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ABSTRACT

In this paper we will show how we can estimate the error for the Finite Fourier Transform by Averaged modulus of
smoothness, for integrable 1-periodic functions defined on aclosed interval and prove results.

1. INTRODUCTION

First, we will define a set of complex sequences of lenght N+1 by

SN:{C0,61 ............... Cp:CjEC , j=0,1,....N} (1.1)
For every N € N, the finite Fourier transform (FFT) is the map from Sy to itself defined by
1 —2mijk
Fngepy, = N—HZj-V:o G e N+ 1.2)

This sequence is periodic of period N+1, it can be extended to all K € Z, itis natural to think k=~ w+ytok 1w
min == [ 7 Fmax =[]

The inverse of (FFT) is given as
Fy'((g) = Zilfnm ¢ et (1.3)
Aprincipal application of the (FFT) is to approximately compute samples of the Fourier transform of a function If f is a
function defined on [0, 1] then we define
~ 1 N j —2mijk
fve =5 j=1f(N_+1)e N+ (1.4)

The sum on the right-hand side of equation (1.4) is Riemann sum for the integral defining the k" Fourier cofficient

fk) = [} f)e 2 dx (L5)

1. Charles L.Epsten estimat the error of the (FFT) by modulus of continuity for continuous and continuous
derivatives 1-periodic function on closed interval

2. Auslander and Grunbaum estimate the error of best approximation of (FFT) in terms of the sampling models
and the frequency but are independent of the function

3. lvanov obtained some results about approximation of measurable and bounded functions by bernstein
polynomials in L, [0, 1] space

4. Hirstov used a locally global norm for bounded functions and proved that the best one-sided approximations
of 2m-periodic bounded function with trigonometric polynomials of degree n in the norm Lp

2. SOME USEFUL INFORMATION

Let f be an integrable function .on [0, 1] then, we define the Averaged modulus of smoothness

Tk (£3)p = llok,s0) ||Lp (2.1)

= [fab(wk (f, x; 5))17];
where
ké

w, (f,x;8) = sup{|A’;§f(t)|:t,t+ kh € [x—k2—6 X +7] n [a,b]}
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And
A £() = Zhio(=DMH* () f(t + MB)

k!
(T];l) = m!(k—m)!

Which called local moduli of smoothness.

Such that

An exponential polynomial of order M is a function of the form
P(x) =YMy ap e?™*  aqeC (2.2)

We denote the set of such functions by Ty ,if f is an integrable,1-periodic function defined on [0,1] ,then for each
M € N, there is a function p* € T, that is a best approximation to f such that

If =P llp=min per,, 1f >l (2.3)

Proposition 2.1 [3]: If f is an integrable on[0, 1], then for each integer n > 1, we have

F() =Pact (0) + 00 (300 + Zi—o7 fy o (f 0+ )0 (52) dv (2.4)
where P,_; is a polynomial of degree at most n-1

Proposition 2.2 [3]: Let P, _;(f) be the interpolation polynomial for f at the point h, 2h,........ ,nh
i.e

P (f3) = By f i)y (- 1) (25)
where
by (5) = bieaya G = 1)+ G () o (5)
Then
FOO = Py (320 = B3 FO) o (2) + @u (5 ) = Zig 0 (57 (5) + W7 [ 0y @u(Fijh + ) Ly (57) av
(2.6)
Lemma 2.1 [3]: We have
-1
Y, = max {Z}Ll (7) | :0<x < 1} =1 2.7)
Lemma 2.2:
-1
o = 27— (j‘) max{|ln,j @|v<x<v+1} (2.8)
Then
oy S SR 2.9)
V=0,1,2,...0=
where
1.1 1
O'V:=1+E+§+"'+; 0p:=20
In particular, for v =0, we have
-1
tno =1+ 30 (1) max{|L, (0o <x<1}<2 (2.10)
Proposition 2.3 [3]: For any function f which is integrable on [0, 1] we have
GO = Bt f G2 (G = 1) < T80, (5 ) (2.12)

For X € [vh, (v + 1)/h, h:=1/(+1),V =0, 1,0 0, 3= 145+ o=
gy=0

3. THE MAIN RESELTS
In this section we state and prove our reselts for an integrabal 1-periodic function

Theorem 3.1: If f(x) be an integrable, 1-periodic function on [0,1] then the best approximation p* to f from Ty,
satisfies

I =ply <67, 1) (3.1)

M
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Proof: Since the interpolation polynomial

(520 = B f o1y (5= 1)

In (2.12) are symmetric with respect to the middle of the interval [0, 1], it is sufficient to prove it only for x € [0, %] or
forv=0,...... , [(n-1)/2]. For v =0, from lemma (2.1) and (2.2) using

If R Olo (5) + 90 () = S @0 (530 (5) + 17 [y Zoo 0 (i + )0 () o
Using
Pu(fi2) = @ (fivh +t
=4 hl() Iy 8% f G = vy)dy
1
lon (F50)Mlp < ﬁfn(f: h)
To obtain ’

If G = P (fs 0)lp <

7, (f; h) [maxogg Lo (O] + 1 + maxpc. Z}l:o% |1, @] + X0 (i_)fot“n] )| dv]

P

By using (2.10) we have
lf () = Pra(F5 0)lp < 67,(f5 R)

Corollary 3.1: If f is an integrable, 1-periodic function on [0,1] with [ integrable 1-periodic dervatives ,then the
approximation P* to f from T), satisfies

1
o 1+1 f(zmw)
If =p*llp < 611 020 (3.2)
Now, we can state and prove our results for integrable 1-periodic function.
Theorem 3.2: for M € N and f, an integrable 1-periodic function defined on [0, 1], we have estimates
|fomie = FUO| < 2llp* = fllp forlkl<M 33)
where p* € Ty,

Proof: Since p*€ Ty, a simple calculation shows that for |k| < M we have
| Fam e = Domse + Pomre — Fuo|

fol (2M+1 [f(
(e

|forse = Bompe| < IIF =" llp

Then

ol

)= )l ]
) oo

|f2M,k - ﬁ;M,k' = [

| =

In the second line we use the triangle inquality.

S (reo —prGaleme ) dx”% <[l |(R1reo = Gotemie )P| ax|

| =

|f (k) — Damie| < NF — D7 lp

Then
|forge = Bompe + Domr — Faol < |famr = Bomge| + [Foo — Pom]

|fome = F GO < Nf = p7llp +1If = p7llp

< 2llp" = fllp
Corollary 3.2: suppose that f is an integrabal 1-periodic function with [ > 0 an integrabal 1-periodic derivatives; then
1
[Fomsc = FO| < 12 (,f};?) (34)

For |[k| <M
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Proof: From theorem (3.2)

|f2M,k - f(k)| <2llp* = fllp

Then from corollary (3.2)

1

% 1+1 f(ZnM)
“f p ||P<6 @ M)l
Then
l

s - 0] < 2.6 L)
2Mk — (ZM )l

6't} ()
=12 (2711?/1)7

Corollary 3.3: suppose that f is an integrable 1-periodic function then

|fomie| < |f(R)| + 67 (ﬁ) (3.5)

Proof: by theorem (3.2)
|f2M,k - f(k)l <2lf —p°llp

|fomie = FUO| < | famk — Pompe + Pomy — f(]f)|
< |f2Mk Pome| + |Poms — F (K|
|fomie = Bomsl < NI =27 llp
Then from theorem (3.1)
1
“f _p*“p S 6Tf (—

27‘[1\/1)
Then

|f2M,k| < lf—pllr + |f(k)|
<61 () +f ()|

Theorem (3.3) there is a universal constant C such that, if f is an integrabal 1-periodic function, then
|fomey = Fameo| < ClogM |If —p*llp

Where p* € Ty is a best approximation.

Proof: Let Dirichlet kernel
fZM(x)=fJ Dy (x = )f (»)dy

2M+1 Z 0 D (x B 21vj+1)f (21\;+1)

Then

fZM(x) =
We observe that )
|f2M(x) - f2M(x)| < |f21v1(x) —p )|+ |p*(x) - f21v1(x)|

“f 21\/11+1 7Z0 D (x - 21\;+1) [f (21\;+1) - (2M+1)] + f Dy (x =y)lp* () = f(y)]dy dx”

g2t 0n (i)l i) v il 4 e 01— of
<|lf - pn,,[ 20Dy (3 = 25| + Jy 10w Gx = )1 ]

2M+1 2M+1
Both the sum and the integral in the Iast Ime are bounded by a constant times log M

Corollary 3.4: if fis an integrabal 1-periodic function whose averaged modulus satisfies

7 (8) = o(llog 8™ (37)
Then the (FFT) partial sum (f,) converges to f on [0, 1] if f has [ integrabal periodic derivatives and r} satisfies the
above estimate, then for each 1< j < [ ,the sequence (. f,);) converges to a,{f

Proof: let p*e T}, be a best approximation to f, we will use the triangle inquality to conclude that
|fame = Fameo | < |fameo —
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Applying theorem (3.1), we see that

|fomcy = fameo | < (Clog M + 6)1f — (3.8)
2Mn

The estimate in (3.7) implies the right-hand side of equation (3.8) tends to zero as M tends to infinity. The last inquality
tell us that || f2p o) — fameo || tends to zero as M tends to infinity
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