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ABSTRACT

For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The Boolean function graph
B(Kp, INC, K_q) of G is a graph with vertex set V(G) _E(G) and two vertices in B(K, INC, K_q) are adjacent if and only
if they correspond to two adjacent vertices of G, two nonadjacent vertices of G or to a vertex and an edge incident to it
in G. For brevity, this graph is denoted by B4(G). In this paper, bounds of complementary tree domination number of
Boolean function graph B4(G) are obtained and this number is found for Boolean function graphs of particular graphs.
Also a characterization of graphs for which tree domination number is equal to 2 is obtained.
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1. INTRODUCTION

Graphs discussed in this paper are undirected and simple graphs. For a graph G, let V(G) and E(G) denote its vertex set
and edge set respectively. The graph G with p vertices and g edges is denoted by G(p, g). The points and edges of a
graph are called its elements. Two elements of a graph are neighbors, if they are either incident or adjacent. For a
connected graph G, the eccentricity e(v) = {d(u, v) : ueV(G)}, where d(u, v) is the distance between uand v in G. The
radius of G is rad(G) = min{e(v) ueV(G)}. A vertex v is a central vertex if e(v) = rad(G). A Bistar whose central
vertices have degree m and n is denoted by Sp, .

The concept of domination in graphs was introduced by Ore [11]. A set D — V(G) is said to be a dominating set of G, if

every vertex in V(G) —-D is adjacent to some vertex in D. The domination number y(G) of G is the minimum cardinality
of a dominating set. We call a set of vertices a y - set, if it is a dominating set with cardinality y(G). Many domination

parameters are obtained by combining domination with another graph theoretical property. Some domination
parameters are defined by imposing additional constraint on the complement of a dominating set. Such parameters are
called codomination parameters. Based on these, the concepts of split and nonsplit domination in graphs were
introduced by Kulli and Janakiram [8, 9]. Chen et.al. [2] defined a tree dominating set D to be a set D whose induced
subgraph <D> is a tree. The minimum cardinality of a tree dominating set of G is the tree domination number v,(G). If
there is no tree dominating set in G, then let y,(G) = 0. A dominating set D C V(G) is said to be tree dominating set if
the induced subgraph <D> is a tree. Muthammai, Bhanumathi and Vidhya [10] introduced the concept of complement
tree dominating set. A dominating set D C V(G) is said to be complementary tree dominating set (ctd-set) if the
induced subgraph <V(G) - D> is a tree. The minimum cardinality of a ctd-set is called the complementary tree
domination number of G and is denoted by y.q(G).

Whitney [12] introduced the concept of the line graph L(G) of a given graph G in 1932. The concept of total graphs
was introduced by Behzad [1] in 1966. Janakiraman et al. introduced the concepts of Boolean and Boolean function
graphs [4 - 7].

The Boolean function graph B(K, NINC, _Kq)) of G is a graph with vertex set V(G)UE(G) and two vertices in
B(Kp, NINC, _Kq)) are adjacent if and only if they correspond to two adjacent vertices of G, two nonadjacent vertices of
G to a vertex and an edge incident to it in G. For brevity, this graph is denoted by B4(G). In this paper, bounds of
complementary tree domination number of Boolean function graph B,(G) are obtained and this number is found for
Boolean function graphs of particular graphs. Also a characterization of graphs for which tree domination number is
equal to 2 is obtained. For graph theoretic terminology, Harary [3] is referred.
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2. PREVIOUS RESULTS

Observation 2.1: [6]
1. Kgyisaninduced subgraph of B,(G) and the subgraph of B4(G) induced by ¢ vertices is totally disconnected.
2. Number of vertices in B4(G) is p + g, since B4(G) contains vertices of both G and the line graph L(G) of G.
3. Number of edges in B4(G) is (p(p-1))/2 + 2q
4. For every vertex veV(G), dgag)(V) =p — 1 + dg(V)
(a) If Giscomplete, then dgag)(V) = 2(p — 1)
(b) If G is totally disconnected, then dgsg)(V) =p -1
(c) If G has atleast one edge, then 2 < dga)(V) < 2(p - 1) and dgs)(v) = 1 if and only if G = 2K.
5. y(By(G))=1lifandonlyif Gz Ky ,umK,n,m>1.
6. Foranedge e € E(G), dpa)(€) = 2
7. By(G) is always connected.

Theorem 2.1: [10] y«(G) = 1 ifand only if G = T + Ky, where T is a tree.

Theorem 2.2: [10] For any connected graph G with p > 2, y(G) <p - 1.

Theorem 2.3: [10] Let G be a connected graph with p > 2. y44(G) = p — 1 if and only if G is a star on p vertices.
Theorem 2.4: [10] Let G be a connected graph containing a cycle. Then y4(G) = p — 2 if and only if G is isomorphic
to one of the following graphs C,, K, or G is the graph obtained by attaching pendant edges at atleast one of the

vertices of a complete graph.

Theorem 2.5: [10] Let T be a tree with p vertices which is not a star. Then y(T) =p —2ifand only if T isapathor T
is obtained by attaching pendant edges at atleast one of the end vertices.

3. MAIN RESULTS
In the following, an upper bound of y¢4(B4(G)) is found.
Theorem 3.1: For any graph G with p vertices, y.4(B4(G)) < p + g — A(G) — 8(G) — 2.

Proof: Let G be a graph with p vertices. Let u be a vertex of G with deg(u) = A(G) and let v be a vertex of G with
deg(v) = t, where t = Max{deggs(Vv): v&N(u)}. Then [N(v)| = t.

If D = N(U)UN(v){u, v}, then V(B4(G)) — D is a complementary tree dominating set of B,(G) and hence
Ye(Ba(G)) <[ V(B4(G)) -D| =p+q—(A(G) +t+2)=p+q-AG)-t-2.

<p+g-A(G)-8(G) -2
Equality holds, if G = K, , and C, (m, n > 4).
Note 3.1: If G contains atleast one edge and three vertices, then y.4(B4(G)) > 2.
Theorem 3.2: Let G be a connected graph with p vertices and yeq(G) = 1. Then yq(B4(G)) < 2p - 5.
Proof: Let G be a connected graph with p vertices and v.4(G) = 1. Then G is isomorphic to T + Ky, where T is a tree
on p — 1 vertices and hence B,(G) has 3(p — 1) vertices. Let veV(K,) and u be a vertex of T with degr(u) = A(T) and
e = (u, v) and let E' be the set of edges in G incident with u, v or both. If D’ be the set of vertices in B,(G)
corresponding to the edges in E’, let D = D'U{u, v} — {e}and |D’|= degg(V)+ degr(u) +2 - 1=p—-1+ A(MT)+1=p+
A(T) and V(B4(G)) —D is a complementary tree dominating set of B4(G) and hence y4(B4(G)) < [V(B4(G)) — D’| = 3p -
3—(p+ A(T))<2p-5,since A(T) > 2.

Equality holds, if G = P,, + K, where P, is a path on n vertices.

In the following complementary tree domination number of B,4(G) is found when G is a path, cycle, complete graph,
complete bipartite graph, star and wheel.
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Theorem 3.3: If G is a Path P,on n (n > 5) vertices, then ycq(B4(P,)) =2n — 7.

Proof: Let G = P, n > 5. B4(P,) has 2n — 1 vertices. Let v;, v; be two distinct vertices of degree 2 in P, such that
de(vi, vj)) = 2 and let ey, e, be the edges incident with v; and ej;, e be the edges incident with v;. Then
Vi, Vj, €i1, iy €1, &2 €V(Ba(Pr)). If D ={ V;, vj, €1, €2, €)1, €2}, then <D>=S,, and D is a ctd — set of B4(P,,) and hence
Yed(Prn) < V(B4(Py)) = D|=2n—-1-6 =2n— 7. Let D’ be a ctd-set of B4(P,). Since K, is an induced subgraph of
B4(P,), V(B4(P,)) — D contains atmost two vertices of P,. Also each vertex of L(G) is adjacent to two vertices of G in
B4(G). Therefore any tree of B4(G) contains atmost 6 vertices and hence D’ contains atleast 2n — 1 - 6 = 2n - 7
vertices. Therefore |D'| > 2n — 7. Hence yuq4(B4(Pn)) =2n - 7.

Remark 3.1:1f C, is a cycle on n(n > 4) vertices, then yq(B4(Cy)) = 2n — 6 and y4(B4(Cs)) = 2.
Theorem 3.4: If K, is a complete graph on n vertices, then ycq(Ba4(Ky)) = (n? — 3n + 4)/2, where n > 4.

Proof: B4(K,) has n + (n(n — 1))/2 vertices. Let vy, v, ..., v, be the vertices of K, e, €13, ..., €1, be the edges incident
with vy and let ey, s, ..., €n_1, n b€ the edges incident with v,.

Then D = {vy, Vi, €12, €13, ..., €101 €2y -y Enoint < V(By(Kyp)), <D> = S, , , », and |D| = 2n — 2, where n > 4.
V(B4(K,)) — D is a ctd-set of B4(K,)) and hence ycq(B4(Kn)) < n + ((n(n — 1))/2) — (2n — 2) = (n* - 3n + 4)/2. Since K,
is an induced subgraph of B4(K,), any tree of B,(K,) has atmost 2n — 2 vertices. Therefore any ctd-set of B,(K,)
contains atleast (n> — 3n + 4)/2 vertices. Hence yea(Ba(Ky)) = (n? — 3n + 4)/2.

Theorem 3.5: If Kp, (M > n) is the complete bipartite graph, then y(B4(Kmn)) = mn—2,m, n> 2.

Proof: Let [A, B] be the bipartition of K, such that |A| = m and |B| = n. Let u, v € B. Then deg(u) = deg(v) = m. If
ey, €, ..., ey be the edges incident with u and fy, T, ..., f;, be those edges incident with v, then u, v, es, €y, ..., em, f1, f,
cony T € V(Ba(Kinn)-

Let D = {u, v, ey, &, ..., &m, 1, f5, ..., fn}. Then <D> = S, , and V(B4(Kn,n)) — D is a minimum dominating set of
B4(Kmn). Therefore, ye(Ba(Kmn) = | V(B4s(Kmp)) —Dj=m+n+mn—-(m+n+2)=mn-2.

Remark 3.2: If G is a star on n + 1 vertices, then y.q(B4(Kyn) =n—-2,n2> 2.
Theorem 3.6: If W, is the wheel on p vertices, then yeq(B4(W,)) = 3p — 9, where p > 5.

Proof: Letv, vy, Vs, ..., Vo1 be vertices of W, and lete; = (v, vi), i =1, 2, ..., p-1,
€ i+1 = (Vi, Vi+1), i=12, ... p—2 and €p-1,17 (Vp—lr Vl). | V(B4(Wp))| = 3p -1.

Then v, vy, Vo, ..., Vp1, € is1, €p-1,1€ V(Ba(W,)). Let vi, vj be two nonadjacent vertices in W, and let ej;, ejp, €3 be the
edges incident with v; and ej1, ejp, €3 be the edges incident with v;. Then ej, €, €is, €1, €2 €3€V(Ba(W,)). Let
D = {ei, € €3 €1, € €3 Vi, Vi}<V(Ba(Wp)). Then each vertex in D is adjacent to atleast one vertex in
V(B4(W,)) — D and < V(B4(W,)) — D>= S35,

Therefore V(B4(W,))—-D is a minimum ctd-set of B4(W,) and hence yc(B4(Wp)) = | V(B4(W,)) -D| = 3p -1-8 = 3p - 9.

Theorem 3.7: If G isa graph obtained from K; + T with one pendant edge attached at the vertex of Ky, where T is any
tree on p — 2 vertices, then yc(B4(G)) < 2p — A(T) — 4.

Proof: If G is a graph as stated in the Theorem, then y.q(G) = 2. Number of vertices in G is p and the number of edges
iNnGis|E(T)|+p—-2+1=p-3+p-1=2p- 4. Hence number of vertices in B,(G) isp +2p — 4 =3p — 4. Let
V(K1) = {v} and u be the pendant vertex adjacent to v in G, e = (u, v) and let vy, v, ..., V,_, be the vertices of T with
degr(vi) = A(T). Letej = (v, v)), i =1,2, ..., p— 2. Then vy, Vp, ..., Vp_3, €1, €, ..., €g_2, U, V, €€ V(B4(G)). If
D = {v, vj & e €, ..., €1, €ir1, ..., € _ 21V Np(vj)) (€V(B4(G))), then the subgraph of B,(G) induced by D is
isomorphic to Sy, Ay and |D] = p + A(T). Since the subgraph of B4(G) induced by vertices of G is complete, v, v; are
adjacent atleast one vertex of G in V(B4(G)) — D. Also ¢, €, €, ..., &1, €41, ..., _ are adjacent to u, vy, Vy, ..., Vi,
Visy, ..., Vp - 2 respectively in V(B4(G)) — D. Therefore, V(B4(G)) — D is a dominating set of B,(G) and since
D = Sp_; amy V(B4(G)) — D is a ctd-set of B4(G). Hence yq(B4(G)) < | V(B4(G)) —D|=3p -4 — (p + A(T)) = 2p — A(T)
— 4. Equality holds, if T is a path on p — 2 vertices.
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Remark 3.3: If T is a star, then A(T) = p — 3 and hence y.(B4(G))<2p—-(p-3)-4=p+7.

Theorem 3.8: If G is a graph obtained from a tree by joining each of the vertices of the tree to the vertices of K, such
that deg(v) > 2, for all veV(K,), then y.q(B4(G)) < 2p — 4.

Proof: Let V(K,) = { u, v} and degg(u) = m and degg(v) =n, wherem,n>2andm+n<pandlet T beatree onp -2
vertices. Then |E(G)|=|E(T)|+ m—1+n-1+1=p-3+m+n—-1=p+m+n-—4. Therefore [V(B4G)| = |V(G)| +
[E(G)|= 2p+ m+n—4. Letug, Uy, ..., Uy be the vertices of T adjacent to u and let vy, v,, ..., v,_1 be the vertices of T
adjacenttovin G.

Ifei=(uwandfj=(v,v) (i=12,...m-1,j=1,2,...,n-1), then D={u, v, ey, ..., 1, f1, &, ...,Fos} = V(B4(G))
and [D| = m + n. Also <D> = S,,_; 1 in B4(G). Each vertex in D is adjacent to atleast one vertex in V(B4(G)) — D and
<D> is a tree in B4(G). Therefore V(B4(G)) — D is a ctd-set of B4(G) and hence y.q(B4(G)) < | V(B4(G)) — D| =2p — 4.

Remark 3.4:1f each vertex of the tree is adjacent to both u and v in G, then y(B4(G)) = 2p — 4.
In the similar lines, the following theorem can be proved

Theorem 3.9: If G is a graph obtained from a tree by joining each of the vertices of the tree to the vertices of 2K, such
that deg(v) > 1, for all veV(2K}), then y.q(B4(G)) < 2p — 5.

Theorem 3.10: For n > 3, y(B4(Py + Kyp)) =2n - 3.

Proof: Let vy, Vy, ..., vy € V(Cp), ve V(K and lete; = (v, vp),i=1,2, ..., n; €1 = (Vi, Visr), 1 =1, 2, ..., n-1L.
IV(Ba(Pr + K1) = [V(Po)[ + [V(K)) + [E(P))l +n=n+1+n-1+n=3nLetD={v, Vo ey €, ..., &n2 €n En2nu,
en1nt- Then D is a subset of V(B4(P, + K;) and |D| = n + 3. Each vertex in D is adjacent to atleast one vertex in
V(By(P, + Ky)) — D. Also <D >= S;_; ,. Therefore V(B4(P, + Ky)) — D is a minimum ctd-set of B4(P, + K;) and hence
Yetd(Ba(Pn + Kyp)) = V(B4(Pn + K1)) =D =3n—(n+3)=2n-3.

Theorem 3.11: For n > 5, yq(B4(C + Ky)) =20 — 2.

Proof: Let vy, Vs, ..., V, € V(Cp), ve V(K and letej= (v, v),i=1,2, ..., n; €1 =(Vi, Visr), 1 =1, 2, ...,n-1; ey, 1 =
(Vi V1). IV(Ba(Cr + Ky))| = [V(Cp)| + [V(Ky) + [E(C))l + n=3n + 1.

Let D = {v, vy, €1, €, ..., €01, €n_1n, En}- Then D < V(B4(C, + Ky), and |D|=n+ 3. v, v, are adjacenttov;, i =2, 3, ...,
n-1 and e; is adjacent to v;, i = 1, 2, ..., n-1, e, 1, €y are adjacent to v, in V(B4(C, + K;)) — D. Therefore
V(B4(C, + K;)) — D is a dominating set of V(B4(C, + Ky)) and since <D> = S _; ,, V(B4(C, + K;)) — D is a ctd-set of
B4(C, + Kj). Also there is no other ctd-set containing less than |[V(B4(C, + K;))-D| vertices. Therefore
Yetd(Ba(Ch + K)) < [V(B4(C, + Ky)) - D|=3n+1—-(n+3)=2n-2, wheren>5.

Remark 3.5:v.q(B4(Cs + Ky)) = 5.
Theorem 3.12: For m, n > 2, yea(Ba(Kmn + Ky)) = n(m + 1)

Proof: Let [A, B] be the bipartition of K, ,. Assume A = {vy, V,, ..., Vm}, B = {ug, Uy, ..., U} and V(K;) = {v}. Let
g =V, ei=(v,v)and fj=(v,u),i=1,2 ....,mandj=12, .., n [V(BiKmnn + K))| = [V(Knp)| + [V(Ky)| +
E(Kmn)| + {ei, i=2,2, ..om}+Hf,j=1,2,....n}=m+n+l+mn+m+n=mn+2m+2n+ 1 IfD={v, uy, ey,
€, ...y m Toy oo, Ty €19, €21, ooy €}, then D < V(By(Knmpn + Ky)), ID| =2m + n + 1 and <D> = S;.n_1, m. As in Theorem,
V(B4(Kmn + Ky)) — D is a minimum ctd — set of By(Kn, + Ky) and hence yqq(Bs(Kmn + K1) = [V(B4(Knn + Ky)) — D] =
(mn+2m+2n+1)-(2m+n+1)= n(m+1).

Theorem 3.13: For m, n > 3, yea(Bs(Kyn + Ky)) =n + 3.
Proof: Let vy, Vs, ..., Vq, Vi €V(Ky ), Where vy is the central vertex and V(K;) = {v}. Lete;= (v, v)), i =1, 2, ..., n+1,
ey = (Va, V), ] =2, 3, ..., n+1. Then [V(By(Ky, + K)) = [V(Kip)l + V(KD + [{ei, i =1, 2, ..., n+1} + {er;, j = 2,3, ...,

n+l}=n+1+1+n+1+n=3n+3.

If D = {Vv Vl! e21 e31 ey ena elZy e131 ey eln} c V(B4(Kl,n + Kl))! then |D| = Zn and <D> = Sn—l,n—l- AISO V(B4(Kl,n + Kl)
— D is a minimum ctd-set of B4(Ky, + K;) and hence yeg(By(Kin + Ki)) =3n+3-2n=n+3.
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Theorem 3.14: For p > 5, yq(Ba(Wp + Ky)) =2p - 1.

Proof: Let vy, vy, ..., V, be vertices of Wy, where v, is the central vertex and ve V(Ky). Let the edges of B,(W, + K,) be
denoted by & = (v, vi), i =1,2, ..., ps e = (v, V), ] =2, 3, ..., p; (& €s1) = (Vi, Vira), i1 =2, 3, ..., p-1 and
&2 = (Vp, V2). V(Ba(W, + K1) = (V(W, + Ky) U (E(W, + K1) and [V(Ba(W, + Kp)| = V(W + Kp)| + [E(W, + Ky)| =
P+)+p+(P-1)+(pP-2)+1=4p-1.IfD={v, vl e2e3, ..., ep, el2 el3, ..., elp}c V(B4W, + Ky)), then
V(B4(W, + K;)) — D is a dominating set of W, + K;. Also <D> = S_; , ;. Therefore V(B4(W, + K;)) — D is ctd-set of
B4(W, + K;) and hence yea(Ba(W, + Ky)) < | V(B4(W, + Ky)) — D| = 4p -1 — 2p = 2p —1. Also there exists no ctd-set in
B4(W, + Ky) having 2p —1 vertices. Hence yqq(B4(W, + Ky)) =2p — 1.

In the following, tree domination number of B4(G) is found.
Observation 3.1: y(B4(G)) = y«(B4(G)) = 1 ifand only if G = K; , u mKy, n, m > 1.

Theorem 3.15: Let G be not a star and 3(G) > 1. Then y,(B4(G)) = 2 if and only if there exists a minimum point cover
of G containing two adjacent vertices.

Proof: Let D be a minimum point cover of G containing two adjacent vertices say, u, v. Then each vertex of G in B4(G)
is adjacent to both u and v. Since D is a point cover, each edge in G is incident with atleast one of u and v. Therefore
vertices in B4(G) corresponding to the edges of G are adjacent to atleast one of u and v and hence D is a dominating set
of B4(G). Also <D> = K,. Therefore D is a tree dominating set of B4(G). Hence y,(B4(G)) < |D| = 2. Since G is not a
star, y4(B4(G)) > 2. Therefore y,(B4(G))= 2.

Conversely assume v,(B4(G)) = 2. Then there exists a tree dominating set D of B4(G) containing two vertices and D
contains atleast one vertex of G, since vertices of line graph L(G) of G in B4(G) are independent. Let D = { u, v}. Then
<D>=~ K2 in B4(G)

Case 1: ueV(G) and ve V(L(G))
Then veE(G) and u is incident v in G. Since D is a dominating set of B4(G), each edge in G is incident with u. That is,
ao(G) =land G= Kl,na n>2. But Ytr(B4(K1, n)) =1.

Case 2: u, v eV(G)
Then D is minimum point cover of G containing two adjacent vertices and a,(G) = 2.

Theorem 3.16: For any graph G with 8(G) > 1, v(B4(G)) = 0 if and only if either 0x(G) > 3 or all the point covers of G
containing two vertices are independent sets of G.

Proof: Assume ao(G) > 3. Then there exists a minimum point cover of G containing three vertices. Then D is a
dominating set of B,4(G) and but <D> = C; in B4(G) and D will not be tree dominating set of B4(G). Therefore
Ye(B4(G)) =0

Conversely assume y4(B4(G)) = 0. If ap(G) = 1, then v(B4(G)) = 1. If a,o(G) = 2 and if there exists a point cover D of G
with |D| = 2 and <D> = K,, then y4(B4(G)) = 2. Therefore either ao(G) > 3 or all the point covers of G containing two
vertices are independent sets of G.

CONCLUSION

In this paper, bounds of complementary tree domination number of Boolean function graph B4(G) are obtained and this
number is found for Boolean function graphs of particular graphs. Also a characterization of graphs for which tree
domination number is equal to 2 is obtained.
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