    

 
 
Theorem 3: Let, ),( dX  be a complete k-metric space and XXT →:  be an injective and continuous mapping. 

For 0>c  and Xx ∈0 , set }<),(:{=),( 00 cyTxdXycTxB ∈ . Suppose XXS →:  be a −kT contraction 

continuous mapping for all ),(, 0 cTxByx ∈  satisfying 
k
cTxTSxd )(1<),( 00 α− . 

Then S  has a unique fixed point in ),( 0 cTxB .  
 
Proof: Set 1= −nn Sxx  n N∀ ∈ . By the given condition  

),(</)(1),(=),( 010001 cTxBTxckcTxTSxdTxTxd ∈⇒−≤ α  
 
Also whenever ),( 0 cTxBTx∈ , ),( 0 cTxBTSx∈ . 
 
For, let ),( 0 cTxBTx∈ , then cTxTxd <),( 0  and   

)],(),([),( 0000 TSxTSxdTxTSxdkTSxTxd +≤  

              
),()(1 0 TxTxd

k
k

k
ck αα +−≤  

              ccc =)(1< αα +−  
   

),( 0 cTxBTSx∈⇒  
 

So, ),(= 021 cTxBTxTSx ∈  and consequently }{ nTx  is a sequence in ),( 0 cTxB . Now a proof of this theorem 

follows from the Theorem 1 and completeness of ),( 0 cTxB .     
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