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   ABSTRACT 

In this paper we study some properties of curvature tensor, projective curvature tensor with respect to semi-symmetric 

metric connection in a k-contact and trans-Sasakian manifold. Further we obtained necessary and sufficient condition 

for the Ricci tensor to be symmetric and skew-symmetric with respect to this connection ∇
~

. 

 

Key words and phrases: k-contact manifold, trans-Sasakian manifold, semi-symmetric metric connection, projective 

curvature tensor. 
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1. INTRODUCTION 

 

The idea of semi-symmetric linear connection on a differentiable manifold was introduced by Friedmann and Schouten 

[7]. A linear connection ∇
~

 in a n –dimensional differentiable manifold M  is said to be semi-symmetric connection if 

its torsion T
~

 is of the form. 

                                                       
,)()(),(

~
XYuYXuYXT −=

                                                                                      (1.1) 

 

where u  is 1 -form The connection ∇
~

 is said to be metric connection if there is a Riemannian metric g  such that 

0
~

=∇g , otherwise it is non-metric. 

 

In 1932, Hyden [9] defined a semi-symmetric metric connection on a Riemannian manifolds and this was further 

developed by Yano [14] in 1970 and later studied by.Amur and Pujar [1], Bagewadi [2], De et al [6], Sharafuddin and 

Hussain [12]. 

 

Tripathi [13] studied a semi-symmetric metric connection in a Kenmotsu manifolds whereas Bagewadi et all studied k-

contact and trans-Sasakian manifolds with reference to this connection. 

 

2. PRILIMINARIES 

 

Let n
M  be an almost contact metric manifold [5] with almost contact metric structure ),,,( gηξφ , that is  φ  is a )1,1( –

tensor field, ξ is a vector field, η  is a 1 –form and g is a compatible Riemannian metric such that 

 

(i)   ξηφ ⊗+−= I2 ,      (ii) 1)( =ξη  ,       (iii) 0)( =ξφ ,           (iv) 0=φοξ ,                                                             (2.1) 

 

                                                       )()(),(),( YXYXgYXg ηηφφ −= ,                                                                             (2.2) 

------------------------------------------------------------------------------------------------------------------------------------------------ 
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(i) ),(),( YXgYXg φφ −= ,                         (ii) )(),( XXg ηξ =  ,                                                                                      (2.3) 

for all ., TMYX ∈  
 

If M  is a k –contact Riemannian manifold, then besides (2.1) and (2.2), the following relations hold [11]: 

                                          ( ) )(),()(),(),( YZXgXZYgZYXR ηηη −= ,                                                                          (2.4) 

                                                           XX φξ −=∇ .  ,                                                                                                      (2.5) 

 

                                                      ( ) ),()(. YXgYX φη −=∇  ,                                                                                           (2.6) 

 

                                                       )()1(),( XnXS ηξ −=  ,                                                                                            (2.7) 

 

for any vector field YX , ,where R  and S denotes respectively the curvature tensor of type )3,1( and the Ricci tensor of 

type ).2,0(  
 

An almost contact metric structure ),,,( gηξφ  in M  is  called trans-Sasakian structure[9]if ),,( GJRM ×  belongs to the 

class 4W  ([4],[8]) where J  is the almost complex structure on RM × defined by ))(,(),(
dt

dXX
dt

dXJ ηλξφλ −= for 

all vector fields X  on M and smooth functions λ  on RM × and G  is the product metric on RM × This may expressed 

by condition[4]. 

                                       ( ) ( ) ( )XYYXgXYYXgYX φηξφβηξαφ )(),(.)(),()(. −+−=∇                                                    (2.8) 

 

for some smooth function α  and β  on M  and we say that the trans-Sasakian structure is of type ).,( βα Let M be an n

–dimensional trans-Sasakian manifold. From (2.8) it is easy to see that 

                                           ( )ξηβαφξ )(. XXXX −+−=∇                                                                                              (2.9) 

 

                                        ( ) ),(),()(. YXgYXgYX φφβφαη +−=∇                                                                                    (2.10) 

 

In a n –dimensional trans-Sasakian manifold, we have 

    ( ) ( )XXXR −−−= ξηξββαξξ )(),( 22  ,                                                                              (2.11) 

 

                                           02 =+ αξαβ ,                                                                                                                    (2.12) 

 

                           ( ) αφβξββαξ )()2()()(1(),( 22
XXnXnXS −−−−−−= ,                                                                   (2.13) 

 

If a n –dimensional trans-Sasakian manifold of type ).,( βα , we have [3]. 

                                              ( ) βαφ gradngrad )2( −=
.
                                                                                              (2.14) 

 

Then equation (2.11) and (1, 13), reduces to 

                                        ( ) ( )XXXR −−= ξηβαξξ )(),( 22  ,                                                                                       (2.15) 

 

                                       ( ) )()(1(),( 22
XnXS ηβαξ −−= .                                                                                            (2.16) 

 

In the whole paper we study trans-Sasakian manifold under the condition (2.14). 

  

Let ),( gM
n  be an n –dimensional Riemannian manifold of class ∞

C  with metric tensor g  and let ∇ be the Levi-

Civita connection on .n
M A Linear connection ∇

~
on ),( gM

n  is said to be semi-symmetric [12] if the torsion tensor T
~

of 

the connection ∇
~

 satisfies 

                                                   ,)()(),(
~

XYYXYXT ππ −=                                                                                        (2.17) 

 

where π  is a 1 –form on ),( gM
n  with ρ  as associated vector field,i.e. ),()( ρπ XgX =  for any differentiable vector 

field X  on ),( gM
n

. 
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A semi-symmetric connection ∇
~

 is called semi-symmetric metric connection [7] if it further satisfies 0
~

=∇g .In a 

almost contact manifold the semi-symmetric metric connection is defined by identifying 1 -form π  of (2.17) with 

contact 1 -formη , i.e. setting [12] 

                                                           ,)()(),(
~

XYYXYXT ηη −=                                                                                 (2.18) 

with ξ  associated vector field i.e. )(),( XXg ηξ =  
  

The relation between the semi-symmetric metric connection ∇
~

 and the Levi-Civita connection ∇  of ),( gM
n has been 

obtained by .Yano [14], which is given by 

                                                ξη ),()(..
~

YXgXYYY XX −+∇=∇                                                                               (2.19) 

 

Further, a relation between the curvature tensor R  and R
~

 of type )3,1( of the connection ∇ and ∇
~

 respectively is given 

by [14]: 

                       FYZXgFXZYgYZXKXZYKZYXRZYXR ),(),(),(),(),(),(
~

+−+−=  .                                            (2.20) 

 

where K is a tensor of type )2,0(  defined as  

                              ),()(
2

1)()())(.(),(),( ZYgZYZZFYgZYK X ξηηηη +−∇==                                                        (2.21) 

 

for any vector field X and Y .From (2.20), it follows that 

                                    ),(),()2(),(),(
~

ZYgaZYKnZYSZYS ⋅−−−=                                                                          (2.22) 

where S
~

denotes the Ricci tensor with respect ∇
~

 to and TrKa = . 

 

3. MAIN RESULTS  

 

Lemma: 3.1. Let ),( gM
n be an −n dimensional trans-Sasakian manifold with semi-symmetric metric connection ∇

~

Then 

 

���
( ) ξφφηφφ ),()())(.()(.
~

YXgXYYY XX −−∇=∇




����
XXX

2)1(
~

φβαφξ −−−=∇



�����
( ) ),()1(),()(.
~

YXgXYgYX φφβφαη ++=∇



 

Proof: From (2.1)-i and(2.19) we get (i). Iin view of (2.9) and (2.19) and by using(2.3)-(ii),we get(ii). Finally taking 

covariant derivative of (2.3)-ii and using(2.3)-i and (2.9) we get (iii). 

This proves the lemma3.1. 

 

Corollary: 1 In a −n dimensional trans-Sasakian manifold ),( gM
n  with semi-symmetric metric connection ∇

~
 the 

tensor field K  of type )2,0( satisfies 

                                            02 =+ IF  , for all .X  
 

Let R ′
~

be the curvature tensor of )4,0( type given by 

                                       ),),(
~

(),,,(
~

UZYXRgUZYXR =′
 

 

Theorem: 3.1 In a −n dimensional trans-Sasakian manifold ),( gM
n  with semi-symmetric metric connection ∇

~
 we 

have 

(i)

{ }
),(

2
1)()1)((

))()(),(((),(),(2),()(),(
~

22

22

ZYgYZ

ZYZYgZYKZYgZYgZYR

++−−

−−−+−=

ηβα

ηηξβξφαββαξ

 

 

(ii) 0),(
~

),(
~

),(
~

=++ YXZRXZYRZYXR  
 

(iii) 0),),(
~

),),(
~

=′+′ WZXYRWZXYR  
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Proof: From (2.15) and (2.20) we get 

          
[ ] FYZgFZYgYZKZYKYZZYgZYR ),(),(),(),()(),()(),(

~ 22 ξξξξηξβαξ +−+−−−=                                     (3.1) 

 

Using (2.10) and (2.21) in(3.1) ,we get(i) i.e. 

                

{ }
),(

2
1)()1)((

))()(),(((),(),(2),()(),(
~

22

22

ZYgYZ

ZYZYgZYKZYgZYgZYR

++−−

−−−+−=

ηβα

ηηξβξφαββαξ

                                      

(3.2) 

 

By using (2.20) and first Bainchi identity 

                                    
0),(),(),( =++ YXZRXZYRZYXR

 . 

with respect to Levi-Civita connection ∇ .we get 

                  
FXYZgFZYXgXYZKZYXKFYXZgZXYKYXZK

FYZXgFXZYgYZXKXZYKYXZRXZYRZYXR

),(),(),(),(),(),().(

),(),(),(),(),(
~

),(
~

),(
~

−−+−−+−

+−+−=++
                             (3.3) 

 

Therefore K  is symmetric then equation (3.3) reduces to 

                                             0),(
~

),(
~

),(
~

=++ YXZRXZYRZYXR  
 

Finally (2.20), we get 

                    ),(),(),(),(

),(),(),(),(),),(),),(
~

WFYgZXgWFXgZYg

WYgZXKWXgZYKWZYXRWZYXR

+−

+−=′
                                                         (3.4) 

 

By changing the role of X  and Y  in (3.4), we get 

                          ),(),(),(),(

),(),(),(),(),),(),),(
~

WFXgZYgWFYgZXg

WXgZYKWYgZXKWZXYRWZXYR

+−

+−=′
                                                   (3.5) 

 

Adding (3.4) and (3.5) and using (2.21) we get (iii)i.e. 

                                              0),),(
~

),),(
~

=′+′ WZXYRWZXYR  
 

This proves the theorem3.1. 

 

Corollary: 2 If the curvature tensor R
~

 with respect to semi-symmetric metric connection ∇
~

 vanishes in trans-Sasakian 

manifold the scalar curvature of the manifold is that .2ar −= . 

 

4. SYMMETRIC AND SKE-SYMMETRIC CONDITION 

 

Theorem: 4.1 The Ricci tensor S
~

 with respect to semi-symmetric metric connection ∇
~

 in a trans-Sasakians manifold is 

symmetric if and only if ),(
2

),( ZYg
n

a
ZYK

−
= . 

 

Proof:  From (2.22), we get 

                           ),(),()2(),(),(
~

ZYgaZYKnZYSZYS ⋅−−−=                                                                                     (4.1) 

and                       

                                   ),(),()2(),(),(
~

YZgaYZKnYZSYZS ⋅−−−=                                                                             (4.2) 

 

Subtracting (4.2) from (4.1), we get 

                                        
),(2),()2(2),(

~
),(

~
ZYgaZYKnYZSZYS ⋅−−−=−

 
 

If S
~

is symmetric then left hand side of above equation vanishes then, we get 

                                                           ),(
2

),( ZYg
n

a
ZYK

−
=   

This prove the theorem 4.1. 

 

Theorem: 4.2.The necessary and sufficient condition for the Ricci tensor S
~

with respect to connection ∇
~

 in trans-

Sasakian manifold is skew-symmetric is that    

                                        ),(),()2(),( ZYgaZYKnZYS ⋅+−=  
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Proof: From (4.1) and (4.2), we get 

            
),(2),()2(2),(2),(

~
),(

~
ZYgaZYKnZYSYZSZYS ⋅−−−=+                                                                  (4.3)

  

If S
~

is skew-symmetric then left hand side of the equation(4.3) vanishes then, we get 

                      ),(),()2(),( ZYgaZYKnZYS ⋅+−=                                                                                                   (4.4) 

 

Moreover if using (4.4.) in(4.3),we get  

                                 
0),(

~
),(

~
=+ YZSZYS   

 

This proves the theorem4.2. 

 

Corollary: 3 In a k-contact manifold with semi-symmetric metric connection ∇
~

 we have 

(i) 
                          

( ) )(43
2

1
),(

~
XanXS ηξ −−=  

(ii)  )()(
2

122
),()2(),(

2

1
),(),(

~
YX

an
YXgnYXgaYXSYXS ηηφφφ �

�

�
�
�

� −−
−−+�

�

�
�
�

�
−+=

�
 

5. PROJECTIVE CURVATURE TENSOR 

 

Let M be an n –dimensional k-contact manifold. The projective curvature tensor P
~

 of type )3,1(  of with respect to the 

semi-symmetric metric connection ∇
~

 is defined by[10]. 

{ } { }

{ }YXZSXYZS
n

YZXSXZYS
nn

n
ZXYSZYXS

n
ZYXRZYXP

),(
~

),(
~

1

1

),(
~

),(
~

),(
~

),(
~

1

1
),(

~
),(

~

2

2

−
−

−

−
−

−−
+

+=

                                                       (5.1)   

 

Theorem: 5.1 An n -dimensional ξ -projectively flat k-contact manifold is locally ξ -projectively flat with semi-

symmetric metric connection ∇
~

. 

 

Proof: Let P
~

and P be the projective curvature tensor with respect to ∇
~

 and ∇  respectively 

By using (2.20) and (2.22) equation (5.1) reduces to 

{ } { }

{ } [ ]

( ) FXZYgFYZXgXZYgYZXg
nn

na

XZYKYZXK
n

n

nn

nn
YXZSXYZS

n

YZXSXZYS
nn

n
ZXYSZYXS

n
ZYXRZYXP

),(),(),(),(

),(),(
1

)2()2(
1),(),(

1

1

),(),(),(),(
1

1
),(),(

~

2

222

2

−+−
−

+

−��
�

�
��
�

�

−

−
−

−

−
−+−

−
−

−
−

−−
+

+=

                                               (5.2) 

 

Equation (5.2), yields 

[ ]

( ) FXZYgFYZXgXZYgYZXg
nn

na

XZYKYZXK
n

n

nn

nn
ZYXPZYXP

),(),(),(),(

),(),(
1

)2()2(
1),(),(

~

2

22

−+−
−

+

−��
�

�
��
�

�

−

−
−

−

−
−+=

                                                                        (5.3) 

 

Taking ξ=Z  in (5.3) and using (2.10) and(2.21),we get                                                                                                                      

[ ]

FXYFYX

YXXY
nn

an

n

n

n

n
YXPYXP

)()(

)()(
)1(2

)2(

)1(2

)2(

2

1
),(),(

~

22

ηη

ηηξξ

−+

−
�
�

�

�

�
�

�

�

−
+

−

−
−

−

−
−+=

                                                                    (5.4) 

 

Taking X and Y orthogonal to ξ ,we get 0),(
~

=ξYXP  
 

This prove of the theorem5.1. 
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