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Abstract

Let G = (V,E) be a (p,q) graph. An injection f : V(G) — {1,2,...,p}is
called permutation labeling if the edge values are obtained by the number of permuta-
tions of the larger vertex label taken smaller vertex label at a time are all distinct. If a
graph GG admits such labeling, it is called a permutation graph. In this paper we prove
that cycle with one chord, cycle with twin chords, P» + K,,, book graph, tadpole and
lotus inside a circle are permutation graphs.
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1 Introduction

Let G be a simple, finite, connected and undirected graph with p vertices and ¢ edges.
We follow Harary[3] for the standard terminology and notations. Graph labeling is the
assignment of real values or subsets of a set, subject to certain conditions, have been
motivated due to its usefulness and applications in various fields. Permutation and com-
binations play an important role in combinatorial problems. In [4] Hegde et al. proved
that K,, is permutation graph if and only if n < 5. Further in [1] Baskar et al. proved
that cycles, path, stars are permutaion graphs. We present several definitions which are
necessary for our present investigation.

Definition 1.1 A chord of a cycle is an edge joining two non-adjacent vertices of a cycle,
where chord forms a triangle with two edges of the cycle.

Definition 1.2 Two chords of a cycle are said to be twin chords if they form a triangle
with an edge of the cycle.

For positive integers n and p with 3 < p < n — 2, C,,, is the graph consisting of a
cycle Cy, with a pair of twin chords with which the edges of C,, form cycles C),, C'3s and
Chr+1—p without chords.

Definition 1.3 Let G; and G5 be two graphs such that V(G1) N V(G2) = ¢. The join of
G1 and G5 denoted by G; + G> is the graph with vertex set V(G + G2) = V(G1) U
V(G2), and edge set E(G1 + G2) = E(G1) U E(G2) U J, where J = {uv/u € V(G1)
andv € V(G2)}.

Definition 1.4 Let C,, be a cycle with n vertices {u1, uz, ..., u,} and K, be the star
graph with n+1 vertices {v, v1,va, . . ., U, }, Where v is the apex vertex and {vy, v, ..., v, }
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are the pendant vertices. The lotus inside a circle C},, denoted by LC,,, is obtained by
joining each v; to w; and w;1(modn), fori =1,2,... n.

Definition 1.5 Let G = (p, q) be a graph. An injection f : V(G) — {1,2,...,p} is
called permutation labeling of G, if the induced edge function gy : E(G) — N given
by gr(uv) =F) Py, if f(u) > f(v) and f) Py, if f(v) > f(u) is injective, where
f (“)Pf(v) denotes the number of permutations of f(u) things taken along f(v) at a time.
for all u,v € V(G).

2 Main Results

Theorem 1 Cycle C,, with one chord is permutation graph, foralln > 4, n € N.

Proof : Let G be the cycle with one chord. Let {v1, vo, . .., v, } be the successive vertices
of C,, and {ey,es,...,e,} be the edges of C,,, where e; = v;v;41,1 < i <n—1and
€n = UpV1.

Let €’ = vau,, be the chord in cycle C,,. Here | V(G) |=nand | E(G) |=n+ 1.
We define injection f : V(G) — {1,2,...,n} by
flur) =1,
Flo) =2i—22<i< [2]+1,

=2Mn—1i)+3; 5] +2<i<n.
Injectivity for edge labels:
Here we note that g7 (v1v2) = 2, is the smallest edge label among all edge labels in graph
G. For 2 < i < [§] + 1, gy is increasing for increasing value of f(v;) and so we
get gy (vivit1) < gr(Vig1viy2). Similarly for 5] +2 < i < n, gy is decreasing for
decreasing value of f(v;) and so we get g5 (v;vit1) > g (Vig1Viq2).
Now we claim that g7 (v;viy1) # g5 (vjvjg1), for2 <i < [F]and [§]4+2<j<n—1
Suppose gr(vivir1) = gr(v;vj41). We have f(v;) = r, for some r, where r is an
even positive integer and f(v;) = ¢, for some ¢, where t is an odd positive integer. So
H2p =t p— % = @ = (r +2)! = (¢t + 2)!, which is not possible as
L.H.S. of this equation is factorial of an even number and R.H.S. is factorial of an odd
number. Hence the claim is proved.
Further gf(vL%JHvL%HQ) = n!, which is the highest among all the edge labels in graph
G. Also we have g7 (v1v,) = 3 and gy (vev,,) = 6, which appear only once in G.
Hence the induced edge labeling g; : E(G) — N is injective. So graph G is permutation
graph, foralln > 4,n € N.
Theorem 2 Cycle C),, with twin chords is permutation graph, foralln > 5,n € N.
Proof : Let G be the cycle with twin chords. Let {vq,vs,...,v,} be the successive
vertices of cycle C,, and let €/ = vqv,,, €’ = v3v, be the two chords of C,,, | V(G) |=n
and | E(G) |=n+2.
We define the similar injection, as we have defined in Theorem 1.
We also apply the similar arguments for injectivity of edge labels in graph G.
Furthermore g¢(vsvy,) = 4!, which is also distinct from all other edge labels. Hence the
induced edge labeling g¢ : E(G) — N is injective. So graph G is permutation graph, for
allm >5,n e N.
Theorem 3 P, + K, is permutation graph, for alln € N.
Proof : Let G = P + K,. Let {u;,us} be the vertices corresponding to P, and
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{v1,va,...,v,} be the vertices corresponding to K,. Here | V(G) |= n + 2 and |
EG)|=2n+1. BE(G) = {uguz} U{uiv;;1 <i < n} U {ugv;, 1 <i<n}.
We define injection f : V(G) — {1,2,...,n+ 2} as f(u1) = 1, f(u2) = n+ 2, and
flv)=i+1,1<i<n.
Injectivity for edge labels:
Here g¢(u1v;) = i+1 are distinct for increasing value of i, 1 < i < n. Also gf(ugv;) ="12
Py (y,) are distinct for increasing values of ¢, 1 <4 < n.
Claim 1 : gf(u1v;) # gr(ugv;), foralli, 1 <i <n.
The highest value of g¢(u1v;) = gf(uiv,) = n + 1, which is smaller than the smallest
value of g¢(usv;) = gf(ugv1) = (n+1)(n + 2). So claim 1 is proved.
Claim 2 : g;(ujug) # gr(uiv;), foralli, 1 < i <n.
The highest value of g;(uiv;) = g5(u1v,) = n + 1, which is smaller than g;(ujug) =
n + 2. So claim 2 is proved.
Claim 3 : g¢(uiu2) # gr(ugv;), forall 4,1 <i < n.
The smallest value of g¢(usv;) = g¢(usv1) = (n+1)(n+2), for all n. But g¢(uiuz) =
(n+1) < (n+1)(n+2). So claim 3 is also proved.
Hence the induced edge labeling g; : E(G) — N is injective. So graph G is permutation
graph, foralln € N.
Theorem 4 Tadpole 7, ,, is permutation graph, for all m,n € N, m > 3.
Proof : Let {vq,v2,...,v,} be the successive vertices corresponding to cycle C,,, and
{Vm+1;VUm+2, - - - Um+n } be the successive vertices corresponding to P, in tadpole Ty, ,,.
Let € = vy, Uy 41 be the bridge in tadpole Ty, ,,. Here | V(G) |= m +nand | E(G) |=
m+n.
We define injection f : V(G) — {1,2,...,m +n} by
flo) =1,
fui)=20-2;2<i<[B]+1;

=2(m—i)+3; 5] +2<i<m,

=i;m+1<i<m-+n.
Injectivity for edge labels :
For 2 < i <[] + 1, gy is increasing for increasing value of f(v;) and so we get
gr(viviy1) < g5(vig1vige). Similarly for [ ] +2 < 4 < m, gy is decreasing for
decreasing value of f(v;) and so we get g7(vivit1) > ¢r(vig1vit2). Also f(v;) is
increasing, for increasing values of i, m +1 <¢ < m +n.
Claim : gr(v;vi11) # g5 (vjvj1) # gr(Vevegr), 2 <i < |3, [F] +2<j<m—1
andm+1<t<m+n-—1.
Assume if possible g¢(v;vi+1) = g¢(v;vj41).
We have f(v;) = r, r being an even positive integer and f(v;) = t, ¢ being an odd
positive integer. So we get "t2P,. =72 P, — (T;—?)' = % = (r+2)! = (t+2)!
, which is not possible as L.H.S. is factorial of an even number and R.H.S. is factorial of
an odd number. Hence g (v;vi+1) # g7(vjv,41)-
Suppose ¢ (vjvj41) = g (V1v41)-
Here we have the highest edge label of g¢(vjv;4+1) is ™ ! Py,_3, when m is even and
" Pp,—2, when m is odd. But the lowest edge label of g¢(vive41) is (m + 2)!, which is
larger than the highest edge label of g;(v;v;41). Hence gf(vv,41) # g5 (vivis1).
Similarly by applying the above argument, we get g¢(vivi41) 7 g (Vivit1).
Hence the claim is proved. Hence the induced edge labeling g5 : E(G) — N is injective.
So graph G is permutation graph, for all m,n € N, m > 3.
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Theorem 5 Book graph B,, is permutation graph, for every positive integer n.

Proof : Let B,, = K ,, x P, be book graph. Let {u2;_1,u2; } be the vertices of it" copy
of P,,1<i<mn-+1. Here|V(B,)|=2n+2and| E(B,) |=3n+1.

Here we have taken {uj,us} as the vertex set of central copy of P,. Further E(B,,) =
{ugu;,3 < j <2n+1,jisodd} J{usu;,4 <j < 2n+2,jiseven} | J{uju,t1,1 <
Jj < 2n+2,jisodd}. We define injection f : V(B,,) — {1,2,.. ,2n+2}, as f(u;) =i,
1<i<2n+2.

Injectivity for edge labels :

As gf(ulu]-) 3 <7 <2n+1, jis odd), is increasing, for increasing values of j, we get
g5(ui1uj) < gf(urujpr). Similarly g¢(uou;) < gf(ugujqr), ford < j < 2n+2,jis
even. Moreover gy (uquz) = 2 is the smallest edge label in graph B,,.

Claim: g;(uqu;) B3 < j < 2n+1,jisodd) # gs(usu;) (1 < j < 2n+ 2, jis even)
# g5 (usue1) (1 <t < 2n+ 2, tis odd).

Here gf(uju;) =7 P, = j, is always an odd number and g (ugu;j) =Py = j(j — 1), is
always an even number. So clearly g¢(uiu;) # g¢(usou;).

Now it is enough to prove g7 (ugu;) # g7 (uitii41)

Suppose g¢(usu;) = gf(utursq), for some jand t. So /Py = (t+ 1)l = j(j — 1) =
(t+ 1)!. Now as j iseven let j = 2p, forsomep € N, p > 1 and forodd ¢, ¢t = 2p — 1,
forsomep € N,p > 1.

So2p(2p—1)=(2p—1+1)!

= 2p(2p — 1) = (2p)!

=2p—2=0o0r2p—2=1

=p=1lorp= %, which is not possible as p € N and p > 1.

Hence the claim is proved. So the induced edge labeling g : E(G) — N is injective. So
graph B,, is permutation graph, for every positive integer n.

Theorem 6 Lotus inside a circle is permutation graph.

Proof : Let LC,, be a lotus inside a circle. Let {uy,us, ..., u,} be the successive vertices
corresponding to cycle C), and {v, vy, vo, ..., v, } be the successive vertices correspond-
ing to star K ,,where v is the central vertex of K, ,. Here | V(LC,) |= 2n +1
and | E(LC,) |= 4n. Also E(LC,) = {uuiy1,1 < i < n}U{viu,1 < i <
n} U{viwir1, 1 <i < nlJ{vv;, 1 <i < n}.

We define injection f : V(LC,) — {1,2,...,2n + 1} by f(v) = 2n+ 1 and f(u;) =
2i,1<i<m, flv;))=2i—1,1<i<n.

Injectivity for edge labels:

Claim 1:For all u;, 1 < i < n,"P._o #"*2 P,., where f(u;) = 7= an even positive
integer.

Suppose claim 1 is not true, so " P,_p ="2 P, = (T+2) =>1=@r+2)(r+1)=

r= %ﬁ, which contradicts the choice of r. Hence Clalm 1 is proved.

Claim 2: For {v;u;,1 < i < n} and {v;u;11,1 < i < n}, "P,_qy #"72 P,_1, where
f(u;) = r = an even positive integer.

Suppose claim 2 is not true, s0 "P,_ ="*2 P._; = 1 = (T+2)' =6=(r+2)(r+1)
= r = 1 or r = —4, which contradicts the ch01ce of 7" Hence clalm 2 proved.

Claim 3: For {vv;,1 <i < n}, 2" P, £t P, for1 <r <n.

Suppose Claim 3 does not hold. So we get 2"+1p, =+l p_, = % =
G = Cn—r 4 3)l = (2n — 7+ 1)!

Suppose 2n—r =t, we get t> +5t+5=0=1t = %\/g andhencet < 0=2n—r <0
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= r > 2n, which is contradiction as 1 < r < n. So claim 3 is proved.

Claim 4: g (uiy1ui) # gr(viug) # gr(viuigr) # gp(vvg), for1 <i <n

We note that g¢(ujp1u;) =" Pr_a, where f(u;41 = r = an even positive integer, r > 2,
1 <i<mn,r<n gelvu) =7 Py, where f(u;) = ¢ = an even positive integer,
1<i<n1<gq<n. gglviuit1) =' Pi_3, where f(u;4+1) = t = an even positive
integer,t > 2,1 <i<n,t<n.grlov;) =" Py _1,1<i<n.

Suppose g (uit1u;) = gf(viw;) = "Pr_g =7 Py_1 = %: = % = %: = % and for if
gf(liiui):gf(UiUi+1):>qPq_1 =t Pt_3:>q!: % i%::%, )

But the ratio of factorial of two consecutive even integers(greater than 2) is atmost 55, and

80 gf(uir1ui) # gr(viu;) # gr(viwsy1). Similarly we getgy(viuip1) # g¢(vv;). Hence
the claim is proved.

Hence the induced edge labeling gy : E(LC,,) — N is injective. So Graph LC), is per-
mutation graph, for all n.

3 Figures and Examples

Illustration1  Permutation labeling of cycle C's with one chord and cycle Cg with twin
chords are given in following Figure 1 .

Figure 1 : permutation labeling of cycle Cg with one chord and cycle Cg with twin
chords.

Illustration 2 Permutation labeling of P, + K3 is given in following Figure 2 .

1 7
Figure 2 : permutation labeling of P» + Ky

Ilustration 3 ~ Permutation labeling of T} 3 is given in following Figure 3.
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4
Figure 3 : permutation labeling of T 3

Illustration4  Permutation labeling of By is given in following Figure 4.

3 9
4 10
1
2
5 7
6 8

Figure 4 : permutation labeling of By

Illustration 5 Permutation labeling of LCj is given in following Figure 5.

Figure 5 : permutatwn labeling of LCy
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4 Conclusion and Open Problems

Due to the present investigation, six new results related to permutation graphs are
found. Here We also put open problems related to permutation labeling.
Problem 1 : To prove or disprove star of some graph is permutation.
Problem 2 : To characterize graphs G and H such that join of G and H is permutation.
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