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ABSTRACT

In this paper, we prove that the duplicate graph of ladder graph, cycle graph, circular twig graph and extended
duplicate graph of the twig graph are 3-equitble and 3-cordial.
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1. INTRODUCTION

The concept of graph labeling was introduced by Rosa in 1967 [5]. A graph labeling is an assignment of integers to the
vertices or edges or both subject to certain condition(s). If the domain of the mapping is the set of vertices (or edges),
then the labeling is called a vertex labeling (or an edge labeling). In the intervening years various labeling of graphs
have been investigated in over 1100 papers [3]. Labeled graphs serve as useful models in a broad range of applications
such as circuit design, communication network addressing, X-ray crystallography, radar, astronomy, data base
management and coding theory. The concept of cordial labeling was introduced by I. Cahit[1]. The concept of
3-equitable labeling was introduced by Cahit [1] and he proved that an Eulerian graph with number of edges congruent
to 3(mod 6) is not 3-equitable [1]. Hovey introduced simultaneous generalizations of harmonious and cordial labellings.
He defines a graph G of vertex set V (G) and edge set E(G) to be k-cordial if there is a vertex labelling f from V (G) to
Zy, the group of integers modulo k, so that when each edge uv is assigned the label (f(u) + f(v)) (mod k), the number of
vertices (respectively, edges) labelled with i and the number of vertices (respectively, edges) labelled with j differ by at
most one for all i and j in Z, [4]. K. Thirusangu, P.P. Ulaganathan and B. Selvam, have proved that the duplicate graph
of a path graph B, is Cordial [7]. K. Thirusangu, P.P. Ulaganathan and P. Vijaya kumar have proved that the duplicate
graph of Ladder graph L,, ,m = 2, is cordial, total cordial and prime cordial[8]. P. Vijaya kumar, K. Thirusangu and
P.P. Ulaganathan have proved that the duplicate graph of Ladder graph L,,,m =2, is product cordial and
E- cordial[10].

In this paper, we prove that the duplicate graph of the ladder graph L,,,m = 3, the duplicate graph of the cycle graph
Cm, m > 2, the duplicate graph of the circular twig graph CT,, m = 3 and the extended duplicate graph of the twig
graph Ty, m = 2, are 3-equitable and 3-cordial.

Il. PRELIMINARIES

In this section, we give the basic notions relevant to this paper.

Definition 2.1: A graph labeling is an assignment of integers to the vertices or edges or both subject to certain

condition(s). If the domain of the mapping is the set of vertices (or edges), then the labeling is called a vertex labeling
(or an edge labeling).
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Definition 2.2: Let G(V,E) be a simple graph. A duplicate graph of G is DG = (V4, E;) where the vertex set
Vi=VUuV'andVnV =@andf:V - V'is bijective (for v € V,we write f(v) = v') and the edge set E; of DG
is defined as : The edge uv is in E if and only if both uv" and u'v are edges in E;.

Definition 2.3: The ladder graph L,, is a planar undirected graph with 2m vertices and 3m — 2 edges. It is obtained as
the cartesian product of two path graphs, one of which has only one edge: L, ; = B, X P;, where m is the number of
rungs in the ladder.

Example 2.1: The following figures show the Ladder graph L5 and its duplicate graph.
V1 V3 Us

U2 V4 Ve

Clearly the duplicate graph of the ladder graph L,,, contains 4m vertices and 6m — 4 edges.

Definition 2.4: The cycle graph C,,is a path graph of length m, in which the initial and the terminal vertices are the
same. The cycle graph C,, has m vertices and m edges.

Example 2.2: The following figures show the cycle graph C, and its duplicate graph.

Vi V2

V3 Vy

Cycle graph C4

Duplicate graph of cycle graph C,
Clearly the duplicate graph of the cycle graph C,,, have 2m vertices and 2m edges
Definition 2.4: A graph G(V, E) obtained from a path by joining exactly two pendent edges to each internal vertices of
the path is called a Twig graph, denoted by T... A Twig T,, with m internal vertices has 3m + 2 vertices and 3m + 1
edges. [6].
Definition 2.5: The extended duplicate graph of the Twig graph is obtained by adding an edge between any one vertex
from V to any one vertex in V’, except the terminal vertices of V and V’. Here we join v, and v, such that
vV, = esn43. Clearly the extended duplicate graph of Twig graph has 6m + 4 vertices and 6m + 3 edges. [6].
Structure of extended duplicate graph of Twig graph
Fix vy, « e1;v1v; « €1, 120 < egpya;
For 1 <k <m
Forl1 <i <3

V3k-1V@k-1)+i < €@Bk-1)+ (-1)»

V3k—1V@k-1)+i < €Bk—1)+ (i-1)’
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Example 2.3: The following figures show the Twig graph T, and the extended duplicate graph of T,

Vi
V3 Ve
V2
V]_ L \ @4 V:) o V8
V3
Vyu V7

Va

\'
Twig graph T,

\'3

V7

Vg
Duplicate graph of Twig graph T,

Definition 2.6: A graph G (V, E) obtained from the cycle graph C,, by joining exactly two pendent edges to each of the
vertices is called a circular twig. It is denoted by CT,, and it has 3m vertices and 3m edges.

Structure of duplicate graph of Circular twig:

FiX V1V30 2 < €3 V1V3m—2 < €3,

Forl1 <k <m-1

V3k—2V3k—1 < €3k—2; V3k—2V3k < €3k-1: V3k—2V3k+1 < €3ks
Vsk—2V3k+1 < €3k 5 V3k—2V3k-1 < €3k—2; V3k—2V3k < €3k—1;

Fork=m
V3k—2V3k—1 < €3xr—2, V3gp—2V3r < €3k—1;

Example 2.4: The following figures show the Circular Twig graph CT; and its duplicate graph.

v2 V1

Ve
Vg Vg V7
Vg

Circular Twig CT;
Vg

Duplicate graph of Circular Twig T3
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Remark: The duplicate graph of CT,,, has 6m vertices and 6m edges.

Definition 2.7: Let G be a graph with vertex set V(G) and edge set E(G). A mapping f: V (G) — {0, 1, 2} is called
ternary vertex labeling of G and f(v) is called the label of the vertex v of G under f. For an edge uv, the induced edge
labeling f*:E(G) — {0,1,2} is given byf"(uv) = |f(w) — f(v)|. Let v4(0),vs(1) and v¢(2) be the number of
vertices of G having labels 0,1 and 2 respectively under f and let e;(0), es(1)and ef(2) be the number of edges having
labels 0,1 and 2 respectively under f* .

Definition 2.8: A ternary vertex labeling of a graph G is called a 3-equitable labeling if |vf(i) - vf(i)| <1and
|ef(i) — ef(j)| < 1forall 0<i,j<2. A graph G is 3-equitable if it admits 3-equitable labeling. [9], [11].

Definition 2.9: Let G be a graph with vertex set V(G) and edge set E(G). A vertex labeling f:V(G) — Z, induces
an edge labeling f*: E(G) — Z, defined by f*(uv) = [f(w) + f(v)] (mod k), for all edges uv € E(G). Fori € Z,,
let ni(f) = [{v € V (G) | f(v) = i}| and m;(f) = [{e € E(G) | f*(e) = i}|. A labeling f of a graph G is called k-cordial if
[ni(f) —n; ()] < Land |mi(f) —m; ()] < 1 foralli,j € Z,. Agraph G is called k-cordial if it admits a k-cordial labeling.
[1], [4].

Definition 2.10: Let G be a graph with vertex set V(G) and edge set E(G). A vertex labeling f : V(G) - {0,1,2}
induces an edge labeling f*: E(G) — {0, 1,2} defined byf*(uv) = [f(w) + f(v)] (mod 3), for all edges uv € E(G).
Fori € Z;, let ni(f) = {v € V (G) | f(v) = i}| and m;(f) = {e € E(G) | f*(e) = i}]- A labeling f of a graph G is called
3-cordial if |ni(f) — n; ()] <1 and mi(f) — m; (f)] <1 foralli,j € Z3. A graph G is called 3-cordial if it admits a
3-cordial labeling.

111. MAIN RESULTS

3 - Equitable labeling in duplicate graph of ladder graph L.
Algorithm:

/I Assignment of labels to vertices//

Case-(i): When m =0 mod 3
Forl1<k< sz

V32 < L V31 < 2 U3 < 0, V34_p < 2, V344 < 1, 13 < O

Case-(ii): When m=1 mod 3
Fix v1 =2, vy, =0, vi =2, vém =1.
2(m-1)
Forl1<k< —

V3k—1 < 2, V3 < 0, U341 < 15 V34 < L 03 < 00341 < 2

Case-(iii): Whenm=2mod3andm =5
Fix v; =2, v; =0.
For1<k <22t

V3k—1 < 2, V3 < 0, U341 <« L0331 < L 03y < 0, U344 < 2

Theorem 3.1: The duplicate graph of the ladder graph L,, m> 2, admits 3 — equitable labeling.
Proof:

Case-(i): when m = 0 mod 3.

The vertices are labeled using the algorithm in such a way that %m vertices receive label 0, 4vaertices receive label 1

and 4vaertices receive label 2, so that the 4m vertices are labeled in such a way that the number of vertices labeled
with 0, 1, 2 mutually differ at most by one.
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Using the induced function f* defined byf (vl ]) = |f(v ) — f(v)], the 2m - 2 edges namely e, e3, €g, €10, €12,
€17 +-€3m—15: €3m-10 €3m—8:€3m—6: €1, €3) €5, €10, €12, €17 -3 15 E3m—10n €3m—s> aNd e3,,_¢ receive label 0, the
2m -1 edges name')’ €2, €5, €6, €9, €11, C14, €15, €18 -+ €3m—131 €3m—12> €3m—9 €3m—7, €3m—4s €33, 34, e7, e13 ;
616’ €3m 5, €3m , receive label 1 and the 2m -1 edges namely ey, €7, €13, €16, -+ €3m—5: €3m—2, €2, €5, €, €9, €11,
14, €15, 15 - €3m—13+ €3m—12+ €3m—91 €3m—7 » €3m—4» €3m—3 TECeive label 2. Hence the 6m — 4 edges are labeled such
that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Case-(ii): when m =1 mod 3.

. . . - 4m—1 - - 4m-1 - .
The vertices are labeled using the algorithm in such a way that m— vertices receive label 0, m— vertices receive label

1 and 222 vertices receive label 2, so that the 4m vertices are labeled in such a way that the number of vertices
labeled with 0, 1, 2 mutually differ at most by one.

Using the induced function as in case (i) the 2m — 1 edges namely es, eg, €10, €12, €17, €19 --- €3m—9, €3m—4» €3m—2+ €1,
€3, €5, €10s €121 €17 --- €3m—9, C3m—4» 6’3m » receive label 0, the 2m — 2 edges namely ey, es, e, es, €11, €15, €1s, €20,
€23 -+ €3m-12) €3m—7) €3m—6) €3m-3, e4, e, e13, e16 . €3m 8 6’3m s receive label 1 and the 2m — 1 edges namely e,,
€4, €7, €13, €16 - €3;m_g, €3m—5, €2, €5, €6, €9, €11, €14, €15, €18 -+ €310+ €3m—7, C3m—6» E3m—3 TECEIVE label 2.
Hence the 6m — 4 edges are labeled such that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Case-(iii): when m =2 mod 3 and m > 2.

. . - - 4m+1 . - 4m-—2 - .
The vertices are labeled using the algorithm in such a way that m— vertices receive label 0, m— vertices receive label

1 and 22 vertices receive label 2, so that the 4m vertices are labeled in such a way that the number of vertices
labeled with 0, 1, 2 mutually differ at most by one.

Using the induced function as in case (|) the 2m -1 edges namely es, eg, €10, €12, €17, €19 ---€3m—121 €3m—7+ €3m—5:
€3m_3, €3, €3, €8, €10+ €12 -+ €3m—12) C3m—7 €3m—51 €3m— 3 receive label 0, the 2m - 2 edges namely ey, es, eg, €,
€11, €14, €15, €18, €20 -+ €3m—10+ €3m—9, €3m—6+ C3m—4 €4, €7, €13, €1g --- e3m 11 e3m 8 e3m » receive label 1 and
the 2m —'1 edgee namely e;, es, €7, €13, €16 --- €3m—11, €3m—8: €3m—2: €11 €5, €6, €9, €11, €14, €15, €18, €20 -+ €3m—10,
€3m—9: €3m—6, €3m—4 FeCeive label 2. Hence the 6m — 4 edges are labeled such that the number of edges labeled with 0,
1, 2 mutually differ at most by one.

Case-(iv): when m = 2.

The vertices v, v3, v, are labeled with 0, the vertices , v, v, are labeled W|th 1 and the vertices , vy, v1, , vy are
labeled with 2. Using the mduced function as in case (i), the edges , ey, e3, e, receive label 0, the edges ey, e, receive
label 1 and the edges e,, e,, e receive label 2.

Hence the 6m — 4 edges are labeled such that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Hence the duplicate graph of the ladder graph L.,, m > 2 admits 3 — equitable labeling.
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lustration:
2 Vi 1 Vl

2V2 2V2

0V3 0V3

lv, lv,
2 Vs 2Vs
0V6

1vy

2Vg

Duplicate graph of Ladder graph L4 Ov
9

1vyo

Duplicate graph of Ladder graph Ls

2V,

0V12

Duplicate graph of Ladder graph Lg

3 — Equitable labeling in duplicate graph of cycle graph C,,
/I Assignment of labels to vertices//

Case-(i): m=0mod 3

For 1 Skfg;

Vsk—z < 0; V31 & L 03y & 200355 < 15 vgpg < 0 w3y < 20
Case-(ii): m =1 mod 3

For 1 SkSmT_l;

U3k < 0; Ugpog < 1 gy « 2103y < L vy < 0; v, < 2

+2
For k = mT;

Vg < 0; U3y < 2

Case-(iii): m=2mod 3
For1<k< mT“;

Va2 < 0 V31 < L U3y « Livg « 2] U3y < 0,03, « 2
m+1

Fork = 5

Vspop « 05 v3p_g < 0; vy < Livgp < 2;

Theorem 3.2: The duplicate graph of the cycle C,, m=3 admits 3 — equitable labeling.

Proof:
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Case-(i): when m = 0 mod 3.

Using the algorithm, 2vaertices receive label 0, 2vaertices receive label 1, 2vaertices receive label 2, so that the
number of vertices labeled with 0,1,2 mutually differ at most by one.

. . . . 2
Using the induced function £* defined by £*(v,v) = |f(v) — f(v)], theTmedges namely ey, e,, €7, €10 ... €m—2,
' ' ' ' ' . 2m .
€1, €y, €7, €19 --- €y, receive label 0, the Tedges namely e,, es, es, €4, €g, €9 ... €, _4, €m_3, €1 receive label 1

and the sz edges namely e,, es, e, g, €g, € ... €m_a, €3, €m_q receive label 2. Hence the 2m edges are labeled so
that the number of edges receive label 0, 1, 2 mutually differ at most by one.

Case-(ii): when m = 1 mod 3.

Using the algorithm, 277;—Jrlvertices receive label 0O, 2"13—_1vertices receive label 1, 2m3—“vertices receive label 2, so that
the number of vertices labeled with 0, 1, 2 mutually differ at most by one.

2m+1
3
. 2m—2 ' . 2m+1
receive label 0, the 5 edges namely e,, e3, es, €g, .- €m_5, €m—a, €m—2, €y receive label 1 and the 5 edges

namely e,,, e;, €3, €, € ... em_s, Cm_4, Cm_2, €1 TeCeive label 2. Hence the 2m edges are labeled so that the
number of edges receive label 0, 1, 2 mutually differ at most by one.

Using the induced function as in case (i), the , edges namely e;, ey, €7, €10 ... €m—3, Cm_1 €1, €4, €7, €10 - €3

Case-(iii): when m = 1 mod 3.

Using the algorithm, %vertices receive label O, 2"13—_1vertices receive label 1, 2"13—_1vertices receive label 2, so that
the number of vertices labeled with 0,1,2 mutually differ at most by one.

. . . . . 2m-—1 ’ ’ ' ’ .
Using the induced function as in case (i), the , =—— edges namely e;, €4, €7 ... €, _4, €. _o, €., €s, ey ... €. _, receive
3 11 €45 €7 m—4s *m—-2y €11 €4, &7 m—4
2m+2 ' . 2m—1
label 0, themT edges namely e,, €3, s, €6 ... €m—g: Em_s: Em—3+ Em—1, Cms €1 TECEIVE label 1 and the mT edges

namely e,, es, ex, €, €g, €9 ... €m_3, €m_2, €m_y Feceive label 2. Hence the 2m edges are labeled so that the number
of edges receive label 0, 1, 2 mutually differ at most by one.

Ilustration:
Ov; e 0 vi'l 0v, vi'l
1lv, v5'0 1lv, v,'0
2V v3'2 2V v3'2
0w, va'2 0vy vs'l
Duplicate graph of cycle C, 0vs vs'l 1vs vs'0
Duplicate graph of cycle Cs 2 Vg Vg2

Duplicate graph of cycle Cs
3—-equitable labeling in the extended duplicate graph of twig graph T,

Algorithm:

/I Assignment of labels to vertices//
Forl<ksm+1,
V32 < 25 V31 < 05 U3y < 15 U3 g < 2

Forl1<k<m,
V3 < 1, vz, < 0;
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Theorem 3.3: The extended duplicate graph of the twig graph (T,,), m = 2, is 3 — equitable.
Proof: Using the algorithm the 2m + 1 vertices are labeled with 0, 2m + 1 vertices are labeled with 1 and the 2m + 2

vertices are labeled with 2. Thus, the 6m + 4 vertices are labeled with 0, 1, 2 so that the number of vertices labeled
with 0, 1, 2 mutually differ at most by one.

Using the induced function f* defined by f*(v,v;) = |f(v)) — f(v;)|, the 2m + 1 edges namely ey, e,, es, e ...
C3m—1 €3, €6, €9 ... €3, Treceive label 0, the 2m + 1 edges namely es, eg, €q ... €3m, €1, €3, €5, €g ... €31 reECeive
label 1 and the 2m + 1 edges namely ey, €5, €1 ... €3m11, €3m12: €41 €7, €10 - €3m41 TECEIVE label 2. Thus, the 6m +
3 edges are labeled so that the number of edges receive label 0, 1, 2 mutually differ at most by one.

Hence the extended duplicate graph of the twig graph (T,,), m > 2, is 3 — equitable.
Ilustration:

2V1. 2V1

0V2

1v;
2V,
0 vs
1vg
2V
0 vg

Extended duplicate graph of Twig graph ( T) 1 vy

2V10

OVl 1

Extended duplicate graph of Twig graph ( Ts)

3 — equitable labeling in the duplicate graph of circular twig graph CT,,

Algorithm:
/I Assignment of labels to vertices //

Forl1<k<m,
U3z < 0; U3 g < L vz < 2;
V32 < 05 w3y < Lvg < 2

Theorem 3.4: The duplicate graph of the circular twig (DGCT,,), m = 2, is 3 — equitable.

Proof: Using the algorithm, the 2m vertices are labeled with 0, the 2m vertices are labeled with 1, the 2m vertices are
labeled with 2. Hence the 6m vertices are labeled with 0, 1, 2 so that the number of vertices labeled with 0, 1, 2
mutually differ at most by one.

Using the induced function £* defined by f*(v;v;) = |f(v) — f(v)| . the 2m edges namely es, e, ey ...
€3m—3+ €3m €3, €6, €9 .. €3m_3, €3m_p TECEiVE label 0, the 2m edges namely e;, e4, €7, €1 ... €3m—2, €1, €4, €7 ...
esm_o receive label 1 and the 2m edges namely e,, es, eg ... €341, €, €x, € ... e3,_; receive label 2. Thus the 6m
edges are labeled with 0, 1, 2 such that the number of edges with labels 0, 1, 2 mutually differ at most by one.

© 2015, IJMA. All Rights Reserved 82



P. Vijaya Kumar*, P. P. Ulaganathan, K. Thirusangu /
3-Equitable and 3-Cordial Labeling in Duplicate Graph of Some Graphs / IJMA- 6(12), Dec.-2015.

Hence, the duplicate graph of the circular twig (DGCT,), m = 2, is 3 — equitable.
Ilustration:

(OAYA
lv,
2V;
0v,
1vs
2 Vg
0vy

1vg

2V9

Extended duplicate graph of Circular Twig graph ( CTs) 0V10

1V1 1

2V1p

Extended duplicate graph of Circular Twig graph ( CT,)

3 - cordial labeling in duplicate graph of ladder graph L.

Algorithm:
/I Assignment of labels to vertices//

Case-(i): when m = 0 mod 3 and m > 3.
Vom—1 & 0; Vo < 2,1 < 2; vy < O

For k =

V-1 < 0; Vg < 0;

m
3

ForlSkS%

Vee—s < 23 Vok—a < 25 Vek—3 < 15 Ve < 15 Vg3 < 1, Vgpp < 1

Forlsks%-l
Vei—1 < 0 Vg (_0;v’6k—1 <2 véﬁk(_z;

Case-(ii): when m = 1 mod 3.
Fix v; « 0; vy <—1;vi <—2;vé «0;

m-—1

FOI‘lSkST

Vor—3 < 1, Vop—p < 1, Vg1 < 0, Vg < 0; Vgpy1 < 2, Vgpy2 < 2

Vek—3 < 15 Ver—z < 15 Vg1 < 2 Ve < 2 Vg1 < 0 Vgpyz < 05
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Case-(iii): when m = 2 mod 3.
FiX Vg ¢ 2; Vgpy_y < 1;

For1<k<m—+1

V-5 < 2; 176k—4 <2, Vi3 < 1 Vgr—p < 1, Vg5 < 0; Uiy < O;

ForlSkSmT_2

Vi3 < 1 Ver—p « 1 Vgi_y < 2, Vg « 2; Vgmq < 0; v < 0;
Theorem 3.5: The duplicate graph of the ladder graph L,,, m = 3, is 3 — cordial.
Proof:

Case-(i): when m =0 mod 3 and m > 3.

Using the algorithm the %m vertices receive label 0, the %m vertices receive label 1 and the %mvertices receive label 2.
Thus the 4m vertices are labeled such that the number of vertices with label 0, 1, 2 mutually differs at most by one.

Using the induced function f~ deflned by f*(uv) = [f(w) + f(v)] (mod 3), the 2m - 1 edges namely ez, €3, €s, €,
€g - €3m—7, €3m—61 €3m—2 ey, esm_3 receive label 0, the 2m — 1 edges namely €3m—4: €3m-3 el, e, e, g, g ...
e3m—g, €3m—s Teceive label land the 2m — 2 edges namely e;, e4, € ... €35, €4, €7, €10 -.. C3m_s5, Com_p TECEIVE
label 2. Thus the 6m — 4 edges are labeled with 0, 1, 2 so that the number of edges labeled with 0, 1, 2 mutually differ
at most by one.

Case-(ii): when m = 1 mod 3.

. . 4m+2 . - 4m—-1 . . 4m-—1 . .
Using the algorithm the mTVEI"[ICES receive label 0, the mTVEI"[ICGS receive label 1 and the mTVEI"[ICES receive

label 2. Thus the 4m vertices are labeled such that the number of vertices with label 0, 1, 2 mutually differs at most by
one.

Using the induced function as in case (|) the 2m -1 edges namely €1, €s, €, €g, €9 ... €3m_4, €3m—3, €1, €5 TECEIVE
label 0, the 2m — 2 edges namely ez, e3, es, e e8 . €34, €33 receive label 1 and the 2m — 1 edges namely es,
€4, €7, €10, €13 --- €3m—51 €3m—_2, €4, €7, €10 .- e3m , receive label 2. Thus the 6m — 4 edges are labeled with 0, 1, 2
so that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Case-(iii): when m = 2 mod 3.

Using the algorithm the —vertlces receive label 0, the — I+ vertices receive label 1 and the 2%

label 2. Thus the 4m vertlces are labeled such that the number of vertices with label 0, 1, 2 mutually differs at most by
one.

Using the induced function as in case (|) the 2m 2 edges namely €2, €3, €5, €6 .- €36, €3m—41 E3m—2 receive label
0, the 2m — 1 edges namely e5,,_ 3 ez, e3, es, e6, eg, e9 6’3m 4, €33 Teceive Iabel 1 and the 2m — 1 edges namely
€1, €4, €7, €10 . C3m—g: €3m—5, €1s €4, €7 oo €3 g, 6’3m 5, 3., receive label 2. Thus the 6m — 4 edges are labeled
with 0, 1, 2 so that the number of edges IabeIed with 0, 1, 2 mutually differ at most by one.

Case (iv): when m = 3.

The vertices vs, ve, v, vg are labeled with 0, the vertices vs, vy, v3, vy are labeled with 1 and the vertices vy, v, vy,
Vs are Iabeled W|th 2. Using the induced function as |n case (i), the edges e, e, es, e;, e, receive label 0, the edges
e, €1, €3, es, eg receive label 1 and the edges ey, e4, e4, e, receive label 2. Thus the 6m — 4 edges are labeled with 0,
1, 2 so that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Hence, the duplicate graph of the ladder graph L,, m > 3, is 3 — cordial.
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Ilustration:

vi'2 2v,
v,'0 2 V>
1v; » v3'l 1v;
1v, e v,'1 1v,
0 vs » V5’2 0 vs
0 vg Ve’ 2 0 vg

2 V7 V7’0 2 V7

2 Vg VS’O 2 Vg

Duplicate graph of Ladder graph L4 1 v

1V10

Duplicate graph of Ladder graph Ls

3 — Cordial labeling in duplicate graph of cycle graph C,,, m> 3.
Algorithm:

/I Assignment of labels to vertices //

Case (i): when m = 0 mod 3.

Forl1<k< %
U3z < 0 v3pq < L3y « 25 vék—z <1 vék—1 <2 Vék <0

Case-(ii): when m = 1 mod 3.

m-—1

Forl1<k< -
U3z < 0 v3pq < L gy « 25 vék—z <1 vék—1 <2 Vék <0

+2
Fork= mT

Vap_g « 2, Vag_p < 1
Case-(iii): when m = 2 mod 3.
Forl<k< mT_Z

V3 < 0, V3 < 15 V3 < 2,034 < 0505y < 103y, « 2

+1
Fork = mT

U3k < 0y Vg1 < 1wz g < 20035 < 1

© 2015, IJMA. All Rights Reserved

2v,
2V2

1V3

"

D
N
%

1v,

G

Ovs

/
"
{

%
%

0 ve
2v,
2 vg
1vg
NAVT)
Ovyy

2V12

Duplicate graph of Ladder araph L
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Theorem 3.6: The duplicate graph of the cycle graph Cy,, m> 3, is 3 — cordial.
Proof:

Case-(i): when m = 0 mod 3.

Using the algorithm the 2m vertices are labeled in such a way that sz vertices receive label 0, sz vertices receive label
1, sz vertices receive label 2, so that the number of vertices labeled with 0, 1, 2 mutually differ at most by one.

Using the induced function f* defined by f*(uv) = [f(w) + f(v)] (mod 3), the sz edges namely e, eg, €9 ... €,

’ ’ ’ ’ . 2 ' ’ ' ’ .
es, €g, €9 ... €, receive label 0, the Tm edges namely e, es, g ... €,_1, €, €5, €g ... €,_; receive label land the

sz edges namely e;, e, €; ... €,_p, €1, €4, €7 ... €,_, receive label 2. Thus the 2m edges are labeled with 0, 1, 2,
so that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Case-(ii): when m = 1 mod 3.

Using the algorithm the 2m vertices are labeled in such a way that 2'"3—_2vertices receive label 0, 2'"3—+1vertices receive

label 1, 2"13—“ vertices receive label 2, so that the number of vertices labeled with 0, 1, 2 mutually differ at most by one.

. . . . . 2m-2 ’ ’ ’ ’ ’ .
Using the induced function as in case(i), themTedges namely es, eg, €9 ... €y,_1,€3, €4, €9 ... €m_ga, €y FECEIVE

2m+1 b ) . 2m+1
label 0, the mTedges namely e,, es, €g ... €m_z, €m, €3, €5, g ... €, _, receive label 1and the <= edges namely

€1, €4, €7 ... €y_3, €1, €4, €y ... Cr_s e, Teceive label 2. Thus the 2m edges are labeled with 0, 1, 2, so that the
number of edges labeled with 0, 1, 2 mutually differ at most by one.

Case-(iii): when m = 2 mod 3.

Using the algorithm the 2m vertices are labeled in such a way that 2'"3—_1vertices receive label 0, 2'"3—+Zvertices receive

label 1, 2"13—_1 vertices receive label 2, so that the number of vertices labeled with 0, 1, 2 mutually differ at most by one.

. . . . . 2m-—1 ’ ’ ’ ’ .
Using the induced function as in case(i), the mT edges namely e,, es, eg ... €n_3, €m_2, €9, €5, €g ... €, _s3 receive
2m—1 o ' ' . 2m+2
label 0, the mT edges namely ey, e4, €7 ... €,_4, €1, €4, €7 ... €_4, €, receive label 1 and the m3 edges namely

€3, €6, €9 .. Cm_5: Cm_1, €m» €3, €61 €q ... €5, €1 Teceive label 2. Thus the 2m edges are labeled with 0, 1, 2, so
that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Hence, the duplicate graph of the cycle graph C.,, m> 3, is 3 — cordial.

Ilustration:
0v; vi'l 0vy v1’0 0ov, vi'l
lv, @ v,'2 1lv, vy'l 1v, Vo' 2
2v3 v3'0 2 Vs V3’2 2V v3 0
2v, v,'1 0v, A\ 0V, va'l
Duplicate graph of cycle C, 1vs vs'2 1vs vs'2
Duplicate graph of cycle Cs 2 Vg v’ 0
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3 — Cordial labeling in duplicate graph of Twig graph T, m> 1.
Algorithm:

/I Assignment of labels to vertices //

Forl<ksm+1

Usg—p < 2, V31 < 1

Vg < 2, V351 < 0

Fori<k<m
V3 < 0, vz < 15

Theorem 3.7: The extended duplicate graph of twig graph T,,, m> 1, is 3 — cordial.

Proof: Using the algorithm the 6m + 4 vertices are labeled in such a way that 2m + 1 vertices receive label 0, 2m + 1
vertices receive label 1 and 2m + 2 vertices receive label 2 so that the number of vertices labeled with 0, 1, 2 mutually
differ at most by one.

Using the induced function f* defined by f*(uv) = [f(w) + f(v)] (mod 3), the 2m + 1 edges namely e, eg, € ...
€3m» €1, €3, €5, g ... en_y receive label 0, the 2m + 1 edges namely ey, €7, €19, ... €3mi1, €3ma2s €41 €7 - a1
receive label 1 and the 2m + 1 edges namely ey, e,, es, g ... €3m_1, €3, €4, €9 ... €3, receive label 2. Thus the 6m +
3 edges are labeled with 0, 1, 2, so that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Hence the extended duplicate graph of twig graph is 3 — cordial.

Ilustration:

2V, 2V, vi'2
1v, 1v, vy'0
0v; 0vs v3'l
2V, 2V, V42
1vs 1vs vs'0
0 Ve 0 Vs ve'l
2Vy 2V, v7'2
1vg 1vg vg'0
Extended duplicate graph of Twig graph ( T2) 0 Vo vo'l

2vyg vio'2

lvy; 71 v11'0

Extended duplicate araph of Twia araph ( T2)

3 — cordial labeling in duplicate graph of Circular Twig graph CT,,, m=>3.
Algorithm:

/I Assignment of labels to vertices //
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Fori1<k<m
U3z < 2, Vg < L v3y < 05
Vgp—p < 2, V3pq < 05 vy < 1

Theorem 3.8: The duplicate graph of the circular twig CT,,, m = 3, is 3 — cordial.

Proof: Using the algorithm the 6m vertices are labeled in such a way that 2m vertices receive label 0, 2m vertices
receive label 1 and 2m vertices receive label 2 so that the number of vertices labeled with 0, 1, 2 mutually differ at most
by one.

Using the induced function f* defined by f*(uv) = [f(w) + f(v)] (mod 3), the 2m edges namely e,, es, eg ...
€3m—1, €1, €4, €7 ... €3, _, receive label 0, the 2m edges namely es, eg, €q ... €3, €3, €6, €9 ... €3, receive label 1
and the 2m edges namely e, e4, €7, €19, ... €3m_2, €2, €5, €g ... e3m_, receive label 2,. Thus the 6m edges are
labeled with 0, 1, 2, so that the number of edges labeled with 0, 1, 2 mutually differ at most by one.

Hence, the duplicate graph of the circular twig CT,, m = 3, is 3 — cordial.

Ilustration:

2V1 2Vl

1v, 1v,
0vs 0vs
2V, 2V,
1vs 1vs
0vs 0 Ve
2y 2V,

1V8 1V8

0V9 0V9

Extended duplicate graph of Circular Twig graph ( CTs) 2\/10

1V1 1

0V12

Extended duplicate graph of Circular Twig graph ( CT,)

1V. CONCLUSION

We proved that the duplicate graph of ladder graph, cycle graph, circular twig graph and the extended duplicate graph
of the twig graph are 3-equitble and 3-cordial.
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