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ABSTRACT

In this paper we recall the definition of fuzzy distance space on fuzzy set then we discuss several properties of this
space after that we give an example to illustrate this notion. Then we prove the existence of a fuzzy distance space
which is not fuzzy completable. Here we prove that every fuzzy completable fuzzy distance space admits a unique [up to
fuzzy isodistance] fuzzy completation.
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INTRODUCTION

Theory of fuzzy sets was introduced by Zadeh in 1965 [21]. Many authors have introduced the concept of fuzzy metric
in different ways [1, 2, 3, 7, 8, 9, 10, 13, 16, 17]. Kramosil and Michalek in 1975 [6] introduced the definition of fuzzy
metric space which is called later KM-fuzzy metric space .George and Veeramani in 1994[3] introduced the definition
of continuous * t-norm to modify the concept of KM-fuzzy metric space which was introduced by Kramosil and
Michalek which is called later GV-fuzzy metric space .

In section two of this paper we recall the definition of fuzzy distance space on fuzzy set [9] which is a modification of
the definition GV-fuzzy metric space after that we introduce basic definitions ,basic concepts and properties of fuzzy
distance space. Nevertheless, the theory of fuzzy distance fuzzy completion is very different from the classical theory
of metric completion. Indeed there exists a fuzzy distance space which is not fuzzy completable. This fact suggest in a
natural way the problem of obtaining conditions for a fuzzy distance space to be fuzzy completable. Here we present a
solution to this problem.

1. FUZZY DISTANCE SPACE ON FUZZY SET

Definition 1.1: [21] Let X be a nonempty set of elements, a fuzzy set A in X is characterized by a membership
function, pz(x): X— [0, 1]. Then we can write
A={(X, uz(x)): xeX, 0 < pz(x) < 1}.

We now recall an example of a continuous fuzzy set.

Example 1.2: [18] Let X = R and let A be a fuzzy set in R with membership function by:
Mz (¥) = oz -

Definition 1.3: [4] Let A and B be two fuzzy sets in X. then

1. AcBifandonly if uz(x) < ug(x) for all xeX.
A =Bifand only if uz(x) = ug(x) for all xeX.
C = AuUB ifand only if pz(x) = pa(x) v pg(x) for all xeX.
D = AnB if and only if ug(x) = uz(x) A pg(x) for all xeX.
Hge (X) = 1- pa(x) for all xe X
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Definition 1.4: [18] If A and B are fuzzy sets in a nonempty sets X and Y respectively then the Cartesian product
A x B of Aand B is defined by:
Max 506 Y) = 1A (9) A pg(y) for all (x,y) eXx Y

Definition 1.5: [20] A fuzzy point p in X is a fuzzy set with member p(x) = a if x =y and p(x) = 0 otherwise.

For all y in X where 0< o <1. We denote this fuzzy point by x,. Two fuzzy points x, and yg are said to be distinct if
and only if x#y.

Definition 1.6: [21] Let x,, be a fuzzy point and A be a fuzzy set in X. then x,, is said to be in A or belongs to A which
is denoted by x, € A if and only if pz(x)> a.

Definition 1.7: [11] Let f be a function from a nonempty set X into a nonempty set Y. If B is a fuzzy set in Y then
f~1(B) is a fuzzy set in X defined by:
K15 (X) = (ng®)(x) for all x in X. Also if A is a fuzzy set in X then f(A) is a fuzzy set in Y defined by:

ey () =V {ua(): xef 1) ), if £ (7% @ and e (v) = O, otherwise.

Proposition 1.8: [12] Let f: X— Y be a function. Then for a fuzzy point x, in X, f(x,) is a fuzzy point in Y and
f(xe)=(fC))a -

Definition 1.9: [3] A binary operation *: [0,1] x [0,1] — [0,1] is a continuous t-norm if = satisfies the following
conditions:
1. = isassociative and commutative.
* is continuous.

2.
3. axl=aforalla e [0,1].
4. axb <c+d whenever a<c and b <d where a,b, ¢,d €[0,1].

Remark 1.10: [3] For any a> b we can find ¢ such that axc > b and for any d we can find an e such that exe > d where
a,b,cdee(,1l).

We introduce the following definition.

Definition 1.11: [14] A triple (A,D,*) is said to be fuzzy distance space if A is a fuzzy set of the nonempty set X, = is a
continuous t- norm and D is a fuzzy set on A? satisfying the following conditions:

(FDy;) D(xq.yp) >0 forall x,,yp € A

(FDz) D(xq.yp) = 1ifand only if x,= yg

(FD3) ?(XQ’YB) :§(YB’X0() fo~r all x4,y € A N

(FD4) D(X¢+Zo) = D(Xq,¥p) * D(vg, 25) for all xq,yg and z, € A

(FDs) D(xq.yp) is acontinuous fuzzy set

Example 1.12:[14] Let X=N, and let A be a fuzzy set in X. Suppose that axb = a.b for all a, b €[0, 1].

Define ﬁ(xa,yﬁ) = 3 If x<yand ﬁ(xa,yﬁ): i—l If y<x, forallx,y eN.

Then (A,D,*) isa fuzzy distance space.

Example 1.13: [14] Let X=R and let A be a fuzzy set in X. Suppose that axb = a.b for all a, b < [0, 1].

Define D(x,.yg) = ] forall x,, yg € A.

1
Xa—Y[3|
Then (A,D,x) isa fuzzy distance space.

Definition 1.14: [14] Let (A,D,*) be a fuzzy distance space then D is continuous fuzzy set if whenever (x,,a,)= X,
and (anBn)_) YB in A then D((Xnv an)’(Yn’ Bn)) - D(Xow YB) that is limn—moD((Xn’ an)’(an Bn)) = D(Xow YB ) .

Lemma 1.15: [14] Suppose that (X, d) is an ordinary metric space and assume that A is a fuzzy set in X.
Define d(x,, yg) = d(x, y) for all x,, yg e A. Then (A, d) is a metric space.
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Example 1.16:[14] Let X=R and let A=[2,00] be a fuzzy set in X. consider the mapping D : A xA— [0, 1] defined
by:
B(awbg) = 1ifa=band Bagbg) = (5).a+(E).p  ifazb, where ox p=a.pforall o, p <[0,1]

(FM,) We show that D(a, c,) = D(aq.bg) * D(bg, ¢,) is not satisfied for all a,, bg, ¢, e A. Leta =10, b =3 and c= 100
1 1 1w
where o=—,B=—-,0=-Sincea#b #c
a b c
~ 1 1N , 1,1 1_ _
Then D(a,, bB)_( ;) o+ (g) B= vl + 52~ 100 + 5 0.01+0.111=0.121

And B(bg.co)= ) B+ ( ) =+ =3 + == 0111+0.0001= 01112

B(awcs)= (2. o+ (3).0 =+ = = + ——=0.01+0.0001= 0.0101

Therefore D(a,, bg) * D(bg,c,) > D(a,.c,)=(0.121) + (0.1112) = 0.0134552 >0.0101
Thus (A,D,*) is not a fuzzy distance space.

Proposition 1.17: [14] Suppose that (X, d) is an ordinary metric space and assume that axb = a.b for all a, be[0,1].

Then by lemma 2.15, (A, d) is a metric space. Define D4 (x,, yg) = t+d(xt—y) , then (A,Dy4,*) is a fuzzy distance space
wYB

and it is called the fuzzy distance on the fuzzy set A induced by d.

Definition 1.18: [14] Let (A,D,*) be a fuzzy distance space on the fuzzy set A, we define
B(x,.N) = {ype A: D(x,, yg) > (1-1) } then B(x,,r) is called an fuzzy open fuzzy ball with center the fuzzy point x, €A
and radius 0 <r<1.

Proposition 1.19: [14] Suppose that B(x,,r;) and B(x,,r,) be two fuzzy open fuzzy balls with the same center x, €A
and with radiuses r;,r, € (0,1). Then we either have B(x,,r;)cB(x4.r2) 0r B(x,,r2)B(Xq.11).

Definition 1.20: [14] A sequence {(Xp, )} Of fuzzy points in a fuzzy distance space (A,D,*) is called fuzzy
converges to a fuzzy point x, €A if whenever 0 <e< 1, we can find a positive integer K with, D((x,,, o), Xo) > (1-€)
whenever m > K.

Definition 1.21: [14] A sequence {(x,, a,)} of fuzzy points in a fuzzy distance space (A,D,) is called fuzzy converges
to a fuzzy point x, €A if lim,_ ¢ D((X,, &), Xo) = 1.

Theorem 1.22:[14] Definition 2.21 and definition 2.20 are equivalent.

Proposition 1.23: [14] Suppose that (X, d) is a metric space and assume that (A,Dg,*) is the fuzzy distance space
induced by d. Let {(x,, a,)} be a sequence of fuzzy points in A.

Then {(x,, a,)} converges to x, €A in (A, d) if and only if {(x,, a,)}uzzy converges to x, in (A,Dy,*).
Definition 1.24: [14] A fuzzy subset C of a fuzzy distance space (A, D,*) is called fuzzy open if for each x,, € C there is
B(x,,0) € C with 0 < q < 1. A fuzzy set E € A is said to be fuzzy closed if its complement is fuzzy open that is

= A\ E is fuzzy open.

Theorem 1.25: [14] If B(x,, q) is fuzzy open fuzzy ball in a fuzzy distance space (A, D,*) on a fuzzy set A then
B(x,.q) is a fuzzy open fuzzy set with 0 < q < 1.

Definition 1.26: [14] Suppose that (A, D,) is a fuzzy distance space on a fuzzy set A and let CcA then the fuzzy
closure of C is denoted by C or FCL(C) and is defined to be the smallest fuzzy closed fuzzy set contains C.

Definition 1.27: [14] A fuzzy subset C of a fuzzy distance space (A, D,*) on a fuzzy set A is said to be fuzzy dense in
Aif C=A

Lemma 1.28: [14] Let C be a fuzzy subset of A and let (A, D,*) be a fuzzy distance space on the fuzzy set A then a, eC
if and only if there is a sequence {(a,,,)} in C such that (a,,a,)— a,, Where a,a, €[0,1].
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Theorem 1.29: [14] Suppose that C is a fuzzy subset of a fuzzy distance space (A, D,*) then C is fuzzy dense in A if
and only if for every x, €A there is ageC such that D(x,, ag) > (1- €) forsome 0 <e<1.

Definition 1.30: [14] A sequence {(x,,a,)} of fuzzy points in a fuzzy distance space (A, D,*) is said to be fuzzy
Cauchy if whenever 0 < £ < 1 we can find K with D((x,, ay,) , (xm,am) ) > (1-¢) foralln, m>=K. A fuzzy distance
space (A, Djz,*) is fuzzy complete if every fuzzy Cauchy sequence in A fuzzy converges to a fuzzy point in A.

Theorem 1.31: [14] Let (A, D,*) be a fuzzy distance space on the fuzzy set A if {(x,,«,)} is a sequence of fuzzy
points in A that is fuzzy converges to x, € A then {(x,, a,)} is fuzzy Cauchy.

Proposition 1.32: [14] Suppose that (X, d) is a metric space and let Dy (X ¥p)= where t= min{a, B}.Then

t
t+d (xq.yp)
{(x,, a,)} is a Cauchy sequence in (A,d) if and only if {(x,, a,)} is a fuzzy Cauchy sequence in (A, Dg4,*).

Definition 1.33:[14] Suppose that (A,D,*) be a fuzzy distance space. A fuzzy subset C of A is called fuzzy bounded if
we can find 0 < g < 1 with, D(x,,yp) > (1—0), whenever x,, ygeC.

Proposition 1.34: [14] Let (X, d) be a metric space and let Dd(Xa,yB) where t=a A B then a fuzzy subset C

t+d (X

of A is fuzzy bounded if and only if it is bounded.

Definition 1.35:[14] Let (A,D,*) be a fuzzy distance space, then we define a fuzzy closed fuzzy ball with center x, A
and radius r, 0 < r < 1 by B[x,,1 = {yg eX: D(x,,y3) = (1- N}

Lemma 1.36: [14] If B[x,,q] is fuzzy closed fuzzy ball in a fuzzy distance space (A, D,*) on a fuzzy set A then
B[x,.q] is a fuzzy closed fuzzy set with 0 < q < 1.

Theorem 1.37: [14] Suppose that (A,D,) is a fuzzy distance space . Put 15= {CcA : x,eC if and only if there is
0 < q < 1 with B(x,, q)cC}.Then 1 is a fuzzy topology on A.

Proposition 1.38: [14] Suppose that (X, d) is an ordinary metric space. Let Dy (X Yp)= be the fuzzy distance

t+d(x
induced by d. Then the topology t4 induced by d and the fuzzy topology <5, induced by Dd are the same. That is

Tq = T’]jd .
Theorem 1.39: [14] Every fuzzy distance space on a fuzzy set is a fuzzy Hausdorff space.

Definition 1.40:[14] Suppose that (A, Dz,*) and (E, Dg,*) are fuzzy distance spaces and C < A. The mapping h: C —E
is said to be fuzzy continuous at aBeC if whenever 0 < & < 1, we can find 0 < § < 1, with Dg(h(x,), h(ag)) > (1- ¢)

whenever x, €C and Djs(x,, ag) > (1- 6). When f is fuzzy continuous at every fuzzy point of C, then it is called to be
fuzzy continuous on C.

Theorem 1.41: [14] Let (A, Ds,*) and (E, Dg,*) be fuzzy distance spaces and C c A. The mapping h: C —E is fuzzy

continuous at aBeC if and only if whenever a sequence of fuzzy points {(x,,«,)} in C fuzzy converge to ag, then
sequence of fuzzy points {(h(x,, a,))} fuzzy converges to h(ag).

Proposition 1.42:[11] Let A be a fuzzy set in X and let B be a fuzzy set in Y. let f: A —B be a function and let C A
and E < B.Then f(C) c E ifand only if C <f~1(E).

Theorem 1.43: [14] A mapping f: A— E is fuzzy continuous on A if and only if the inverse image of C is fuzzy open
in A for all fuzzy open fuzzy subset C of E. Where A and E are fuzzy distance spaces.

Theorem 1.44: [14] A mapping f: A— E is fuzzy continuous on A if and only if the inverse image of C is fuzzy
closed in A for all fuzzy closed fuzzy subset C of E.

Theorem 1.45: Let C be a fuzzy dense fuzzy subset of a fuzzy distance space (A,D,*). If every fuzzy Cauchy sequence
of fuzzy point of C fuzzy converges in A then (A,D,*) is fuzzy complete.

Theorem 1.46: Suppose that (X, d) is a metric space and let A be fuzzy set in X then (A,d) is a metric space. let
(A,Dg4,*) be the induced fuzzy distacnce space. Then (A, d) is complete iff (A,Dy,*) is fuzzy complete.
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Definition 1.47: A mapping f from a fuzzy distance space (A, Dz,*) into a fuzzy distance space (E ,Dg,*) is called
isodistance if Dg(f(x).f(vp)) = Da(xq. yp) for all xo, yge A.

It is clear that isodistance is one-to-one and uniformly fuzzy continuous.
2. Fuzzy COMPLETABLE FUZZY DISTANCE SPACE

Definition 2.1: Let (A, Ds,*) be a fuzzy distance space. A fuzzy completion of (A, Dz,) is a fuzzy complete fuzzy
distance space (E, Dg ,*) such that (A, Ds,*) is fuzzy isodistance to a fuzzy dense fuzzy subset W of E.

Next, we show that unfortunately there exists a fuzzy distance space that does not admit any fuzzy completion in the
sense of Definition 2.1

Example 2.2: Let axb = max{0, a+b-1} for all a, be[0,1] . Suppose that {((t,, a,)): n>1} and {((z,,B,)): n> 1} are
two fuzzy sequences of fuzzy points with t; # t; and z; # z; forall i, j=1 such that CnE=9

where C= {((t,, a,)):n >3} and E = {((z,,B,)): n =3} PutA=CUE, define D : A x A — [0,1] as follows:

D((tn, ), (tms Cn)) = D((Zn, Ba), (7, Brn)) = [1= ——+ =]

Where nAm = min{n,m} and nVm = max{n,m}.

D((thr %) Zns Ban)) = D((Zans Bin) (b, @) =5 +

1

m
First we show that (A,D,*) is a fuzzy distance space.

The following four properties are almost obvious:
(FM;) 0 < D(ty.zg) < 1, forall t,, zge A

(FMy) ?(ta,Zp) =leot =17 i
(FM3) D(tq,zg) = D(zg,t,) forall to, zg € A
(FM,) D(t,,zp) is fuzzy continuous

On the other hand, an easy computation shows that for all n, m, k=3
?((tn' an)v(tmr o(m)) * B’S(tmr am)’(tk' ak)) < ﬁgi(tnr an)’(tk' ak)) &
D((Zn' Bn)’(zm' Bm)) * D((Zm' Bm)!(zk' Bk)) < D((Zn' Bn)’(zk' Bk))

Finally, the following relation is straight forward:

ﬁ((tn' an)l(tm:vam))* ﬁ((tm' am)l(ZkLBk))S ﬁ((tn' an)’(zk' Ek))

And E!milarly D((tn' an)’(zmt Bm)) * D((Zm' Bm)!(zb' Bk))S D((tn' an)’(zk' Bk))
And D((tn' an)v(zm' Bm))* D((Zmr Bm)v(tkr ak)) = D((tnr an)’(tk' ak))

Therefore, for all t,, zg, e, € A, we have D(t,zg)* D(zg.,e,) < D(tq.€5)
Hence (A,D,*) is a fuzzy distance space.

Now we prove that {(t,, a,,): n = 3} is a fuzzy Cauchy sequence in (A,D,). Fix 0 < & < 1 therefore there is K, such
that |%— 1;|< e for all n, m > K. Suppose without loss of generality m > n.

Thus D((t,, ay),(tm, tm)) = [1— (% - i )]>(1-¢) forn, m>K. Hence {(t,, a,): n = 3} is a fuzzy Cauchy sequence
in (A,D,*).Similarly {(z,,B,): n = 3} is also a fuzzy Cauchy sequence in (A,D,*).However {(t,,a,): n = 3} and
{(zn, Bn): n = 3} do not fuzzy converge in A with respect to the fuzzy topology %5.In fact %5 is the discrete fuzzy

topology on A because for each n > 3, we have E((tn,an),ﬁ) = {(t,, o)} and B((z,, &Jﬁ) = {(2y, By)} .In

order to prove the two preceding equalities it suffices to observe that for n, m > 3 with n # m, we have:
=~ _ 1 1 1 1\ _ 1

D((tn' an)v(tmr o(m)) - [1_ nAm - an] < [1_ (; - m)] - [1_ n(n+1)]

and similarly, D((z,, B1),(Zm, Bm)) < [1— n(n1+1)]

and for n, m > 3, we have:

DUC ).t ) =4 £ <01 (2 )

And similarly, D((z,, Bn),(tm, tm)) < [1— (% -9

n+1
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Therefore (A,D,) is not fuzzy complete. Suppose that (A,D,*) admits a fuzzy completion (C,N,*). Then there exists a
fuzzy isodistance T from A onto a fuzzy dense fuzzy subset of C.Since {T(t,,«,): n = 3} and {T(z,,B,): n = 3} are
fuzzy Cauchy sequences in (C,N,x) There exists £,,25eC such that lim,_ ,N(T(t,, a,),f,) = 1 and lim,_

N(T(Zn' Bn)v 28) =1

Put N(t,,2g) = r with 0 < r < 1, for k > 3 there exists K, = n , such that N(T(tk,_,ax, ).t,) > (1- %) and
~ A 1
N(T((ZKH' BKn ))!YB) > (1_ ;)

Since N(T(ty,,ax, ). T(zk,,Bk,)) = % It follows from the relation:

N(T(tl(n' aKn)vf(a) * N(fot!iﬁ) * N(T(ZKH' BKn)vs}B) = N(T(t](n' aKn)! T(ZKn' BKH))
(1-%)*r*(1-§)ski ...... (1) Foreachk=3

On the other hand since * is a continuous t-norm
(- ) *rx(l-2)>r as koo

So by (1), we deduce that r = 0 a contradiction.
Hence (A, D,*) has no fuzzy completion.
Definition 2.3: A fuzzy distance space (A, D,*) is called fuzzy completable if it admits a fuzzy completion.

Theorem 2.4: Every fuzzy completable fuzzy distance space admits a fuzzy completion.

Proof: We subdivide the proof into three steps:
(a) Construction of (X,M,*)
(b) A fuzzy isodistance f from X onto f(A), f(A) is fuzzy dense fuzzy subset of X.
(c) fuzzy Completeness of X .

Proof of (a): Suppose that (A, Dj,*) is a fuzzy distance space and assume that E be the fuzzy set of all fuzzy Cauchy
sequence in A. A relation ~ on E is defined by:
(X, ) ~ (X, dy) ifand only if lim,, ¢, Da((x,, &), (%, 0,)) = 1

We prove that ~ is an fuzzy equivalence relation on E
1.~ is reflexive that is (x,, a,)~(x,, a,) because Dz ((x,, &), (X,, ) = 1.
2. ~ is symmetric that is if (x,,0,) ~ (¥, B,) it is immediately follows that (y,,B,)~(x,, a,) because

5A((Xn' an)v(an Bn)) = BA((YH' Bn)v(xn' an)) so that limn—woﬁA((Yn' Bn)’(xnr an)) =1
3. Finally, ~ is transitive , suppose that (x,, o)~ (¥4, B,) and
(Vn» Bn) ~ (z, 0,) we will prove that (x,,, a,)~ (z,,0y)-

Now, ﬁé((xn' an)’(zn' 0—n))z ﬁA((Xn' aE’)'(YD‘ Bn))* ﬁA((Yn' Bn)l(zn' %))
limn—woDA((Xn' (Xn),(Zn,O'n))Z limn—»OoDA((Xn' an)’(y'n' Bn))* limn—moDA((Yn' Bn)’(zn' 0-n)) =1x1=1

Hence lim,, ., D ((Xy, ®,),(zn, 6,)) = 1 . Therefore (x,,a,) ~ (zy, 0,).

Now denote X the quotient E /~ and by:
[(%,, )] = {(X,, o) € A (X,,,d,) ~ (X5, a,)} .The class of the element (x,,, ) of E.

Define Dy : X x X — [0, 1] by
5)~(([(an an)]’[(y'n' Bn)]) = limn—mo ﬁA((an an)’(y'n' Bn)) (2)

We claim that the fuzzy limit in (2) is independent of the particular choice of the representative . In fact if (x,,a,)~
(o, cin) and (Y, Br)~ (. B) -

Then Dj((<n, ), (Vs B ))= Da((Xn, o)y (s &) * Da((kns ), (s Bu)) * - Da((ns Bu), (Vs B ))

1imn—>oo ﬁA((X,n' (X,n)'(y,n' B,n))z[limn—»m ﬁA((X’nﬁ O(’n)i(xn' 0(n))] *

[limn—wo ﬁA((Xn' an)l(Yn' Bn))] * [limn—mo ﬁA((Yn' Bn)'(y’n' B’n))]

limn—woﬁA((X,n: dn)v(y,n: B,n))2 limn—woﬁA((Xn' an)’(an Bn))

© 2015, IJIMA. All Rights Reserved 19



Jehad R. Kider*, Aisha J. Hassan / Fuzzy Completable of Fuzzy Distance Space / IJMA- 6(12), Dec.-2015.
In a similar way we obtain that lim, e, D ((xp, ), (Y, Bn)) = lim, LoDz ((x’n, ), (Yo, B'n)).

Now we prove that (X ﬁg,*) is a fuzzy distance space.

(FM;) Dg ([(%n, @)1, [(7n, Bx)D) > 0 forall [(xy, @), [V, Bn)]€X because Dix((xn, n),(Vns Br))>0 implies  that
limn—woﬁA((Xn' an)v(an Bn))> 0.

(FM,) Obviously, Dg([(X,, &)1.[ (X, o)1) = 1 for all [(x,,, a,)]€X.

Moreover if Dg([(Xn, a,)],[(Vn, Bn)]) = 1 50 limy, e Dx((Xn, )2 (Y, Bn)) = 1
Which implies that (x,,a,) ~(V., B,) hence [(Xn, )] = [(Va, Bn)]

(FM3) CIearIy we have 5A((an an)v(Yn' Bn)) = ﬁA((Yn: Bn),(Xn, an)) for all
[(Xn, @)1, [(Vn, Ba)] €X.

(FM4-) for each [(Xn' 0(n)] ' [(Yn' Bn)]’ [(Zn' Gn)] GX'

we obtain ﬁX([(Xn' an)]v[(zn' 0-n)]) = limn—mo ﬁA((Xn' an)’(zn' 0-n))
Zlimn—mo ﬁA((Xn' an)’(Yn' Bll)) * 1imn—>00 ﬁA((Yn' Bn)’(zn' 0—n))
= DX([(an an)]v[(Yn' Bn)]) * DX([(an Bn)]v[(zn' 0-n)])

(FM;) Finally Dy is fuzzy continuous since Dj is fuzzy continuous.

Proof of (b): The function f: A —X is defined by by f(ay) = [(@n, yn)l.wWhere [(a,,vn)] = {(ay.ay.ay,.....a,,..)}
Obviously f is one to one mapping , moreover for each x, yg € A ,we clearly have Dg(f(x,),f( yp)) = Dia(xq, ygp) so f
is an fuzzy isodistance from A onto f(A) . Next we show that f(A) is fuzzy dense in X , indeed given [(a,,y,)]eX we
can find K such that Dx((a,, Yn),(am,Ym)) > (1- €) for given 0 < e < 1 and foralln,m > K .

Then by Remark 1.10 there is 0 < r < 1 such that:
(1-€) * (1-&) > (1-1).

Therefore Dy([(an, Yn)l, f(ak, Yx)) = limy e, Dz ((an, Yn).(ak, Yk)) = (1- €)
We conclude that f((ag, yx)) €Bx(a,€) so f(A) is fuzzy dense in X.

Proof of (c): By Theorem 1.45 it suffices to show that each fuzzy Cauchy sequence in f(A) fuzzy converges in X . Let
{(ax, vx)} be a sequence of fuzzy points in A such that {(f(ay, y«))} is a fuzzy Cauchy sequence in (X,Dg,*).Since f is a
fuzzy isodistance {(ay,yx)} is fuzzy Cauchy sequence in A. Put a,= [(ak vK)] » then @, eX and we shall show that

f((ax, v))—4,. Indeed we have: limy_.., Dg @,f((ay, v1))) = limy o limy o0 D ((@n, ¥a), (@10 Y1) = 1
Since {(ay, vx)} is fuzzy Cauchy sequence in A . Consequently f((ay, yi))— a,
Hence (X,Mg,*) is fuzzy complete.

Theorem 2.5: Suppose that (A, Dz,*) is a fuzzy distance space and let (E,Dg,*) be a fuzzy complete fuzzy distance
space. If there is a fuzzy isodistance mapping f from a fuzzy dense fuzzy subset C of A to E then f has a unique
extension f*: A —E.

Proof: We consider any x, < A but A = € so XaeE then there is a sequence {(x,,a,)} of fuzzy points in C such that
{(x,, o, )} fuzzy converges to x, by Lemma 1.28. Then {(x,, «,)} is fuzzy Cauchy.

Since f is fuzzy isodistance {f((x,, a,))} is fuzzy Cauchy in E but E is fuzzy complete hence there is y, €E such that
{f(x,, a,)} fuzzy converges to y,. Now we define f*(x,) = ¥q.

We now show that this definition is independent of the particular choice of the sequence in C converging to x,.
Suppose that {(x,, a,)} in C fuzzy converges to x, and {(z,,5,)} in C fuzzy converges to x,. Then {(v,,, Ym)} fuzzy
converges to x, where {(vp,, Ym)} = (X1, 1).,(21, 01),(X2, @2),(25, 05),...). Hence {(f(vy,Ym))} fuzzy converges and
the two subsequence {(f(x,, a,))} and {(f(z,, 0,))} of {(f(Vm,Ym))} must have the same fuzzy limit. This prove f* is
uniquely defined at every x, € A. Clearly f*(x,) = f(x,) for every x, C so that f* is an extension of f.
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Theorem 2.6: Suppose that (A, Dz,*) is a fuzzy distance space and let (E,Dg,*) be a fuzzy complete fuzzy distance
space .If f is an fuzzy isodistance mapping from a fuzzy dense fuzzy subset C of A to E then the unique extension
f*:A—E is a fuzzy isodistance.

Proof: Let x4, yg €A then there exists two sequences {(x,,a,)} and {(y,,B,)} of fuzzy points in C such that
(Xn, )= X and (yy, By)— yg. Choose an arbitrary 0 <e< 1.

Now: £ + D (Xq» yg) > Da(xq, yg) - Furthermore, it follows that {(x,, a,)} and {(yn, B,)} are fuzzy Cauchy sequences

in C so {f*((x,,a,))} and {f*((v,,B,))} are fuzzy Cauchy sequences in E. But E is fuzzy complete hence
{f*((yn, Bn))} fuzzy converges to f*(yg) and {f*((x,, a,))} fuzzy converges to f*(x,). Then we can find K with

5A(Xav(xn'an)) > (1' S)’ ﬁA((anBn)’YB) > (1' S) ﬁﬁ(f*((xn'an))’f*(xa)) > (1' S) and ﬁﬁ(f*((Yn'Bn))vf*(YB)) >
(1- €) for all n = K. Thus we have & + Ds(xy,¥8) > Da(Xe,¥p) = Da(Xe(Xn, @) * Da((Xns %), (Vs Bu))*
ﬁA((Yn' Bn)’ YB) 2 (1' E) * ﬁE’(f*((xn' an))vf*((Yn' Bn))) * (1' S)

But D (f*((%n, @)).f (7, Bn))) = Dr(F*((Xn, )).f* (X)) * Dg(f*(xe),f*(¥5)) * De(F* (v, Bu))f*(75))=(1- €)
% D(F*(xo).£ () * (1- &) for all n =K.

Therefore
e+ Dj(Xq, yp) > (1- €) *[(1- &) * Dg(f*(xo).F*(yp)) * (1- €)] *(1- )

By fuzzy continuity of * and « it follows that Dz (x,, yg) = Dg(f*(x).f*(vp)).

A similar argument shows that Dg(f*(x,).f*(yg)) = Da(xq, yp) For all x,, ygeA We conclude that f* is an fuzzy
isodistance from (A, Dz ,*) to (E,Dg,*).

Theorem 2.7: Every fuzzy completable fuzzy distance space admits a unique [up to fuzzy isodistance] fuzzy
completion.

Proof: Let (E,M,,x) and (Z,M,,o) be two fuzzy completions of (A,D,*) then we will prove that (E,M;,*) and (Z,M,,o)
are fuzzy isodistance. Since (E,M,,*) is a fuzzy completion of (A,D,*) then there is an fuzzy isodistance f from (A,D,*)
to a fuzzy dense fuzzy subset of (E,M,,*). By Theorem 2.5 and Theorem 2.6 f admits a unique extension f* onto
(E,M;,*x)which is also a fuzzy isodistance. Similarly f is a fuzzy isodistance extension (A,D,*) onto (Z,M,,°).To prove
that f* and f are fuzzy isodistance it remains to see that f*and f are onto we will show that f* is onto. Indeed given
y.€E there is a sequence {(x,,a,)} of fuzzy points in A such thatf*(x,,a,) —y,. Since f* is an fuzzy
isodistance {(x,, a,)} is a fuzzy Cauchy sequence, so it fuzzy converges to some fuzzy point x,€A. Consequently
f*(x) = yo. Similarly we can prove that f is onto. Hence f* and f are fuzzy isodistance.

Now (E,M;,*) is fuzzy isodistance to (A,M,*) and (A,M,*) is fuzzy isodistance to (Z,M,,). Hence (E,M,,x) is fuzzy
isodistance to (Z,M,,o).

Theorem 2.8: [12] For a metric space (X, d) there exists a complete metric space (X,d) which has a subspace W that is
isometric with A and is dense in X.

This (X,d) is unique except for isometries. In the proof of this theorem X will be the set of all equivalence classes &,9,
... of Cauchy sequence of points that is if (x,) and (X,,) are Cauchy sequences in (X,d) then (x,)~ (X,) if and only if

1imy o 0((%n),(¥)) = 0 . Als0 d(R,9) = limy o0 d((%n ), (¥a))-

Proposition 2.9: Suppose that (X, d) is a metric space and let A be a fuzzy set in X. then (A, d) is a metric space by
lemma 1.15 and let f be an isodistance from (A, d) onto a dense fuzzy subset of (A,d). Then the fuzzy distance (A,Dg,*)
.. By t — o~

is given by :D3( Xy, ¥g) = TS forall X, ygeX. t=anp

Since by Theorem 2.8 (7\',&) is a metric space then by Proposition 1.17 (Q,l\z/la,*) is a fuzzy distance space .

Theorem 3.10: Suppose that (X,d) is a metric space and let A be a fuzzy set in X. let (A,Dy,*)be the fuzzy distance
space induced by (A,d). Then the fuzzy completion of (A,Dg,*) is the fuzzy distance space (X,Dz,*) where D( R, §) =

[ — 2 9.eX =9 7A)
HiGaTy) for all %, g €X where t =aA .
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l

Da,#) is the fuzzy completion of the fuzzy distance space (&,Dy,*).

>0

) is a fuzzy complete metric space then (Xﬁa,*) is a fuzzy complete fuzzy metric space by Theorem 1.46.
ay
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