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ABSTRACT

Fuzzy coloring of a fuzzy graph G is an assignment of colors to vertices of G. It is said to be proper if no two strong
adjacent vertices have the same color. In this paper, fuzzy chromatic number of middle fuzzy graph of fuzzy cycle, fuzzy
path, fuzzy star and complete fuzzy graph is given and also we find that the fuzzy chromatic number of subdivision fuzzy
graph of any fuzzy graph is two. Fuzzy chromatic number of total fuzzy graph of fuzzy cycle, fuzzy path and fuzzy star is
also determined.
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1. INTRODUCTION

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. It has many applications in real-life situations. In
particular, fuzzy coloring plays a vital role in fuzzy graph theory. It is used to solve many problems like Traffic light
control problem, Exam scheduling problem, Register allocation problem, Assignment problem etc. In this paper, fuzzy
chromatic number of middle fuzzy graph of fuzzy cycle, fuzzy path, fuzzy star and fuzzy complete graph is given and
also we find that the fuzzy chromatic number of subdivision fuzzy graph of any fuzzy graph is two. Fuzzy chromatic
number of total fuzzy graph of fuzzy cycle, fuzzy path and fuzzy star is also determined.

2. PRELIMINARIES

A fuzzy graph G is a pair of functions G= (o, p) where 6: V— [0, 1], V is a node(vertex) set and p :VxV— [0, 1], a
symmetric fuzzy relation on . The underlying crisp graph of G = (o, p) is G* = (V, E), where E € VxV. Strength of a
path in fuzzy graph G is the weight of the weakest arc in that path. A weakest arc is an arc of minimum weight in G. A
strongest path between two nodes u, v is a path corresponding to maximum strength between u and v. The strength of
the strongest path is denoted by ™ (u, v). An arc (x, y) is said to be a strong arc if p*(x, y) = u(x, y).

A cycle in a fuzzy graph is said to be fuzzy cycle if it contains more than one weakest arc. A fuzzy cycle C, is said to
be a strong fuzzy cycle if u(x, y) = o(X) Ac(y), V(X, y)eE. A fuzzy graph G is said to be a fuzzy path of n vertices if its
underlying crisp graph is a path of n vertices. A fuzzy graph G is said to be a fuzzy star S, , if its underlying crisp graph
is a star Ky, A fuzzy graph G is said to be complete if u(x, y) = 6(x) A o(y), V X, yeV.

If an edge (X, y) is strong then x and y are strong adjacent. Fuzzy coloring of a fuzzy graph G is an assignment of
colors to vertices of G. It is said to be proper if no two strong adjacent vertices have the same color. Fuzzy chromatic
number of G is minimum number of colors needed for proper fuzzy coloring. Two nodes of a fuzzy graph G are said to
be fuzzy independent if there is no strong arc between them. A subset S of V is said to be fuzzy independent of G if any
two nodes of S are fuzzy independent. Two edges are fuzzy edge independent if they are strong &have a common
vertex. A subset S of E is said to be fuzzy edge independent if any two edges of S are fuzzy edge independent.

Corresponding Author: 2Kanzul Fatima K §*
12PG and Research Department of Mathematics,
Jamal Mohamed College, Trichy-620020, Tamil Nadu, India,

International Journal of Mathematical Archive- 6(12), Dec. — 2015 90


http://www.ijma.info/�

YJahir Hussain R, *Kanzul Fatima K S* /
Fuzzy Chromatic Number of Middle, Subdivision and Total Fuzzy Graph / IIMA- 6(12), Dec.-2015.

3. FUZzzY CHROMATIC NUMBER OF MIDDLE FUZZY GRAPH

Definition 3.1: Let G = (o, ) be a fuzzy graph and its underlying crisp graph is G* = (V, E), where V is the vertex set
and E is edge set. Then the Middle fuzzy graph of G is M (G) = (owm, ) Where oy, is a fuzzy set on

‘V UE & is defined as oy (U) = o (u), ifueV
=pu(u), ifueE
= 0 otherwise and
wwm is a fuzzy relation & is defined as
i (&5, €5) = (&) A p(gy), if e, & E & are adjacent in G*.
= 0 otherwise

Hm (Vi, Vj) =0ify, Vj eV

uwm (vi, &) = p (g) if vi eV and it lies on g;.
= 0 otherwise

Theorem 3.2: If C, is a fuzzy cycle of length n>3 then
3, if n is even

Zf(M(Cn)):{A].’ if n is odd

Proof: Let C, be a fuzzy cycle of length n. Assume that vy, v, ... v, are vertices and ey, €, ... e, are edges of C,. Since
C, is the fuzzy cycle, each v; is strong adjacent to vi_; & vi.; (1<i<n, vg = v, and v,,.1= v3). By the definition of middle
fuzzy graph, each edge in M (C,) is strong. The vertices of M (C,) are vy, V, ... V,, €1, & ... €, and two vertices in M
(C,) are adjacent if any one of the following condition is satisfied.

i) The two vertices are in V.

ii) One of the vertex u is in V and another vertex e is in E and u lies on e.

Now we have to determine the fuzzy chromatic number of M (C,)) which is the minimum number of colors to color all
the vertices of M (C,) such that two strong adjacent vertices will receive different color. To find (M (C,)), it is
enough to find the minimum number of fuzzy independent sets whose union is V | E & intersection is empty.

Since the vertex set of C, {vy, V,...v,} form a fuzzy independent set of M (C,), assign color 1 to all vertices of this set.
The remaining uncolored vertices of M (C,) are ey, e, ...e,. This set can be partitioned in to two fuzzy independent sets,
if niseven. They are {e;, €3 ... e,.1} & {€,, €4 ... e,}. So assign color 2 to the vertices of first fuzzy independent set and
color 3 to vertices second fuzzy independent set. Since we cannot partition the set ¥ U E as the number of fuzzy

independent set less than 3, y#(M (C,)) = 3.

If nis odd, E can be partitioned in to three fuzzy independent sets. They are {e;, €3 ... €.} & {€,, €4 ... €1} & {e.}.
Hence y:(M (C,)) = 4.

n

Theorem 3.3: Let P, be a fuzzy path of n>3 vertices. Then ¥, (M (P )) =3.

Proof: Let P, be a fuzzy path with vertices vy, v, ... v, and edges e, e, ... &,. In M (P,), each edge becomes a vertex
and so M (P,)) has 2n—1 vertices. The membership value of each vertex is followed from the definition of middle fuzzy
graph. If e = (x, y) is an edge in M (P,)) either if x & y are in VV or x is in V& y is in E and x lies on e. The vertex set V
of G form a fuzzy independent set of M (P,). To find the remaining fuzzy independent, we have two cases.

Case-1: If n is odd, then the edge set E is partitioned in to two fuzzy independent sets. They are {e;, e; ... €2} &
{es €1 ... &1}

Case-11: If n is even, then the two fuzzy independent sets are {e, €3 ... e,_1} & {€5, €4 ... €15}

Thus in two cases, we have three fuzzy independent sets of M (P,,). Hence (M (P,)) = 3.
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Theorem 3.4: If Sy, be a fuzzy star for n>3, then x¢(M (S1,)) = n+1.

Proof: Consider the fuzzy star S; , whose middle vertex is u and remaining vertices are uy, U, ... U,. Construct M (Sy )
by using the definition of middle fuzzy graph. In M (S, ), there are 2n+1 vertices. They are u, Us, Us ... Uy, €1, €5 ... €,
where e;’s are edges of S;,. The sub graph of Sy, with vertices ey, e, ... e, form a complete fuzzy graph of n vertices.
Since each vertex is strong adjacent to each of the remaining vertices in the complete fuzzy graph, we have to assign a
unique color to these vertices so that n colors are needed to color the vertices e, €, ... €, The vertex set V of S, , form
a fuzzy independent set of M (S, ). Hence (M (Sy,)) = n+1.

n, if n is even

Theorem 3.5: If G is a complete fuzzy graph on n vertices then y (M (G)) = {n 1 if n is odd

n(n-1
Proof: Let G be a complete fuzzy graph with n vertices vy, v, ... v, & % strong edges ey, e; ... en(n_l). To find
2
the fuzzy chromatic number of M (G), we have to construct it using the definition of middle fuzzy graph. Since each

n(n—1)+n=n2—n+2n=n2+n=n(n+1)

2 2
(G). Join two vertices of M (G) either if one vertex ueV & another vertex ecE and u lies on e or both vertices belongs
to E &they are adjacent in G. The membership values of vertices and edges are given by using the definition of middle
fuzzy graph. Since no two vertices of G are strong adjacent in M (G), the vertex set V of G form a fuzzy independent
set of M (G).

edge of G becomes a vertex in M (G), there are vertices in M

Observe that, two vertices e; & €; (which are edges in G) are strong adjacent in M (G) iff they are strong edges of G and
are strong adjacent edges in G and so each fuzzy edge independent set of G gives a fuzzy independent set of M (G).
Now we have two cases.

Case-I: If the number of vertices in G is even, there are n—1 fuzzy edge independent set in G and hence M (G) have
n—-1+1 = n fuzzy independent sets. Since the fuzzy chromatic number of M (G) is the minimum number of fuzzy

independent set of M (G), y, (M (G)) =n.

Case-11: If nis odd, G have n fuzzy edge independent set. Thus M(G) has (n+ 1) fuzzy independent sets. Hence
2 (M(G))=n+1.

4. FUZZY CHROMATIC NUMBER OF SUBDIVISION GRAPH

Definition 4.1: Let G = (o,u) be a fuzzy graph with its underlying crisp graph G* = (V, E). Then the Subdivision fuzzy
graph of G is Sd (G) = (o4, Ksa),
where
Gsd (U) = o (u), ifueV
=pu(u), ifueE
= 0 otherwise.

Usg (U, ) =c (U) Ao (e),ifveV,ecE &and u liesone.
= 0 otherwise

Thus the vertex set of Sd (G) is VUE. Clearly Sd(G) is a fuzzy graph
Theorem 4.2: For any fuzzy graph G, y, (Sd (G)) =2..

Proof: Let G be a fuzzy graph with underlying crisp graph G* = (V, E). In Sd(G), each edge of G is subdivided and a
new vertex and two vertices u, e are adjacent in Sd (G) if uisinV & e is in E and u lies on e. By using the definition of
subdivision fuzzy graph, assign the membership values to both vertices and edges of Sd (G). Since any two vertices of
G are fuzzy independent in Sd (G) and any two edges of G are fuzzy independent in Sd (G), vertex set V & edge set E

form two fuzzy independent sets of Sd (G) and so vertex set V JE of Sd (G) is partitioned in to two fuzzy
independent set and hence Sd (G) is fuzzy bipartite graph. Therefore y, (Sd (G)) =2..
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Theorem 4.3: For any connected fuzzy graph G, z, (G) > g, (Sd (G))

Proof: Since the fuzzy chromatic number of a connected fuzzy graph is greater than or equal to 2, % ((G) =2 By

theorem 4.2, y, (Sd(G))=2. Thus z, ((G))=2=y,(Sd(G)).

5. FUZZY CHROMATIC NUMBER OF TOTAL FUZZY GRAPH

Definition 5.1: Let G = (o,u) be a fuzzy graph and its underlying crisp graph is G* = (V, E), where V is the vertex set
and E is edge set. Then the Total fuzzy graph of G is T (G) = (o7, ur) Where o7 is a fuzzy set on ¥ U E & is defined as

ot (U) =0 (u), ifueV

= u (u), ifuek and
u is a fuzzy relation & is defined as
pur (U, v) = (u, v) ifu,veV

um (U, €) = o (U)Ac (e) if u eV and it lies on ecE.
= 0 otherwise

r (i, &) = p (&) A p (e, if &, ; €E & have a common vertex in G.
= 0 otherwise

Theorem 5.2: If C; is a fuzzy cycle of 3 vertices with /J(X,y)ZG(X)AO'(y), V(X,y)e E, then
Xt (T(C3)):3.

Proof: Let Csbe a fuzzy cycle of length 3 such that,u(x, y) = O'(X)AU( y) for all edges of Cs. Suppose that vy, v, &

Vs are vertices and ej, e,, e; are edges of Cs. Then T (Cs) has vertex set {vi, vy, Vs, €1, €5, €3} and two vertices are
adjacent if any one of the following conditions are hold.

i. Both vertices areinV

ii. Onevertex uisinV & another vertex e is in E and u lies on e.

iii. Both verticesare in E

The membership values are assigned from the definition of total fuzzy graph. Since
,u(x, y) = O'(X)AG(y), V(X, y) € E_, each edge of T (C3) must be strong. The fuzzy independent sets of T (Cs)
are {vy, e,}, {vo, 3} and {vs, e;}. So T (C3) has proper 3-fuzzy coloring. Since we cannot use lesser then 3 colors to
color all the vertices of T (C;) in such a way that no two strong adjacent vertices have same color, (T (Cs)) =3.

Theorem 5.3: y, (T (Cn )) = 4., for n>4 where C, is a strong fuzzy cycle of length n.

Proof: Let C, be a strong fuzzy cycle of length n>4. By using the definition of middle fuzzy graph, construct T (C,)
and assign the membership values to both vertices and edges. Each vertex v; (of G) is strong adjacent to v;_y, Vi1, €i.1 &
e in T (C,) and each edge e; (of G) is strong adjacent to €; 1, i1, Vi & Vi1, Where Vg (eg) represents vy (€n) & Vier (En+1)
represents v (e1). This implies that number of strong edges in all vertices is 4. Now we have two cases

Case-1: Let n be even. Then the fuzzy independent sets of C, are {vi, Vs ... V;_1} & {V, V4 ... V,}. These two sets are
also the fuzzy independent sets of T (C,), since no two vertices of the sets are strong adjacent. Similarly the edge set E
of G is partitioned in to two fuzzy independent sets and hence T (C,) has 4 fuzzy independent sets. Thus

7 (T(C,))=4

Case-11: If nis odd, we can find the following 4 fuzzy independent sets of T (C,).
i {V1, V3 Vs ... Voo, €na}
i, {Vy, V4, Vg ... Vp_1, €0}
iii. {v,, €1, €3 ... €na, €n_2}
iv. {ey €4, €5 ... €45, Ena}
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Thus vertex set ¥ U E of T (C,) is portioned into 4 fuzzy independent sets. Hence (T (Cn )) =4..

Theorem 5.4: If G is a fuzzy path of n vertices with ,u(X, y)=G(X)AG(y), V(X,y)EET then
2 (T(G))=3..

Proof: Let vy, v, ... v, be the vertices and ey, e, ... e, ;1 be the edges of G. In T (G), there are three fuzzy independent
sets. We generalise the fuzzy independent sets in three different cases.

Case-1: n=0(mod 3) In this case, the three fuzzy independent sets of T (G) are
1. {vy,V4... Vo €5 65...601}
2. {Vy,V5...Vpq, €3 €5... €13}
3. {V3 Vg...Vp, €1, €4... €02}

Case-11: n=1(mod 3) If n=1 (mod 3), the fuzzy independent sets are
1. {Vl, Vg ... Vp, €9, €5 ... en_z}
2. {Vz, Vg ... V2, €3, €6 ... en_l}
3. {V3, Vg ... Vh_3, €1, €4 ... en_g}.

Case-111: n =2 (mod 3) In this case, we have the following three fuzzy independent sets.
1. {Vl, Vg ... Vho1, €2, €5 ... en_3}
2. {Vz, V5 ... Vp, €3, €5 ... en_z}
3. {Vg, Vg ... Vh2, €1, €4 ... en_l}.

Since we cannot find the number of fuzzy independent sets lesser then 3in T (G), %, (T (G)) =3..

Theorem 5.5: Let Sy, be a fuzzy star with ,u(x, y) = O'(X)Aa(y), V(X, y) e E then g, (T (Sl,n )) =Nn+2..

Proof: Let u be the middle vertex and uy, U, ... u, be the remaining vertices of S;,. Then the vertex set of S, is
partitioned in to two fuzzy independent sets of T (S; ). They are {u} & {uy, U, ... u,}. Since the edge set of S; , form a
complete fuzzy graph of n vertices in T (Sy,), each edge of G will receive a unique color and hence there are n+2 fuzzy

independent sets in T (Sy,). Thus (T (Sl,n )) =n+2..
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