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ABSTRACT

A Roman dominating function on a graph G = (V; E) is a function f: > {0, 1, 2} satisfying the condition that every
vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2: The weight of a Roman dominating
function is the value f(V) =¥,y f (w). The minimum weight of a Roman dominating function on a graph G is called the
Roman dominating number of G: In this paper, we introduced the concept of strong Roman domination which is the
generalization of Roman domination and we study the graph theoretic properties of this variant of the domination
number of a graph.
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1. INTRODUCTION

Let G = (V; E) be a graph of order |V | = n: For any vertex v € V; the open neighborhood of v is the set N(v) = {ueV:
uv € E} and the closed neighborhood is the set N[v] = n(v) U{v}: For a set SCV; the open neighborhood S is
N(S) = X,es N(v) and the closed neighborhood is N[S] = N(S)US:

Let v € SCV: Vertex u is called a private neighbor of v with respect to S (denoted by u is an S pn of v) if
u € N[v] -N[S-{v}]: An S pn of v is external if it is a vertex of V S: The set pn(v; S) = N[v] -N[S-{v}] of all S -pn's of
v is called the private neighborhood set of v with respect to S: The set S is said to be irredundant if every v € S;
pn(v; S) # o:

A set S V is a dominating set if N[S] = V; or equivalently, every vertex in V-S is adjacent to at least one vertex in S;
The domination number y (G) is the minimum cardinality of a dominating set in G; and a dominating set S of minimum
cardinality is called a y-set of G:

A set S of vertices is called a 2-packing if for every pair of vertices u; v € S; N[u] \ N[v] = ¢: The 2-packing humber
P,(G) of a graph G is the maximum cardinality of a 2-packing in G: A set S of vertices is called a vertex cover if for
every edge uv € E; eitherue Sorv e S:

A Roman dominating function (RDF) on a graph G = (V; E) is defned in [7] as a function f: V—{0, 1, 2} satisfying the
condition that every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2: The weight of a
RDF is the value f(V) =Y,y f(w). The Roman dominating number of a graph G, denoted by yr(G), equals the
minimum weight of an RDF on G.

Stated in other words, a Roman dominating function is a colouring of the vertices of a graph with the colours {0, 1, 2}
such that every vertex coloured 0 is adjacent to at least one vertex coloured 2: The idea is that colours 1 and 2 represent
either one or two Roman legions stationed at a given location (vertex v). A nearby location (an adjacent vertex u) is
considered to be unsecured if no legions are stationed there (ie f(u) = 0). An unsecured location (u) can be secured by
sending a legion to u from an adjacent location (v): But Emperor Constantine the Great, in the fourth century A:D:;
decreed that a legion cannot be sent from a location v if doing so leaves that location unsecured (ie if f(v) = 1). Thus,
two legions must be stationed at a location (f(v) = 2) before one of the legions can be sent to an adjacent location.
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In 2004, Cockayne et al. [1] studied the graph theoretic properties of Roman dominating sets. In recent years many
authors studied the concept of Roman dominating functions and Roman domination numbers [1]-[8].

In this paper, first we introduced the concept of Strong Roman domination which is the generalization of Roman
domination. A Strong Roman dominating function(SRDF) is a function f: V— {0, 1, 2, 3} satisfying the condition that
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 3 and every vertex u for which
f(u) = 1 is adjacent to at least one vertex v for which f(v) = 2: The weight of a SRDF is the value f(V) =Y, ey f(w):
Theminimum weight of a SRDF on a graph G is called the Strong Roman domination number of G: Then we study the
graph theoretic properties of this variant of the domination number of a graph.

2. PROPERTIES OF STRONG ROMAN DOMINATING SETS

For a graph G = (V; E); let V- {0, 1, 2, 3} and let (Vo, V1, V3, V3) be the ordered partition of V induced by f; where
Vi={veV:f(v) =i} and |V = n; for i =0, 1, 2, 3: Note that there exists a correspondence between the function
f:V — {0, 1, 2, 3} and the ordered partition (Vy, V1, V,, V3) of V: Thus we will write f = (V,, Vi, V2, V3): A function
f = (Vo, V1, Vy, V3) is a Strong Roman dominating function (SRDF) if V; >V, and V, >V, (where A >B means that
the set A dominates the set B). (ie) Vo S N[V3] and V; € N[V,]: The weight of f is f(V) =Y.,y f(w). The Strong
Roman domination number, denoted by ysr (G), equals the minimum weight of an SRDF of G. we say that a function
f=(Vo, V1, V,, Va) isa ysg -function if it is an SRDF and f(V) = ys (G):

Theorem 2.1: For any graph G; y(G) < ysr(G) < v(G).

Proof: Let f = (V,, V1, V,, V3) be a ysg-function. Since V3> V, and V>V, (V, U V3) is a dominating set of G:
Therefore y(G) < | [V2 [Va| =| V2| +| V3| 2| Vo +2| V3 =y (G):

Now, let S be a -set of G: Define (Vg, V1, Vo, V3) = (V\'S; &; &; S) and let f = (Vq, V1, V3, V3): Since V3>V, and
V, >Vy; fis an SRDF and ysg(G) = f(V) =2|S| =2y (G):

Theorem 2.2: For any graph G; y(G) # y sr(G):

Proof: Let f = (Vo, Vi, V2, V3) be a ysg-function. The equality y(G) = ysr(G) implies that we have an equality in
Y(G) < |V4| + |V3| £ 2]V, + 2|V3| = ysr(G): Hence, |V, = 0 and [V3| = 0 which implies Vo = ¢ and V; =¢: Therefore there
is no vertices in G which is a contradiction.

Theorem 2.3: For any graph G; yr(G) < ysr(G):

Proof: Let f = (Vy, V1, V5, V3) be an ysg-function. Since Vi >V, and V, >Vy; f = (Vgo, Vi, V,, V3) is a Roman
dominating set of G: Therefore,
Yr(G) <[Vo U V, UV
= Vol + [Va| + V3
=2|V3| + |V
< 2|V + 2|V,
=vsr(G):

Theorem 2.4: Let f = (Vy, V1, V,, Vi) be any ysg-function. Then,
(i) G[V.]; the subgraph induced by V, has maximum degree 0. (ie.) There is no edge in G[V,]:
(if) No edge of G joins V; and Va:
(iii) No edge of G joins V, and Va:

Proof:
(i) Suppose uv is an edge in G[V,]: Form a new function f° by changing (f(u); f(v)) = (2; 2) to (0; 3): Then f® is an
SRDF with (V) < f(V); a contradiction.
(i) Let uv € E(G) where f(u) = 2 and f(v) = 3: Form a new function f° by changing f(u) = 0: Then f° is an SRDF
with (V) < f(V); a contradiction.
(iii) Let uv €E(G) where f(u) = 1 and f(v) = 3: Form a new function f° by changing f(u) = 0: Then f° is an SRDF
with (V) < f(v); a contradiction.

Theorem 2.5: Let f = (Vy, V1, V,, Vi) be any ysg-function. Then,
(i) Each vertex of Vg is adjacent to at most one vertex of V: (ie.) V; is a 2-packing.
(if) Vsisa y-setof H; = [V, U V3]
(iif) Vs a y-set of H, = [V, UV]:
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Proof:
(i) Suppose vy € V is adjacent to ay, b, V!
Let £ = (Wo, W1, W,, W3) where
Wo = (Vo U {az; bo}) \ {vo}
Wl = Vl
W, =V, \ {a,; by}
W;=V3U {Vo}:

It follows that f°(V ) = 2(n,- 2) + 2(nz + 1) = 2n, + 2n,- 2
<f(V)= ysr(G):

But Since W5 >W, and W, >W/; f° is an SRDF with (V) < f(V); a contradiction.

(ii) Suppose that S is a dominating set of G[V, U V3] and |S| < |V : Define f° = (W,, W1, W,, W3) by
Wo:(VOUV3)\S

Wl = Vl

W2 = V2

W; = S:

Then W5 > Wo; W, > W, and f is an SRDF.

However; f(V) = 2]W,| + 2|W;|
=2|Vo| + 2I8]
<2n,+2n3
= f(V); which is a contradiction:

(iii) Suppose that S is a dominating set of G[V; U V,] and | S| <|V,| : Define > = (W,, Wy, W, W3) by
Wo = Vo

W1 = (V1 U Vz)\ S

W2 =S

W3 = V3:

Then W5 > Wo; W, > W, and f is an SRDF.

However; (V) = 2|W,| + 2|W;|
=2[S| + 2|V
<2n, +2n3
= f(V); a contradiction:

Theorem 2.6: Let f = (Vy, V1, V,) be any ysg-function. Then,
(i) Each vertex veVs has at least two V3 - pns in Hy = G[Vy U V3]:
(if) If visisolated in G[Vs] and has precisely one external V3 - pn (in H = G[V, U V3]) say weV,: Then
NW\Vi=0¢:

Proof:

(i) By Theorem 2.5 (ii), V3 is a -set of H; and hence is a maximal irredundant set in Hy: Therefore each v € V3 has
at least one V3 -pnin Hy:

Let v be isolated in G[V;3]: Then v is a V3 -pn of v: Suppose that v has no external Vs- pn: Then the function
produced by changing f(v) from 3 to 2 is an SRDF of smaller weight, a contradiction. Hence v has at least two
V3 -pns in Hy:

Suppose that v is not an isolated in G[Vs] and has precisely one Vs - pn(in H,) say w; consider the function
produced by changing f(v) to 0 and f(w) to 1 or 2. The vertex v is still defended because it has a neighbor in Vs:
All of V% neighbors in V, are also defended, since every vertex in V, has another neighbor in V3 except w;
which is now in V, or V,: Therefore, this new function is a SRDF of smaller weight, which is a contradiction.
Again we can conclude that v has at least two V5 pns in Hy:

(i) Suppose that N(w) \ V; #¢ : Lety € N(w) \ Vy: Define a new function > with °(v) = 0; °(y) = 0; f°(w) = 3 and

0(x) = f(x) for all other vertices x: Therefore (V) = f(V), | N(w) \ V4| < f(V); which is a contradiction to the
minimality of f:
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Theorem 2.7: For any non-trivial connected graph G;
vsr(G) =min{2 y (G\S) +|S| : Sisa2 packing}

Proof: Let f = (Vq, V1, V,, V3) be a ygr-function of a graph G: From Theorem 2.5(i), we can assume that V, is 2-
packing. It follows from Theorem 2.5(ii) that V3 is a y -set of the graph G \S obtained from G by deleting all vertices in
V3 and V,: Thus ysg(G) = min{2y(G\S) + | S |: S is a 2-packing}. Conversely, let V; and V, are 2-packings for which
2 (G\'S) + |S| is minimum, and let V3 be a y -set of G (V,UV,): Then (V\(V1UV,); Vi; V,; V3) is an SRDF, and
vsr(G) = 2|V3| + 2|V, =min{2 y(G\S) +| S |: Sis a 2-packing}.

3. CONCLUSION AND SCOPE

In this paper, we introduced a new variation of domination is called Strong Roman dominating function. Then we
studied some basic properties of Strong Roman dominating sets.

Among the many questions raised by this research and the particular interest of the authors, we propose the following
open problems.

Problem 3.1: Can you nd other properties of Strong Roman dominating sets and functions?
Problem 3.2: Can you determine the bounds for Strong Roman domination number?

Problem 3.3: What can you say about the minimum and maximum values of ny, ny, n, and n; for a ysg function
f=(Vo, V1, Va, V3) of a graph G?
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