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ABSTRACT

In this paper, a new class of symmetric duality for multiobjective optimization and their scalar parametric problems
are formulated and the duality results are established under convexity assumption using the concept of proper
efficiency. Also the duality relations with saddle point theory are presented.
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INTRODUCTION

The importance of convex function is well known in optimization theory. But for many mathematical model used in
decision sciences, applied mathematics and engineering, the notion of convexity does no longer suffice. So it is
possible to generalize the notion of convexity and to extend the validity of results to larger class of optimization
problems. Consequently, various generalization of convex function has been introduced in the literature. The field of
multiobjective programming, also known as vector programming has grown remarkable in different direction in the
setting of optimality condition and duality theory since the 1980. It has been enriched by the application of various
types of generalization of convex theory with and without differentiable assumption and in the frame work of
continuous time programming, fractional programming, inverse vector optimization saddle point theory, symmetric
duality, variational problem etc.

Symmetric duality in nonlinear programming problem was first introduced by Dorn [1] who defined a mathematical
programming problem and it’s dual to be symmetric if the dual is the primal problems. Later Dantzing et al. [2] and
Mond [3] formulated a pair of symmetric dual programs for scalar function f (x, y) that is convex in the first variable
and that is concave in the second variable respectively.

Bazaars [1] and Dantzing et al. [2] studied on symmetric duality in nonlinear programming. Devi [4] studied symmetric
duality for nonlinear programming problem involving n-bonvex functions. Dorn [5] formulated symmetric dual
theorem for quadratic programs. Egudo established efficiency and generalized convex duality for multiobjective
programs.

Geoffrion [6] gave the idea of proper efficiency and the theory of vector maximization. Gulati et al. [7] established
second order symmetric duality with cone constraints where as Gulati and Geeta [8] established Mond-Weir type
second order symmetric duality in multiobjective programming over cones. Gupta and Danger [9] duality for second
order symmetric multiobjective programming with cone constraint. Kassem [10] established multiobjective nonlinear
symmetric duality involving generalized pseudo convexity. Khurana [11] established symmetric duality in
multiobjective programming involving generalized cone-invex functions. Kim et al. [12] established Multiobjective
symmetric duality with cone constraint. Preda [13] studied on efficiency and duality for multiobjective programs.
Suneja et al. [14] established multiobjective symmetric duality involving cones.

In this paper, we introduced a new class of symmetric duality for multiobjective optimization under convexity
assumption using the concept of proper efficiency. Also the duality relations with saddle point theory are presented.
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NOTATION AND DEFINITION
Let C; and C, denote closed convex cones with nonempty interiors in R" and R™ respectively.

Let C(i=1.2,) be the polar of C; ie. C ={z:x"z <0forvx e C,}, where x" denote the transpose of x. Let
f(x, y) be a vector valued function defined on an open set in R™™.

Definition 1: A real-valued function ¢ is said to be convex if

P#(X) —¢(X) > (x—X)" V§(X) forallx, X eC,.

Definition 2: A real-valued function f(X,y)=(f1(X,y), f2(x,y),. . fx (X, y))T is said to be convex in the first

variable if each f,(.,y) isconvex for fixed ¥,i=1,2,3,......k.

Similarly f is said to be convex in second variable if f,(X,.) is convex for fixed X,i=123,..Kk.

Primal (Pv):
Min F(x,Y) ={f1(6 ) =y Vy f (6 Y),. - f o y) = yT vy f O )Y
Subject to (X,y) € C, xC,,V, f,(x,y)eC;,C, =R",C, < R".

Dual (D):

max G(X, Y) ={f (X, ¥) = X"V f1 (X, ¥),. - Fie (%, y) = X'V fi (6, Y)F
Subjectto (X,y) € C, xC,,—Vxf,(x,y)eC,,C, cR",C, cR".

Now we introduced the following scalar parametric problem:
Primal (P,): MinAf (X, y) — yTVy}tf (x,y),

Subjectto (X,Yy) € Cq ><C2,Vy fi(x,y) e C;,Cl c Rm,C2 c Rn,

A :(11,12,...,24( )T c RN

Dual (D,): Max AG(X,Y)
Subject to (X, y) € C, xC,,—V  fi(x,y)eC;,C, = R",C, = R".
)T

A=(M,22,02%) €R"

We denote the set of feasible solution of P by Si.e

S={(X.7) €C,xC, |V, f,(x,y) €C,’

Definition 3: A feasible point (X, y) is said to be an efficient solution of (P,) if
XY -V, XYz fx)-VV, fi(xy)
= f(XY)-V'V, f(Xy)=f(X,y)-V'V, f(x) foralli=123, ...k
and f(Y)-YV, f(Xy)<f(Xy)-y'V, fi(Xy)
= HX Y-y V, Xy =iy -y V,fi(Xy)
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Definition 4: A feasible point (X, Y) is said to be properly efficient if it is efficient for P, and if there exist scalars
M;>0 and M, >0, such that

(Y -y'V, iKY -(Fx9)-¥'V, fi(xy)
fV) =YV, 569~ f,(XY)-y'V, f(X,)
LGP -5V, 009> 1) -YTV, (K, 9) and

f, (X, 7)—)7TVy f.(x,y) < f, (X, )7)—)7TVy f, (X, y) whenever (X,Y) isa feasible for (P,).
(i Y-V, iy -(fxy) -y V, fi(xy)
fY) =YV, (Y- f(Ky)-yV, (X))
FY) =YV, Ky > (69 -YV, f(x7)
and (X, )7)—7TVyfi(7, y) < f.(X, y)—)_/TVy f. (X, y). whenever (X, ) is feasible for P,.

< M, for some j,

and <M, for somej,

Lemma 3.1: If (X,Y) is a feasible solution of (P,) then (X,¥) is properly efficient solution of (P,) where
A =12,.K

Proof: Since (X, ) is feasible solution of P, then obviously it is efficient in P, .Now we have to show that (X, Y)

is properly efficient solution in P, . If it is not properly efficient solution then
(XY -V V, X)) - (V) -V, fi(xy)>
M1LEj ) =Y Yy F09) > TR, 9) =Y Vy F(,9)]

Let us consider M1 = (k —1) max(/lj I 2;) where kK > 2 for all j such that
1]

FEY) =YV, XY <(F,(9)-¥V,f(xy).
Hence (f,(X,¥)-¥'V, (X, ¥)) - (f;(x, V) -7V, f;(x.¥))>
A.
(H%jﬂﬁMw—fvﬁﬂKW%UﬁXW—WVﬂNKWH

forall j # 1 Multiplying both sides by
ﬂ’i

(k-1)

> 2j[(Fj (Y)Y Vy Fj 7))~ (Fj (K, ¥) YT Vy £ (X, YD) forall j =L,

then we get

[(i(KY-F Vy &V - (V-7 Vyf(x 7))

By summing over
=i T ALY -V Vy i - () -7 Vy fi (X, y)]
J#1
> jzi/lj[(fj(x,V)—VTVyfj(X,V))—(fj(Y,V)—VTVyfj(Y,V))]

which contradicts to feasible solution of P, .
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Lemma 3.2: Let (X,Y) isais properly efficient solution of (P,)where 1, =1,2,..k . Ifeach f,isconvex in the

first variable and —f, is convex in second variable then (X, Y) is a feasible solution of P, .

Proof: Since f i Is convex in the first variable, from the properties of convexity, we obtain
A - Yy i)+ £ | (D=7 Vy 007D ML 03) -5 Ty T |
! j#i
i S (v o i NP Sy T P (v o
>kt ) -y vyf.(x,y»+jaﬂj[(f,(x,y)—y Ty ) - (D -7 vy &R |

. k .
Since /I'j >0,j=123,..k and z/’t'j =1, from above inequation, we get
1

(G0 -F Vy iy +M1 3 A (1) -7 vy j ey

j2i !
2 EED-T vy i X A -5 vy (1 ED-7T vy 19|
summing over j yields after some rearrangerTJl:;L
j§1(1+M1i§j/1ij)((fj 9T Vy i)z J_§1<1+M1izj AN ED T vy )

= (FxY)-V'V, i) 2 (X y) -V V, fi(X,y)
= F(x,¥) 2 F(X,y).

Similarly we can prove F(X,y) < F(X,Y) by taking — f; as convex in second variable.
Hence (X, Y) is a saddle point of F.
Now F(X,Yy)=minmaxF(X,y)=maxminF(X,Yy)

x=0,y>0 y>0,x>0

This shows that the component x of a saddle point (X, ¥) solves the minimization problem P, .

Kk
Lemma 3.3: Let (X, y) be asaddle pointof A" f in P, ,where 4 >0,i=123..k and ¥ 4 =1.
j=1

If each f, is convex in first variable and — f, is convex in second variable then it satisfies

Vy fi (X,7) €1, Vy fi (X, )X =0,X 20 and Vy i (X,¥) €C3,Vy i (X, )y =0,7 20

Lemma 3.4: Suppose the feasible point (X, y) satisfies
Vx fi (X, ¥) €C{, Vy fi (X, 7)X =0,X 20 and Vy i (X, ) €C3,Vy i (X,y)¥ =0,y >0,i=1,2,3,.. k..

If f, isconvex in first variable and — f; is convex in second variable then it (X, ¥) is a saddle point of ATf in P,

k
forall 4j >0,i=1,23..k, and Y 4 =1.
j=1
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Theorem 3.1 (Weak duality): Let (X,Y) be feasible for P, and (u,V) be feasible for (D). If each f, is convex in

first variable and — f, is convex in second variable then F(X,y)>G(u,v).

Proof: Since each f, is convex in first variable and — f; is convex in second variable then

A0 — ) 2 (x-0)T S AV, (uv) o
it 32— LX) £ (=T YA, V) o

k

Forall 4 >0,i=123..k,and ) 2 =1.

i
j=1

Multiplying-1 in inequality (2) and adding to inequality (1) we get
k k k k
z/lu(fi(xn Y)_zﬂ'lvx fi(u,v) = (X_U)Tzﬂivx fi(u,v)—(v- Y)Tzﬂ'lvy fi(x,y)
i=1 i=1 i=1 i=1

Since (x—u) e C, and (v—y) eC,, therefore F(X,y)=G(u,v).

Theorem 3.2 (Strong Duality): Let (X, Y)be said to be properly efficient solution for P, assume that each fi is
convex in first variable and — f, is convex in second variable . Then (X, ¥) be said to be properly efficient solution

for (D) and the objective values of P, and (D) are equal.

Proof: Since (X, Y) is properly efficient solution for P,, Therefore from Lemma 3.2 and Lemma 2.3 it follows that
Vy i (X, ¥) €C1™, Vy fi (X, ¥)X =0,X > 0 and
Vy fi(X,7)eC", Vy fi(X,7)X =0,y 0 for i=1,2,3,...k

Thus (X,y) € (D)

Now F(X,5) =T (f(X,1)-Vy XNy =2 (f(X.)
and G(X,¥) = 2T (F(X,1)-Vy fX Yy =2 (F(X.)
Hence F(X,y)=G(X,Y).

CONCLUSION

In this paper, we present a new class of symmetric duality for multiobjective optimization and their scalar parametric
problems and established the duality results under convexity assumption using the concept of proper efficiency. Also
we discussed the duality relations with saddle point theory.
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