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ABSTRACT 
Let (G, ∗) be a group with binary operation ‘∗′. The Operator Intersection graph ΓOI(G) of G is a graph with               
V (ΓOI(G)) = G – e and two distinct vertices x and y are adjacent in ΓOI(G) if and only if  <x∗y>⊆<x>∩ < y >. In this 
paper, we want to explore how the group theoretical properties of G can effect on the graph theoretical properties of 
ΓOI(G). Some characterizations for fundamental properties of ΓOI(G) have also been obtained. Finally, we characterize 
certain classes of Operator Intersection Graph corresponding to finite abelian groups. 
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1. INTRODUCTION 
 
The study of algebraic structures, using the properties of graphs, becomes an exciting research topic in the last twenty 
years, leading to many fascinating results and questions. There are many papers on assigning a graph to a ring or group 
and thereby investigating algebraic properties of the ring or group using the associated graph, for instance, see [1, 2]. In 
the present article, to any group G, we assign a graph and investigate algebraic properties of the group using the graph 
theoretical concepts. Before starting, let us introduce some necessary notation and definitions. 
 
We consider simple graphs which are undirected, with no loops or multiple edges. For any graph Γ = (V, E), V denote 
the set of all vertices and E denote the set of all edges in Γ. The degree degΓ(v) of a vertex v in Γ is the number of edges 
incident to v and if the graph is understood, then we denote degΓ(v) simply by deg(v). The order of Γ is defined |V (Γ)| 
and its maximum and its minimum degrees will be denoted, respectively, by ∆(Γ) and δ(Γ). A graph Γ is regular if the 
degrees of all vertices of Γ are the same. A vertex of degree 0 is known as an isolated vertex of Γ. A graph Ω is called a 
subgraph of Γ if V (Ω)⊆ V (Γ), E(Ω) ⊆ E(Γ). Let Γ = (V, E) be a graph and let S ⊆ V. A subgraph Ω of Γ is said to be an 
induced subgraph of Γ induced by S, if V(Ω) = S and each edge of Γ having its ends in S is also an edge of Ω. A simple 
graph Γ is said to be complete if every pair of distinct vertices of Γ are adjacent in Γ. A graph Γ is said to be connected 
if every pair of distinct vertices of Γ are connected by a path in Γ. The Union of two graphs Γ1 = (V1, E1) and               
Γ2 = (V2,E2) is a graph Γ = (V,E) with V = V1 ∪ V2 and E = E1 ∪ E2 The joint of two graphs Γ1 = (V1,E1) and                
Γ2 = (V2,E2) is a graph denoted by   Γ1 +Γ2 = (V,E) with V = V1 ∪ V2 and E = E1 ∪ E2 ∪ {Edges joining every vertex of 
V1 with every vertex of V2}. 
 
Let G be a group with identity e. The order of the group G is the number of elements in G and is denoted by O(G). The 
order of an element a in a group G is the smallest positive integer k such that ak = e. If no such integer exists, we say a 
has infinite order. The order of an element a is denoted O(a). Let p be a prime number. A group G with O(G) = pk for 
some k ∈ℤ+, is called a p-group. 
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2. PREPARATION OF MANUSCRIPT 
 
In this section, we observe certain basic properties of Operator Intersection graphs. 
 
Definition 2.1: Let (G, ∗) be a group with binary operation ‘∗′. The Operator Intersection graph ΓOI(G) of G is a graph 
with V (ΓOI(G)) = G−e , where e is an identity element of G and two distinct vertices x and y are adjacent in ΓOI(G) if 
and only if < x ∗ y >⊆< x > ∩ < y > . 
 
Proposition 2.2: Let (G, ∗) be a group. For any non self inverse element x ∈ G, x and x−1 are adjacent in ΓOI(G). 
 
Proof: Let (G, ∗) be a group with identity element e. Let x ∈ G be non self inverse element. Since x ∗ x−1 = e and        
< x >=< x−1 >, < e >⊆< x > ∩ < x−1 >. Hence, the result follows. 
 
Theorem 2.3: Let (G, ∗) be a group. Let x ∈ G. x is an isolated vertex in ΓOI(G) if and only if x is a self inverse element 
of G. 
 
Proof: Let (G, ∗) be a group. Let x be an isolated vertex in ΓOI(G). We have to prove that x is a self inverse element of 
G. Suppose not, x is non self inverse element of G. By Proposition 2.2, x is adjacent to x−1, which is a contradiction. 
Conversely assume that, x is a self inverse element of G. Clearly < x > ∩ < y >= {e} or < x > for all y ∈ G. Also for all 
y ∈ G,< x ∗ y>⊆< x > or {e}. Hence x is an isolated vertex in ΓOI(G)  
 
Proposition 2.4: Let (G, ∗) be a group. Any two distinct prime order elements are non adjacent in ΓOI(G).  
 
Proof: Let (G, ∗) be a group with identity element e. Let x, y ∈ G be any two elements such that O(x) = p and O(y) = q, 
where p, q are distinct prime. Clearly < x > ∩ < y >= {e} . Therefore < x ∗ y >⊈< x > ∩ < y >. Hence the result 
follows. 
 
Theorem 2.5: Let G be any group. ΓOI(G) is complete if and only if G is a cyclic group of prime order. 
 
Proof: Let G be a cyclic group of prime order p. Clearly, every element of G other than identity is a generator of G. Let 
x ∈ G − e. By Proposition 2.2, x and x−1 are adjacent. Let y ∈ G − e be an element other than x−1. Clearly < x ∗ y >=< 
x > ∩ < y >. Therefore x and y are adjacent in ΓOI(G). Hence ΓOI(G) is complete. 
 
Conversely assume that ΓOI(G) is complete. Let p and q be two distinct prime such that p|O(G) and q|O(G). By 
Cauchy’s Theorem, G has two elements x, y such that O(x) = p and O(y) = q. Clearly < x > ∩ < y >=  {e}. Therefore      
x and y are non adjacent in ΓOI(G). Therefore O(G) = pn for some prime p.  
 
Claim: O(G) = p  
 
Suppose O(G) = pn, n > 1.  
 
Case (i):  G has distinct subgroups of order p. 
 
Let x, y ∈ G such that O(x) = O(y) = p and < x >≠< y >. Clearly < x > ∩ < y >= {e }. Therefore x and y are non 
adjacent in ΓOI(G),which is a contradiction. 
 
Case (ii): G has unique subgroup of order p.  
 
Let H be the subgroup of order p. Therefore H =< x > for some x ∈ G. 
 
Let y be an element of G such that O(y) = pk for some 1 < k ≤ n. Clearly < y > ∩ < x >=< x >= H and y ∉  H.  
 
Suppose x ∗ y ∈ H. Since x ∈ H and H is a subgroup of G, x−1 ∗ (x ∗ y) ∈ H. i.e., y ∈ H, which is a contradiction. 
 
From both cases we conclude that O(G) = p for some prime p. 
 
Proposition 2.6: Let (G, ∗) be a cyclic group. Any two generators of G are adjacent in ΓOI(G). 
 
Proof: Let (G, ∗) be a cyclic group. Let x, y ∈ G be any two generators of G.  
 
Clearly < x > ∩ < y >= G. Therefore < x ∗ y >⊆< x > ∩ < y >. Hence, the result follows. 
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Remark 2.7: The converse of the Proposition 2.6 is not true. 
 
Consider the group ℤ6. In ΓOI(ℤ6), 2 and 4 are adjacent but they are not generators of G. 
 
Theorem 2.8: For any finite group G, ΓOI(G) is a tree if and only if G is isomorphic to one of the groups ℤ2 or ℤ3. 
 
Proof: Clearly ΓOI(ℤ2) = K1 and Γ OI(ℤ 3) = k2 and hence ΓOI(G) is a tree when G is either ℤ2 or ℤ3. Conversely, assume 
that ΓOI(G) is a tree. Suppose p|O(G) for some prime number p ≥ 5 . Then G has an element of order p and hence      
Kp−1(p ≥ 5)  is a sub graph of ΓOI(G) and so ΓOI(G) is not a tree. Suppose 2|O(G), then G has self inverse element. 
Therefore by Theorem 2.3, ΓOI(G) has an isolated vertex, a contradiction to the assumption. Therefore 3|O(G). Suppose 
G contains an element a such that O(a) ≥ 9 . Then the subgraph induced by < a > contains K6 ⊆ ΓOI(G), again a 
contradiction to the assumption. Therefore every element of G has an order three. In this case G has more than 3 
elements, then ΓOI(G) is disconnected. Hence G has exactly 2 elements of order 3 or 1 element of order 2. From this 
either G≅ ℤ2 or G≅ ℤ3. 
 
Theorem 2.9: Let G be a group of order pq, where p < q and p, q are two distinct primes. Then ΓOI(G)≅ (Kp−1 ∪ Kq−1) 
∪ K∅ (pq), if G is cyclic, where ∅ is the Euler function and ΓOI(G)≅ qKp−1 ∪ Kq−1 , if G is non cyclic. 
 
Proof:  
Case (i):  Let G be a cyclic group. In this case G has an unique p - Sylow subgroup namely Hp and an unique q -Sylow 
subgroup namely Hq. Clearly ΓOI(Hp) ≅ Kp−1 and ΓOI(Hq) ≅ Kq−1. Note that all the elements in G − (H p∪Hq) are 
generators of G and so |G − (Hp ∪ Hq)| = ∅ (pq). Since any two generators of G are adjacent, the graph induced by 
generators is K∅ (pq). Let x ∈ G be generator and y ∈ Hp. Suppose x ∗ y ∈ Hp, then x ∗ y ∗ y−1 ∈ Hp, i.e., x ∈ Hp, which is 
a contradiction. Suppose x ∗ y ∈ Hq, then <x∗ y>⊈<x>∩ < y>. Therefore generator of G is not adjacent to non 
generator elements. Hence, ΓOI(G)   (Kp−1 ∪ Kq−1) ∪ K∅ (pq).  
 
Case (ii): Let G be a non-cyclic group. In this case G has q p –Sylow subgroups and a unique q -Sylow subgroup. 
Hence ΓOI(G)≅ qKp−1 ∪ Kq−1. 
 
Proposition 2.10: Let G be a finite group of order n with no self inverse  element and q be number of edges in ΓOI(G). 
Then q ≥ . Moreover, this bound is sharp. 

 
Proof: By Proposition 2.2, x and x−1 are adjacent for all x∈ G−e. Hence q ≥ 1

2
n − . Moreover, for the group                  

ℤ3, ΓOI(ℤ3)≅ K1,1 and for this graph the bound is sharp. 
 
We now characterize the groups G for which the associated graph ΓOI(G) attains this bound. 
 
Theorem 2.11: Let G be a group of order n and no self inverse element. Let q be number of edges in ΓOI(G). q = 1

2
n −  

if and only if G ≅ ℤ3 × ℤ3 × . . . × ℤ3. 
 
Proof: Assume that ΓOI(G) is a graph with 1

2
n −  edges. In view of Proposition 2.2, we get ΓOI(G) is an union of K2. 

Suppose p ≥ 5 be a prime number such that p|O(G), then G has an element of order p and so Kp−1 is a subgraph of 
ΓOI(G), which is a contradiction. Since G has no self inverse element, O(G) must be 3n. Suppose G has an element of 
order 3k for some k ≥ 2, then ΓOI(G) contains K6  as a sub graph, which is a contradiction. Therefore every element of G 
has order 3. Hence G ≅ ℤ3 × ℤ3 × . . . × ℤ3. Conversely assume that G≅ ℤ3 × ℤ3 × . . . × ℤ3. Let x, y ∈ G such that      
< x > ∩ < y >= {e}. Clearly x and y are non adjacent. Therefore the adjacent vertices of x is x−1 only. Hence ΓOI(G) is 
union of K2. 
 
Theorem 2.12: Let G be a cyclic group of order p2. Then ΓOI(G) ≅ K∅(p2) ∪ Kp−1, where p is a prime and φ(n) is an 
Euler function. 
 
Proof: Let G be a cyclic group of order p2. Let A be the set of elements of order p and B be the set of elements of order 
p2. Since G is a cyclic group, the elements in B are generators of G. Clearly |A|=p − 1 and |B|= (p2). Therefore by 
Proposition 2.6, the graph induced by the set B is K∅(p2)  and by Theorem 2.5, the graph induced by the set A is Kp−1. 
Let x ∈ A and y∈ B. Suppose x ∗ y ∈ A. Since A∪{e} is a subgroup of order p, x−1 ∗ x ∗ y ∈ A. Therefore y ∈ A, which is 
a contradiction. Suppose x ∗ y ∈ B. < x > ∩ < y >=< x > . Therefore < x ∗ y >⊈< x > ∩ < y > . So x and y are non 
adjacent. Hence the proof follows. 
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Theorem 2.13: Let G ≅ ℤp×ℤp×. . .×ℤ p and O(G) = pn. Then ΓOI(G) Kp−1 ∪ Kp−1 ∪ . . . ∪ Kp−1, where p is a prime. 
 

Proof: Let G  ℤp ×ℤp × . . . ×ℤp. Clearly G can be divided into 1
1

np
p
−
−

 distinct subgroup of order p. By Theorem 2.5, 

the graph induced by the subgroup of order p is Kp−1. Let x, y be two distinct elements from two distinct subgroups. 
Note that < x > ∩ < y >= {e}. Therefore x, y are non adjacent in ΓOI(G) . Hence the proof follows. 
 
REFERENCES 
 

1. Abdollahi, S. Akbari, H.R. Maimani. Non-Commuting graph of a group, Journal of Algebra, 2006, 298:      
468-492. 

2. S. Akbari, A. Mohammadian. On the zero-divisor graph of commutative ring, Journal of Algebra, 2004, 
274(2): 847-855. 

3. I. Chakrabarty, S. Ghosh and M.K. Sen, Undirected power graphs of semigroups, Semigroup Forum, 2009, 78: 
410-426. 

4. Gary Chartrand, Ping Zhang. Introduction to Graph Theory, Tata McGraw-Hill, 2006. 
5. Joseph A. Gallian. Contemporary Abstract Algebra, Narosa Publishing House, 1999. 
6. T. Tamizh Chelvam, M. Sattanathan, Subgroup intersection graph of group, Journal of Advanced Research in 

Pure Mathematics, 2011, 3(4): 44-49. 
7. A. Vethamanickam, and D. Premalatha, Operator Power Graph of a Group, Int. J. Contemporary Mathematical 

Sciences, 9(12) (2014), 563- 568. 
 

Source of support: Nil, Conflict of interest: None Declared 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 

 


