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ABSTRACT

The aim of this paper is to examine some convergence as well as some stability results for a pair of nonself mappings
using a newly introduced Jungck—multistep iteration and given contractive condition. The results are generalization,
improvements and extensions of the works of Olaleru and Akewe [16] Olatinwo [20, 21], Bosede[4],Singh et al. [28],
Rhoades[24] as well as of some other analogous ones in the literature.

1. INTRODUCTION AND PRELIMINARIES

Many authors have worked on multistep iteration schemes to approximate fixed points for a pair of quasicontractive
maps in Banach spaces. First of all, Jungck introduced an iteration for a pair of contractive maps[8]. One of the most
general contractive like operators which have been studied by several authors is the Zamfirescu operators[31] .Rhoades
[24] used Zamfirescu operators to obtain some convergence results for Mann and Ishikawa iteration processes in a
uniformly convex Banach space. Osilike [22] generalized and extended some of the results of Rhoades [24] by using a
more general contractive definition than those of Rhoades: there exist ae [0, 1), L > 0 such that

d(Tx, Ty) <Ld(x, TX) +ad(x,y) V x,ye X (1.1)

In 2003, Imoru and Olatinwo [18] proved the stability of the Picard and the Mann iteration processes for the following
operator which is more general than the one introduced by Osilike [22].The operator satisfies the following contractive
definition: there exist a€ [0, 1) and a monotone increasing function ¢ : R*—R™ with ¢ (0) = 0, such that

d(Tx, Ty) < @ (d(x, TX)) +ad(x,y) V x,ye X (1.2)

Olatinwo et al. [19] also considered the stability of the Ishikawa and Kirk iteration process when the operator satisfies
(1.2).

Let (X, |I]) be a normed linear space and S, T: Y—X are nonself operators with T(Y) < S(Y), S(Y) a complete
subspace of X such that for each pair of points x, y in X at least one of the following is true:

(i) d(Tx, Ty) <ad(Sx, Sy)

(if) d(Tx, Ty) <b [d(Sx, Tx) + d(Sy, Ty)]

(iii) d(Tx, Ty) <c [d(Sx,Ty) + d(Sy, TX)], (1.3)

Maps satisfying (1.3) are called generalized Zamfirescu operators.

Olatinwo and Imoru [17] proved some convergence results for the Jungck—Mann and Jungck-Ishikawa iteration
process in the class of generalized Zamfirescu operator.

Singh et al. [28] established some stability results for Jungck and Jungck-Mann iteration processes by employing two
contractive definitions:
ITx = Tyll < ¢(ISx — TX|[) + L |Sx-Sy]|, L >0,

ITx = Tyl < ¢(|ISx — TX||) + 5[|Sx-Sy]|, 5€[0, 1), (1.4)
both of which generalize those of Osilike [19] .
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Noor [12] introduced a three step iterative scheme and studied the approximate solutions of variational inclusion in
Hilbert spaces. It has been shown in [6] that the three-step iterative scheme gives better numerical results than the two-
step and one-step approximate iterations. Thereafter, Suantai [29] defined the new three-step iterations which are
extensions of Noor iterations and gave some weak and strong convergence theorems of the modified Noor iterations for
asymptotically nonexpansive mappings in Banach space.

Results obtained in this paper can be considered as a refinement and improvement of the previously known results:
Xne1 = (1=0tn =B —¥n) Xn + 0t TY, +Bn TZ, + 71 T,
Y, = (1-b,—c, )X, +b, Tz, +c,Tx,
z,=(l-a,)x,+a,Tx,n=0,1,2,....., (1.5)

where {a.}, {bn}, {co}, { bn + ¢y }, {on }, {Br}. {vn}, and {an +Bn +yn }are sequences in [0, 1] satisfying certain
conditions.

The aim of this paper is to introduce and employ the newly iterative scheme, i.e., modified Jungck-multistep iteration
process defined iteratively by the sequence {an }::0 as follows:
X0€Y, SXnu1 = (10 —Bn —1n)SXn + 0ty TY + Bo TYS" + 1, T,
Syl = (1-b! —c!)Sx, +b Ty + ¢ Tx,, i=1,2,...... k-2, (1.6)
Sy = (1-b¥")Sx, + b Tx, n=0,1,2,..... k>2,

where {a, }7 o, {By o { Y}y {0/}, {ci}o,, i=1,2,...k-1are real sequences in [0,1) such that Zocn =0,
n=0

Putting y, = B,=0 in (1.6), we obtain the Jungck-multistep iteration defined by J.O. Olaleru and H. Akewe [16];
SXns1 = (100 )SXq + a0 TY'
Syl = (1-b))Sx, +b! Ty™ i=1,2,.... k-2, (L.7)
Sy<'= (1-bfM)Sx, + b T, n=0,1,2,.... k> 2,

where {a, }7,,, {b.}>, ,i=1,2,....k-1are real sequences in [0,1) such that Zocn =00,
n=0
If v, = Br=0, k=3 in (1.6), we have the Jungck-Noor iteration [21]:
SXne1 = (1-0an )SXn + 0t TY,,

SY, = (1-b,)Sx,+b Tz, (1.8)
Sz,=(1-b!)Sx, + Db T, n=0,1,2,..
If vy, = Br=0, k=2 in (1.6), we have the Jungck-Ishikawa iteration [17]
SXp+1 = (10t )SX, + ay Tyn )
SY,=(1-b,)Sx,+b,Tx,, n=0,1,2,... (1.9)

If vy, = By=0, k=1 in (1.6), we have the Jungck-Mann iteration[17]:
SXpe1 = (1-0an )SXn + 0ty TX,, N=0,1,2,... (1.10)

In addition to multistep iteration process (1.6), the following contractive definition is used:
ITx — Tyl| < e {g(lIsx — Tx|) + 8liSx-Syi[}, (1.12)
where ¢ is monotonic increasing function with $(0) =0, 6<[0, 1) and L > 0.

Remark 1.1: Contractive condition (1.11) Is more general than (1.4), as by putting L= 0 in (1.11), we get (1.4)
Definition 1.1: [9] A point x € X is called a coincidence point of a pair of self maps S, T if there exist a point w (called
point of coincidence) in X such that w = Tx = Sx. Let C(S, T) = (x € X such that Sx = Tx). Self maps S and T are said
to be occasionally weakly compatible if they commute at some of their coincidence points, that is, STx = TSx for some
xe C(5,T)
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Remark 1.2: Weakly compatible mappings are Occasionally weakly compatible but converse is not true.

Definition 1.2: [28] Let S, T: Y — X be nonself operators for an arbitrary set Y such that T(Y) < S(Y)and z a

coincidence point of S and T such that Tz = Sz = p. Let {an}::o c X, be the sequence generated by an iterative

procedure
SXpe1 =F(T, %, ), N=0,1.......... (1.12)

where X, € X is the initial approximation and f is some function. Suppose {an }::0 converges to p. Let {Syn}::0 c X
be an arbitrary sequence in X and set € = d(Yn.1, f(T, yn)), n = 0,1,...Then, the iterative procedure (1.12) is said to be
(S, T)-stable or stable if and only if lim €,=0 implies lim Sy, =p.

nN—w

nN—w

Lemma 1.1 [3]: If & is a real number such that 0 <& < 1, and { &, },_, is a sequence of positive numbers such that
lim €,= 0, then for any sequence of positive numbers {u,},, satisfying upy < ,+¢€,,n=0,1,2....,

n—oo

We have lim u, =0

n—o0

2. MAIN RESULTS

Theorem 2.1: Let (X, |||]) be an arbitrary Banach space, S, T: Y — X are nonself operator for an arbitrary set Y such
that T(Y) < S(Y) and that (1.11) holds. Suppose z is a coincidence point of S and T such that Tz = Sz = p. Then the
multistep iteration {Sx,} given by (1.6) converges strongly to p. In addition, if Y=X and S, T are occasionally weakly
compatible mappings, then p is unique common fixed point of Sand T.

Proof: Since Tz = Sz = p, using (1) and (2), we have
1S%ne1 =PIl < (L—ctn —Bn ~¥0) [1S%0=Pll + o [ TYE =PIl + Ba I TYS" =PIl + vl TXa—pll

< (1=t =B —1n) ISXe—pll + 0 €T £4(|ISZ-T2||) + 3]| Sy;, —Sz [I}

+ Bo €15 T Lo(IISz-Tzl)) + 8 ||y —SzI}+ 1 €15 {0(lISz-T2ll) + & [ISxe-Szll}

= (1-0tg =B — ) ISXo—pl+adlIS Yy, —SZ [[+81 3| Sy ' ~Sz|| +v 5||Sx-S7|

= (1=aty =B =¥ + Yn 8) [ISX=pll + atn ]IS Yy, — Pl + B 3S y< ™ —pll (2.1)
An application of (1.6) and (1.11) yields
ISys —pll< (@~ bl —ch) ISx—pll + b}, IIT y2 -pll+ ChITx—pl]

<(1-b}, —c;) lISx—pll + by, €15 T o(lISz-Tz|)) + 5S y2 ~Sz}+ C}, % Lo (|ISz-Tz]l)+5]|Sx, —Sz[[}

= (1-b} —cb) lISx,—pll + 8 b} IS Y2 —pll + C, 8lISxa-pll

=(1-b! —cl+ct8) [[Sxa—pll +5 bl IS y2 —pll (2.2)
Again using (1.6) and (1.11), we have
ISys™ =pll< (- b [ISxe-pll + b** [Tx, - pl|

< (10 [ISx—pl| + b eI Lo (|ISz-T||) + 8 [|Sxe-Sz[}

= (1~ b7 [ISxa—pll + 8 b [|Sxa—pll
= (1- b + 3 b [ISx—pl| (2.3)

Substituting (2.2) and (2.3) in (2.1) and rearranging the terms, we have

1S%ns1 =PIl < {1ty (1-8) —Bo(1-5) — Yn(1-5) ~Bctq C*(1-8)-5By bP(1-5) — & 0tn b, HISxe—pll+ & an B} IS Y —pll (24)
Similar to (2.2), an application of (1.6) and (1.11) gives

IS s —pll< (1- by —cf +c78) ISx-pll + 8 b7[ISy; —pl (25)

Substituting (2.5) in (2.4) and rearranging the terms, we have
[1SXn+1 =PIl < {1-0ta(1-8) —Bn(1-8) —yn(1-8) —daty Ci (1-8) — 6By bk_l(l_S)

— 8o, by, (1-8) =8 o1y b}, €2 (1-8) —8% g b, b2 3 {ISxe—pll + 5% b}, b2[ISy; —pl (2.6)
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Similar to (2.5), an application of (1.6) and (1.11) gives

ISy —pll < (1-b% —c3 +c23) IISx.-pll + 8 b3 [ISy: —pl| 2.7)

Substituting (2.7) in (2.6) and rearranging the terms, we have

11S%ns1=Pl| < {1=0n(1-8) —B(1-8) — yn(1-8) —datn b (1-8)— Sar, CF (1-5)
— 8B bPY(1-8) ~8% oy b1CA (1—8) —8%aL,bhb2 (1-8) - 8% o, bhb2cE (1- )

n

~ 8% o, bED2D3}ISxpll + 8 oy byb2b3ISys — pll

n=n=n

< {1-0,(1-8) - &° ot b b203 } Sx-pll + 8° oy b7 ALE [ISy; —pll (2.8)

Continuing the above process, we have
11S%n+1 =l < {1-0tn(1- 8) — 8% 0, b D203 ... K23 [ISx0—pll + 8 o b D2D3 ... bE2 ||SY* ™ —p||
< {1-0,(1-8) - 82 &, bEb2b3 ... bX? 3 |ISx,—pl
+8 Lo, bib2b3 ... DK {1 |Sxe—p]| +0* [ Tx—p]}
< {1-(1-8) oy — 8% @, b1 b2b3 ...... X2} [Sx-pl|
+8 o bbby | i (- [ISxepll + byt e g (ISz—Tz) + 8lISx, —Szl[}]
= {1-(1-8)0,-82 0y L b2 ..... DK 2 HISx—pl[+8 Loy b D2D3 ... DE2 {1-DX + 5 bX T }{|Sx—p
< 1-(1-8)0tn — 82 01, BLDZ ... b % (1-8)} |ISX, —pl|
< {1-(1-8)ow} [ISx—pl|

< T [{2-(-8)ouc Hisxo - pll
k=0

n
-(1-5
[Te P lisxo-pll

<
k=0
~(18) E K
=€ " ISx—pll (2.9)
o Y
Since 0<8<1, o €[0, 1) and Zan =o0,then lime k=0 =0

nN—o0
n=1

It follows from (2.9) that 1im ||Sx,.;—p|| = 0. Therefore {Sx, },_, converges strongly to p.
n—o0

Now we show that p is unique. If possible, let p* be another point of coincidence then Tz*= Sz" = p* for some z* e X.

Hence, from (1.7) we have
ITz=T2'[| = [Ip - p'll < e {o(lISz - Tz|)) + 8]|Sz-S2"|[} = 8Ip-p’ll

Since 0 <8 <1, then p = p“and so p is unique.

Since S, T are occasionally weakly compatible, then Sp = STz =TSz = Tp and hence p is a coincidence point of Sand T
and since the coincidence point is unique, then p = p* and hence Sp= Tp = p and therefore p is unique common fixed
pointof Sand T.

Corollary 2.2: [Theorem 3.2 [16]] Let (X, ||-|[) be an arbitrary Banach space, S, T: Y — X are nonself operator for an
arbitrary set Y such that T(Y)C S(Y) and that (1.4) holds. Suppose z is a coincidense point of S and T such that

Tz = Sz = p. Then the multistep iteration {Sx,} given by (1.7) converges strongly to p. In addition, if Y = X and S, T are
weakly compatible mappings, then p is unique common fixed point of S and T.

Corollary 2.3: Let (X, ||]|) be an arbitrary Banach space, S, T: Y — X are nonself operator for an arbitrary set Y such
that T(Y) < S(Y) and that (1.11) holds. Suppose z is a coincidence point of S and T such that Tz = Sz = p. Then the
Jungck- Noor iteration (1.8) converges strongly to p. In addition, if Y=X and S, T are occasionally weakly compatible
mappings, then p is unique common fixed point of Sand T.

Remarks:
© 2016, IIMA. All Rights Reserved 234
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2.1 If L=0n (1.10), then weaker version of corollary 2.3 gives the results of [20] where the convergence is to

the coincidence point of Sand T and S is assumed injective.

2.2 We know that Jungck-Mann and Jungck Ishikawa iterations are special cases of Jungck-Noor iteration, so if
L= 0, then weaker version of corollary 2.3 gives results of [20]. where the convergence is to the coincidence

point of Sand T and S is assumed injective. Also weaker version of corollary 2.2 gives results of [4].

2.3 Since the contractive condition(1.11) is more general than (1.4) and( 1.3) so convergence theorems for
operators satisfying(1.4) and (1.3) using multistep iterations (1.6), (1.7) and Jungck —Noor iteration (1.8) are

obtained in theorem 2.1, corollary 2.2 and corollary 2.3 respectively.
2.4 1f S =4 (identity map), corollary 2.3 gives the results of [2] with the help of remark 2.2.

Theorem 2.4: Let (X, ||-|[) be a normed linear space and S, T: Y—X are nonself operators such that (1.11) holds and
T(Y) < S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any

Xo€Y, let {SX, }_, be the Jungck-multistep iteration defined by (1.6) with 0< o< o, 0< B< B, 0<y <7y, 0< bin <b,

forall i=1,2,3,...k-1and for all n, converges to p. Then the Jungck-Multistep iteration is (S, T) stable.

Proof: Suppose that {Sy, }._, be an arbitrary sequence in X and define
{ €, ::0 by SRS ISYn+1 — (1—atn —Bn —¥n) SYn — Oy Tpn — Bn an —nTVYall;
where Sp, =(1-b! —c!)Sy, +b! Tq, +C Ty, i=1,2,..... k-2,
Sq,=(1-b¥™M)Sy, +b* Ty, n=0,1,2,.... k>2,

Let lim €, = 0, then by employing contractive condition (1.11) and the triangle inequality to establish that

lim Sy, = p:
n—oo
[1SYne1 =P [I < (1ot =B =v0) ISYn =P | + ctn I TP, =P I1+B4 | TQ, =P [#7a [Tyapll + €,
An application of (1.11) and (2.10) gives
ITp, Tzl <e"* ™1 {o(|Sz-Tz|)) + 8| Sp, —Sz [}
=9||Sp, —Sz||
<5{(1-b} —c!)[Sy, —Sz| +b! [Tq, - Tz| +} [Ty, Tz} i=12. k-2

ITq, ~Tz || <"1 {o(Isz-Tz]) + 5] Sq, — Sz I}
= 8|Sq, —Sz|
<3{(1-by")[Sy, —Sz| +b&*|Ty, -Tz|3i=12.k-2
<5 (1-by)[S¥hy —Sz| + 5 {e" "= {o(Isz-Tz|) +5]| Sy, —Sz I}
<38 (1-by*+a’byh)[Sy,-Sz|

From (1.11) we have
ITy—Tz|| <e-" 1 {4(ISz-T2|) + 8||Sy, —Sz [}

=9||Sy, —Sz|

Substituting (2.13) and (2.14) in (2.12), we have
ITp,~Tzli< (8—38by —8c, +8°b, — 8°b, by ' +8°b, by ' +8°c, )||Sy, —S7|

n

Substituting (2.13), (2.14) and (2.15) in (2.11) and rearranging the terms, we have
1SYne1 =P | < [L-0tn (1-8)-Ba(1-8) —yn (1-8) — ad by, (1-8) —ausd €, (1-3)
—Bd bl (1-8)-,82 0! bX T (1-8)]]|Sy, —Sz |l +€,
< [1-0(1-8)-B(1-8) —y(1-8)-adb (1-8) —adc(1-8) —Bdh(1-8) —ad’d* (1-8)] ISy, —Sz || +€,
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Since 0 < 1-o(1-8)-B(1-8) —y(1-8) —odb (1-5) —adc(1-8) —BSh(1-8) —a 8% b* (1-8) < 0 and lim €, = 0, using
n—o0

Lemma (1.1) in (2.16) yield lim Sy, =p.
n—oo

Conversely, let lim Sy, = p. Then an application of contractive condition (1.11) and the triangle inequality gives
n—oo
€, < 1SY iy — P IF(2~0t=Ba 1) 1Sy —pll +oun [ TP, —p H+Ba [ A, =P [+7a [ITya—Pll (2.17)

Substituting (2.13), (2.14) and (2.15) in (2.17), we have
€, <IISY =Szl + [1-0t (1-8)—Ba(1-8)-1n (1-8) — ad b}, (1-9)

~0,8 C! (1-8) B 5 bX ™ (1-8)-a8° B!, bX T (1-8)] || Sy, —Sz ||
<|ISy, ., —Sz |+ [1-a(1-8)-B(1-8) —y(1-8)-adb(1-8) —ade(1-8) —B & b(1-8)-as?b*(1-8)]|ISy, —Sz  (2.18)

Since

0 < 1-0(1-8)-B(1-8) —y(1-8)-adh (1-8)—adc(1-8) —pdb(1-8) —as’h? (1-8) <0 and lim Sy, = p, from (2.18) we
n—oo

have lim €,=0

n—o0

Corollary 2.5: Let (X, ||-||) be a normed linear space and S, T: Y—X are nonself operators such that (1.11) holds and
T(Y) < S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any x.

oY, let {Sx, }._, be the Jungck-multistep iteration defined by (1.7) with 0< a< a,, 0< bL <b, forall i=123,...k-1
and for all n, converges to p. Then the Jungck- multistep iteration (1.7) is (S, T) stable.

Corollary 2.6: Let (X, ||||) be a normed linear space and S, T: Y—X are nonself operators such that (1.11) holds and
T(Y) < S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any x.

oY, let {Sx, }._, be the Jungck-Noor iteration defined by (1.8) with 0< o< a,, 0< bi , b < b for all n, converges to
p. Then the Jungck-Noor iteration (1.8) is (S, T) stable.

Corollary 2.7: Let (X, ||-|[) be a normed linear space and S, T: Y—X are nonself operators such that (1.9) holds and
T(Y) < S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any
XY, let {Sx }._, be the Jungck-Ishikawa iteration defined by (1.10) with 0< a< a,, 0< b}1 <b forall n, converges

to p. Then the Jungck-Ishikawa iteration is (S, T) stable.
Remark 2.5: If L=0, then corollary 2.2 gives theorem 3.2 in [19]

Corollary 2.8: Let (X, ||||) be a normed linear space and S, T: Y—X are nonself operators such that (1.10) holds and
T(Y) < S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any

Xo€Y, let {SX, }._, be the Jungck-Mann iteration defined by (1.10) with 0< a< o, for all n, converges to p. Then the
Jungck-Mann iteration is (S, T) stable.

Remark 2.6: As contractive condition (1.11) more general than [1.4] corollary 2.8 gives results in [28]

Remark 2.7: As given condition 1.11 is more general than generalized Zamfirescu operators, the above results
[2.5-2.8] also hold for generalized Zamfirescu operators (1.3).
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