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ABSTRACT
The concept of ideal in an Almost Semilattice (ASL) is introduced and the smallest ideal containing a given nonempty
subset ofan ASL L is described. Also, several properties of ideals are derived. Proved that the set ./(L), of all ideals in

an ASL L, is a distributive lattice and also, the set P.7(L), of all principal ideals form semilattice is established.
Derived set of equivalent identities for the intersection of any family of ideals is again an ideal and a 1-1 correspondence

between ideals (prime) of L and ideals (prime) P.7(L) is established. Finally obtained, every amicable set in L is
embedded in a semilattice P.7{L).
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1L.INTRODUCTION

Ideals were first studied by Dedekind, who defined the concept for rings of algebraic integers. Later the concept of ideal
was extended to rings in general. M. H. Stone investigated ideals in Boolean rings, which are lattice of a special kind.
There is already a well-developed theory of ideals in lattice. We wish to show that it is useful to extend the notion of ideal
to the more general systems called Almost Semilattice.

There are only one reasonable way of defining what is to be meant by an ideal in a lattice. Recall that Dedekind’s
definition of an ideal in aring R is that it is a collection J of elements of R which (1) contains the difference a—Db, and

hence the sum a+b, of any two of its elements @ and b forall a,be J,and (2) contains all multiples such as
ax or ya ofanyof X,yeR and aeJ , By analogy, a collection J of elements of a lattice L is called an ideal
if (1) it contains the lattice sum @b of any two of its elements @& and D, and (2) it contains all multiples

anXx ofany Xe L and a e J. The analogy is that the greatest lower bound , or lattice meet aMb corresponds
to product in a ring, and the least upper bound, or lattice join @\Ub corresponds to the sum of two elements in a ring.

In this paper, we introduce the concept of an ideal and smallest ideal containing a given nonempty setinan ASLL with
binary operation o and prove that the set (L) of all ideals of L forms a distributive lattice, the set P (L), of all
principal ideals of an ASL L is a semilattice. Also, given an equivalent conditions for the intersections of arbitrary
family of ideals in an ASL L is again an ideal. We establish a one-to-one correspondence between ideals of L and
ideals of P4 (L), in particular a one-to-one correspondence between prime ideal of L and prime ideal of PJ'(L). In
this paper, we prove that if | is an ideal of L and K be a nonempty subset of L which is closed under the
operation o and | MK =, then there exists aprimeideal P of L suchthat | ¢ P and PK = . Finally,
we obtain every amicable set is embedded in a semilattice P (L).
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In section 2, we collect a few important definitions and results which are already known and which will be used more
frequently in the paper. In section 3, we introduce the concept of ideal in an ASL L and prove that the set 4 (L) of all
ideals of L forms a distributive lattice for which the set P (L) of all principal ideals of L is a semilattice. In this section,

we derive set of identities for the intersection of arbitrary family of ideals in L is again an ideal and hence the set (L)
is a complete lattice. In section 4, we define a prime ideal in an almost semilattice and prove that a one-to-one
correspondence between J'(L) and the set of all ideals in P4(L) also, prove that a one-to-one correspondence between

the set of all prime ideals in L and the set of all prime ideals in P4 (L). Finally, we prove that every amicable set in L is
embedded in the semilattice P4 (L).

2.PRELIMINARY

In this section we collect a few important definitions and results which are already known and which will be used more
frequently in the paper.

Definition 2.1: [2] A semilattice is an algebra (S, *) satisfying where S is nonempty set and * is a binary operation
on S satisfying:

Lo x*(y*z)=(X*y)*z
2. X*xy= yxX
3. X*kX=X, forall X,y,z€S.

Definition 2.2: An ideal in a semilattice L is a nonempty subset which closed under initial segments.

Definition 2.3: A proper ideal P of asemilattice (L, ) issaid to be prime ideal if forany a,beL,aob e P, then
either aeP or beP.

In other words, a semilattice is an idempotent commutative semigroup. The symbol * can be replaced by any binary
operation symbol, and in fact we use one of the symbols of A, Vv, + or . , depending on the setting. The most natural

example of a semilattice is (P(X) , M), or more generally any collection of subsets of X closed under intersection.
A sub semilattice of a semilattice (S, *) isasubsetof S which is closed under the operation *. A homomorphism
between two semilattices (S,*) and (T,*) is a map h:S—T with the property that

h(x*y) =h(x) *h(y) farall X,y eS. An isomorphism is a homomorphism that is 1-1 and onto. It is worth

nothing that, because the operation is determined by the order and vice versa.Also, it can be easily observed that two
semilattices are isomorphic if and only if they are isomorphic as ordered sets.

Definition 2.4: [3] An algebra (L,o) of type (2) is called an Almost Semilattice if it satisfies the following axioms:

(AS;) (Xoy)oz=Xo(yoz) (Associative Law)
(AS,) (Xey)oz=(yoX)oz (Almost Commutative Law)
(AS;) Xox=x (Idempotent Law)

Definition 2.5: [3] Let L be a nonempty set. Define a binary operation o onL by:Xoy =1y, forall X,yelL.
Then (L,°) is called discrete ASL.

Definition 2.6: [3] Forany a,be L where L isan ASL, we saythat @ islessorequalto b andwrite a<b,
if acbh=a.

Definition 2.7: [3] Let L bean ASL.Thenforany a,be L, wesaythat a is compatible with b and write
a ~b ifandonlyif acb=boa.Asubset S of L issaidtobe compatible set if a ~b,forall a,beS

Definition 2.8: [3] Let L bean ASL . Then a maximal compatible setin L iscalleda maximal set.

Definition 2.9: [3] Let M be a maximal setin L. Then anelement X € L issaid to be M — amicable if there
exists @€ M suchthat @oX=X.
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Lemma 2.10: [3] Let L bean ASL.Thenforany a,belL,aocb=boa whenever a<bh.
Theorem 2.11: [3] Let M be amaximal setin L and a€ M . Thenforany xeL,Xxcae M.

Corollary 2.12: [3] If M isamaximal setand X € L is M-amicable, then there is a smallest element a € M with
the property @o X = X . We denote this element @ of L by x"

Corollary 2.13: [3] Let M be a maximal set and X € L be M-amicable. Then xM s the unique element of M
such that X" ox =X and xox™ =x".

Definition 2.14:. [3] If M is amaximal set in L, then we denote the set of all M-amicable elements of L by AM (L)

Theorem 2.15: [3] Let M be a maximal set. Then (A, (L),°) isan ASL . Moreover, forany X,y € A, (L), we
have (xoy)" =x"oy".

Definition 2.16: [3] A maximal set M in L issaid to be amicable if A, (L) = L. Thatis, every element in L is
M-amicable.

Definition 2.17: [3] Anelement M € L is said to be unimaximal if meXx =X forall Xe L.

Definition 2.18: If (P, <) is a poset which is bounded above in which every nonempty subset of P has glb, then
every nonempty subset of P has lub and hence is a complete lattice.

3.IDEALS

In this section, we introduce the concept of an ideal in an ASL L and describe the smallest ideal containing a given
nonempty subset of L . We further prove that the set (L) of all ideals of L forms a distributive lattice for which the
set P (L) ofall principal ideals of L is a semilattice.

Throughout the remaining of this section, by L we meanan ASL (L, o) unless otherwise specified. In the following,
we give the definition of an ideal inan ASL L.

Definition 3.1: A nonempty subset | ofan ASL L issaidtobean ideal if Xxel andaeL, then Xxcael.

From the definition of ideal in ASL L, it can be easily seen that every ideal is closed under the operation o and hence

every ideal is a sub ASL of L. But, any subset of L which is closed under the operation o need not be an ideal.
For, consider the following example:

Example 3.1: Let L ={a,b,c}. Define a binary operation o on L as below:

OO0 O

o|loc|®|o

D | DD

o|lo|o|o

Inthis ASL, the set {@,b} is closed under the operation o, but not an ideal, since boc =c ¢{a,b}.

In the following theorem, we describe the ideal generated by a given nonempty subset S of L ; that is, the smallest
ideal of L containing S .

Theorem 3.2: Let S be a nonempty subset of L . Then (S]={(c[,S)oX|Xel,s S where
1<i<nandnis a positive integer} isthe smallestideal of L containing S .
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Proof: Suppose S is a nonempty subset of L. Then forany S€S,wehave S=SoS and hence S < (S]. Thus
(S] is nonempty. We shall prove that (S] is an ideal. Let ae(S] and te L. Then a=(o]_,S,)o X for some
xel and 5,€S forall 1<i<n. Now, aot=((ol,s)ox)ot=(o;5)o(Xot)=(cl,s)oy where
y=XotelL.Thus aote(S]. Hence (S] is an ideal of L. Now, it remains to prove that (S] is the smallest
ideal of L containing S . Suppose J is an ideal of L such that S < J. Then for any te(S], we have

t=(c",S)ox forsome XeL and ;€S where 1 < i < n. This implies that t = (o]_,S;)oX, Xe€ L and
s;€ScJ forall 1< i< n.Thus teJ.Hence (S]< J. Therefore (S] isthe smallest ideal containing S .

If S =4{a},thenwewrite (a] instead of (S] and is called the principal ideal of L generated by a.Now, we have
the following.

Corollary 3.3: Let L bean ASL and aeL.Then (a]={a-x| xe L} isanideal of L.
Corollary 3.4: Forany a,beL,ae(b] ifandonlyif a=boa.

Proof: Suppose ac(b]. Then @a=Dbot for some teL. Now, hboa=bo(bot)= (bob)ot=bot=a.
Therefore @ =boa. Converse follows by the definition of (a].

Corollary 3.5: Let | beanideal of L.Then forany a,be L, acbel ifandonlyif boael.

Proof: Suppose | is an ideal of L and suppose that aocbel . Then (aob)oael . It follows that
boa=bo(aca)=(bca)oca=(ach)cae|.Similarly, we can prove the converse.

Corollary 3.6: Forany a,beL,(acb]=(boa].
Proof: Since (aob)ot=(boa)ot forall teL,itfollowsthat (acb]=(boa].
Recall that forany a,b e L, with a<b,wehave aob =boa.Now, we have the following.

Corollary 3.7: Let | be an ideal of L. Then, for any Xl and ae L, aoxel and hence | is an initial
segment of L ;thatis, X | and ae L suchthat a<x implythat ael.

Proof: Suppose | is an ideal of L and suppose Xl and ae L suchthat a<Xx.Then @a=aoX=Xoa. It
follows that @€ |, since Xoael .

It is clear that every initial segment | of L contains the zero element O . Now, we have the following theorem.

Theorem 3.8: Let L be an ASL . Then the intersection of any class of an initial segments of L is also an initial
segment of L.

Proof: Let {I;},_, be aclass of an initial segments of L . If the index set J is empty, then ﬂ I, =L, whichis
jed
clearly an initial segment of L . Suppose J is nonempty. Since each initial segment contains O , it follows that ﬂ |j
jed
contains 0. Now, we shall prove that ﬂ I is an initial segment of L. Let acL and X e ﬂ I, such that
jed jed
a<x.Then xel,; foral jeJ and a<x. Since I; is an initial segment of L, ael; foral jeJ.

Therefore a € ﬂ ;. Thus ﬂ I, isan initial segment of L .
jed jed

© 2016, IJMA. All Rights Reserved 63



G. Nanaji Raol, Terefe Getachew Beyene*2 / Ideals in Almost Semilattice / IJMA- 7(5), May-2016.

Theorem 3.9: Let {I,},_; be a nonempty class of an initials segment of an ASL L. Then U I is also an initial

jed

jed
segment of L.

Proof: Put | = U |J- . Since the index set is nonempty and each Ij is nonempty, it follows that | is nonempty.
jel
Suppose a€L and Xel with a<x. Then Xe Ij for some jeJ . Since Ij is an initial segment of L,

Xe |j for some j e J . Therefore X € U |j.Thus U |j is an initial segment of L .
jed jed
Note that, In(L) denote the set of all initial segment of an ASL L.

Theorem 3.10: In(L) is a complete lattice, with respect to set inclusion, in which for any {Ij}jEJ , glb

{, o =1 andwn {13, =15

jed jed
In the following, we prove that, the set (L) of all ideals inan ASLL is a distributive lattice. For this, first we need the
following.

Definition 3.11: Let | and J areidealsin L.Then I nJ ={xeL]| xel and xeJ}.

Lemma3.12:If | and J areidealsofan ASL L,then I ©J isanidealof L.

Proof: Suppose | and J are anideals of L. Thenclearly | and J are nonempty subsets of L . Hence we can
choose Xl and yeJ. Then we have Xoy el and hence yoxel. Also, we have yoXe J. Therefore

yoxelmJ.Hence | mJ isnonempty. Clearly | NJ isanideal of L.
It can be easily seenthat | n"J ={acb|aelandbe J}.
Definition 3.13: Let | and J areidealsin L.Then lUJ ={xeL]| xel or xeJ}.

Lemma3.14:If | and J areidealsof L,then 1 UJ isanideal of L.

Proof: Suppose | and J are ideals of L. Thenclearly | and J are nonempty subsets of L. Hence 1 UJ is
nonempty. We shall prove that | U J isanidealof L.Let XelWJ and ae€ L. Theneither Xl or XeJ.
If Xel, then Xoael clWJ .Thus | UJ isanideal of L.

It can be easily seen that the intersection (union) of any finite family of ideals of an ASL L is again an ideal. Now, we
have the following theorem whose proof is straightforward.

Theorem 3.15: Theset J(L) ofall ideals of an ASL L is a distributive lattice with respect to set inclusion.

Next, we prove that the set Py (L), of all principal ideals in an ASL L is a semilattice. For this, we need the
following.

Lemma3.16: Forany a,be L, be(a] ifandonlyif (b] < (a].

Proof: Suppose be(a]. Then b=ach. Now, let te(b]. Then t=bot=(ach)ot=ao(bot) e(a].
Thus (b] < (a]. Converse is trivial, since a € (b].

Lemma3.17: Let a,be L.Then (a] < (b] whenever a<b.

Proof: Suppose @<b . Then a=aob . Now, let te(a]. Then t=aot=(aoch)ot=(boa)ot=
bo(act) e (b]. Therefore (a] < (b].
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Lemma 3.18: Forany a,be L, (acb]=(a]o(b]=(b-a].

Proof: Suppose @,b € L and suppose t e (a]o (b] = (a]n(b]. Then te(a] and t e (b]. Thuswe have t=aot
and t=bot. Now, t=aot=ao(bot)=(ach)ote(acb]. Hence (a]o(b]< (aob]. Conversely, let
te(acb]. Thent =(acbh)ot=ao(bot)e(alandalso, t = (aob)ot = (boa)oct=bo(aot)e (b]. Thus
te(@n®] . Hence (acblc(aln(d]=(aJoe(b] . Therefore (aJo(b]=(acb] . Hence
(aeb]=(a]e(b] = (a]n(b] = (b]n(a] = (b-a].

Now, we have the following theorem, whose proof follows by the above lemmas.
Theorem 3.19: Let L be an ASL . Then the set P (L) of all principal ideals of L is a semilattice.

It can be easily seen that the above semilattice PJ(L) is not a sub-lattice of the distributive lattice J°(L). Let us recall that
anelement @ of L issaidtobe minimalif Xe L , x<a implythat X = a. Observe that, forany ae€ L, a is
minimal if and only if bea =a. forall be L. Also, observe that L has O if and only if L has unique minimal

element. Also seen that, if X isaminimal elementin L and | isanideal of L,then X € | .We have observed that
the intersection of a finite family of ideals is again an ideal. But, the intersection of an arbitrary family of ideals need not

be an ideal again, in a general ASL . In the following theorem we give set of identities for the intersection of an arbitrary
family of ideals is again an ideal. For this, first we need the following.

Lemma 3.20: If L has minimal element, then the set of all minimal elements of L forms an ideal.

Proof: Suppose L has a minimal element say a. Now, put | ={m|misaminimal elementin L}. Then clearly
| isnonempty, since a€l.Let Xel and teL.Then SoX=X forall SeL.

Now, So(Xot)=(SoX)ot=xot for all SeL . Thus Xot is a minimal element of L . Hence Xotel .
Therefore | isan ideal.

Theorem 3.21: The following conditions are equivalentinan ASL L.
(1) The intersections of any family of ideals is nonempty

(2) The intersections of any family of ideals is again an ideal
(3) Theclass g(L) has least element

(4) Theclass g(L) is complete

(5) The class P4(L) has least element

(6) L hasaminimal element

Proof: Suppose {Ia}a€5 be a family of ideals in L and suppose | = ﬂ I, is nonempty. Then clearly | is
aed

nonempty and | isanideal of L .Thisproves (1) = (2).Ifwetake | = ﬂ I, .Thenby (2), | isanideal of
I, €l(L)

L, and clearly | is the least element of #°(L). This proves (2) = (3). Since 4(L) is bounded above by L and any
nonempty subset of 4 (L) has glb, follows by 4 (L) has least element. Hence (3) = (4). Clearly (4) = (5).
(5) = (6): Suppose P (L) has least element say (a]. Now, we shall prove that @ is a minimal element in L.
Suppose X € L suchthat X <a.Thenwe have (x]c< (@].Itfollowsthat (x] = (a],since (a] is minimal. Hence
ae(a]=(x].Therefore @a=Xoa=aoX,since x<a.Hence a< X Therefore by antisymmetric, X =a . Thus
a isminimal. (6) = (1) follows by every ideal contains a minimal element.

4 THE SEMILATTICE PS(L)

We have proved in the previous section that the class P (L) of all principal ideals of L forms a semilattice. In this

section, we prove that a one-to-one correspondence between set of all ideals (prime ideals) in L and set of all ideals
(prime ideals) in PS(L).
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Throughout the remaining of this section, by L we mean an ASL (L,c) unless otherwise specified. In view of

corolary 3.5, we give the following definition of a prime ideal inan ASL L which coincides with the well known
concepts of prime ideal in semilattice.

Definition 4.1: A proper ideal P of L issaidtobe a primeideal ifforany x,yeL, Xoye P implies that
XeP or yeP.

Lemma 4.2: A proper ideal P of L is prime if and only if for any ideals | and J of L, | nJ < P implies that
lcP o JcP.

Proof: Suppose | and J are an ideals of L such that I"J < P.If | <P, then the lemma holds true.
Assume that | & P . Then there exists Xe | such that Xg¢ P . Let yeJ . Then yoxeJ and hence
XoyeJ.Also, Xoyel . Hence XeyelnJ P . Since P is prime ideal and X¢ P, yeP . Thus
J < P. Conversely, assume the condition. We shall prove that P is a prime ideal. Let X,y € L such that

XoyeP.Then (X]o(y]=(Xoy]< P.Therefore (X]< P or (y]< P.Hence Xe P or ye P. Therefore
P is prime.

The following theorem establishes the relation between the ideals (prime ideals) of L and the ideals (prime ideals) of
the semilattice PJ'(L).

Theorem 4.3: Let L bean ASL . Then we have the following:

1. Foranyideal | of L, I°:={(a]|ae 1} isanideal of Ps(L). Moreover, | isprimeifandonlyif 1° is
prime.

2. Foranyideal K of the semilattice Py (L), K ={a e L| (a] € K} isanideal of L.Further, K isprime
ifand only ifsois K°.

w

Foranyideals I, and 1, of L, I, 1, ifandonlyif 1,°cI,".

For any ideals K; and K, of P7(L), K, c K, ifandonlyif K,° < K,*.

e

1°° =1 forallideals | of L.

6. K=K forallideals K of Ps(L).

Proof:

1. Suppose | isanidealof L.Then 1° ={(a]| a e I}. Now, weshall provethat 1° isanideal of Ps(L).
Since | is nonempty, it follows that 1° is nonempty. Let (@]€1°® and (t]e Ps(L). Then ael and
te L. Therefore actel.Hence (a]o(t]=(aot]el®. Thus 1° isanideal of PS(L). Suppose | isa
prime ideal of L. We shall prove that |° is a prime ideal of Py (L). Let (a],(b] e Ps (L) such that
(@le(b]e1®. Then (aob]e I®. Therefore (aob]=(t] for some tel. Since aobhe(ach]=(t],
aob=to(aob). Therefore aobel . Since | is prime, either a€l or bel . It follows that
(@]e1® or (b]€1°. Thus 1° isa prime ideal of Ps'(L). Conversely, suppose |° is a prime ideal of Py
(L). Let a,beL such that acbel. Then (a]o(b]=(aob]eI®. Therefore (a]e1® or (b]el®.
Hence (a]=(s] or (b]=(t] for some s,tel. Therefore a=Scael or b=tebel and hence
| isprime.

2. Suppose Kis an ideal of Py (L). Then K®={a e L|(a]e K}. We shall prove that K°is an ideal of L .
Since K is nonempty, K° is nonempty. Let ae K® and te L. Then (alJe K and (t]e PJ (L).
Therefore (aot]=(a]o(t]e K. Hence aot e K. Thus K® is an ideal of L. Now, suppose K is a

prime ideal of PJ'(L). We shall prove that K° is a prime ideal of L.Let a,be L suchthat ach e K°.
Then (a]o(b] = (acb]e K . Therefore either (2] € K or (b] € K, since K is prime. It follows that
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aeK® or beK® Hence K° isa prime ideal of L . Conversely, suppose K° is a prime ideal of L .

Now, let (a],(b] € P# (L) such that (a]o(b]€ K. Then (aob]e K. It follows that aobeK® since

K® is prime, either &€ K® or beK® Therefore (ale K or (b]e K. Hence K is a prime ideal of
PS(L).

3. Suppose |, and |, are ideals of L such that I, = I,. Let (@]el,". Then ael, and hence acl,.
Therefore (@] 1,”. Thus I,° < 1,°. Conversely, suppose I," < I,°. Let ael,. Then(@]le l," < I,".
Therefore (@] = (t] forsome tel,.Hence a=toael,. Thus I, c1,.

4. Suppose K, and K, are an ideals of P (L) such that K, = K,. Let ae K,°. Then(a] € K, . Thus
(@le K,. Therefore (a] = (t] forsome te K,.Hence a=toaeK,*. Thus K,° < K,°. Conversely,
suppose K, = K,°. Let (a]e K,. Then ae K, c K, . Thus ae K, . Hence (a] € K,. Therefore
K, cK,.

5. Suppose ae 1. Then (@] e 1°. Therefore (a] = (t] for some te | . Hence a=toae | . Therefore

1 <1 .Clearly | = 1°°. Thus | = 1°°. Similarly, we can prove (6) .
Lemma4.4:Let | and J beanidealsof L.Then (I nJ)*=1°nJ°.

Proof: Suppose | and J are an ideals of L. Then 1 "J c1,J . Therefore by theorem4.3, we have
(I1NJ)°*<1°%,3°%. Hence (INJ)°* < 1°NJ°. Conversely, suppose (a]lel®nJ°®. Then (a]el® and
(a]le J°. Hence (a]=(t] for some tel and (a]=(s] for some SeJ . Therefore a < (a] = (t] and hence
a=toa.Similarlywe get a=Soa.Since tel, a=toael.Similarlyweget acJ.Hence aelNJ.It
follows that (a] € (I N J)°. Therefore 1°NJ° < (1 mJ)°® andhence (I NJ)*=1°NJ°.

Thus we have the following theorem, whose proof follows by theorem 4.3 and lemma4.4.

Theorem 4.5: The mapping | = |° is a one-to-one correspondence of 4 (L) onto 4 (P4 (L)). Moreover, this
correspondence gives one- to - one correspondence between the prime ideals of L and those of PJ'(L).

Now, we prove the following theorem.

Theorem 4.6: Let L be an ASL with a minimal element and let M denote the least element of ' (L). Then M

contains precisely the minimal elements of L .

Proof: Suppose Xe€ M, . We shall prove that X is minimal. Suppose @€ L such that a<x . Then by
lemma 3.17 (a] < (x]and (X] < M, .Onthe other hand, M, is the leastelementof 4(L), M, = (a] = (X].
It follows that M, c(a]c(xX]c M, . Hence M, =(a]=(x] . Therefore xe(x]=(a] , and hence
X=aoX=a,since a<X.Thus X is minimal. Now, suppose X € L such that X is minimal. Since M, isan

ideal, we can choose @ € M. Therefore X =aoX since X is minimal. Thus X € M, since a€ M .Thus M,

contains precisely all minimal elements in L.

Corollary 4.7: Let Lbean ASL with a minimal element. Then, for any X,y e L, Xoy is minimal if and only if
Yo X is minimal.

Proof: We have, for any ideal | of L, Xoyel ifandonlyif yoxel. Itfollowsthat Xoy is minimal if and
only if yoX isminimal.

Already, we have observed that a nonempty subset of an ASL L which is closed under the binary operation o need not
be an ideal. Now, we have the following theorem.
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Theorem 4.8: Let | beanidealof Land K be anonempty subset of L which is closed under the operation o with
| "K = . Then there exists a prime ideal P of Lsuchthat | c P and PNK =J.

Proof: Writt T ={J € s(L) |l cJand INnK =}. Then T =, since | €T .Clearly T isa poset under

set inclusion and it can be easily verified that T satisfies the hypothesis of Zorn’s lemma. Therefore, by Zorn’s lemma,
T has maximal element say P . We shall prove that P is prime. Let X,y e L suchthat X P and y & P . Then

Pc(x] u P and Pc (y]JuP . Therefore (x] u P, (y] W PgT, since P is the maximal element in
T. Hence (X]JuP)NK =& and ((YJUP)NK =J . Choose t,, t, € L such that t, € (x]UP)NK
and t, € ((Y]JUP)NK . Then we have t,t, € K and hence t ot,eK . Also, t, €(X]UP and hence
tot,e(X]UP . Similarly, tot,e(y]JUP . 1t follows that t ot, e ((X]UP)N((y]uP) . Now,
(XU P)N((YIUP) = (XIn (YD) U P = ((X]e (YD WP = (xe yJUP. If XxoyeP, then (xoy] < P.
Hence (Xoy]UP =P. Thus t ot, € P. Therefore t, ot, € P K which is a contradiction to PNK = .

Hence Xoy ¢ P . Thus P isa prime ideal of L. Therefore there exists a prime ideal P of L such that | < P
and PNK =0.

Corollary 4.9: Let | be anideal of Land a ¢ | . Then there exists a prime ideal P of Lsuchthat | c P and ag P

Corollary 4.10: If 0 a e L, then there exist a prime ideal P of L suchthat 0 Pand a¢P.
Corollary 4.11: Let | be a proper ideal of L . Then the intersection of all prime ideals of L containing | is | itself.

Proof: Suppose | is a proper ideal of L and write T ={P|Pisa primeideal of Land | — P} . Put

J= ﬂ P . We shall prove that | =J . Since | c P forall PeT, | < J. Conversely, suppose J & | . Then
PeT

there exist X € J such that X ¢ | . By Corollary 4.9, there exists a prime ideal P of Lsuchthat | P and
X & P . Therefore X ¢ J which is a contradictionto X&€J .Thus J < | .Hence | =J.

Corollary 4.12: Let a,beL and (a]# (b]. Then there exists a prime ideal P of L containing a and not
containing b or vice versa.

Proof: Suppose a,b e L such that (a]# (b]. Then either (a] z (b] or (b] z (a]. Without loss of generality,
assume that (a] z (b]. Then a & (b]. Therefore {a} (b]= <. Now, by corollary 4.8, there exists a prime
ideal P of L such that (b)]c P and {a}~P = . Thus be P and a¢ P . Similarly, we can prove that
acP and bgP.

Corollary 4.13: If a e L is not minimal, then there exists a prime ideal of L not containing a.

Proof: Suppose @ isnota minimal elementof L .Thenthereexist X € L suchthat Xxoa = a.Thus (Xxoa]= (a].
Suppose (xoa]=(a] . Then ae(a]=(xoa]. Hence a=(xeca)oa= Xo(aca)=Xca which is a
contradictionto a # Xoa. Thus by Corollary 4.12, there exist a prime ideal of L not containing a.

Theorem 4.14. The following are equivalent, in L .
1. The intersection of all prime ideals of L is nonempty
2. The intersection of all prime ideals of L is again an ideal
3. L hasa minimal element

In the following theorem we can see that, if an ideal | of L contains a unimaximal element, then an ideal | and an
ASL L are equal.
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Theorem 4.15: Let Lbean ASLand me L beunimaximal. If | isanideal in L suchthat me |l ,then | = L.

Proof: Suppose | is an ideal of L and suppose me | is a unimaximal. We shall prove that | = L. Now, let
XeLl.Then X=moX.Therefore Xl .Hence Lc | .But, | cL.Thus I =L.

Finally, we characterize amicable subsets in L. More precisely, we prove that if L has amicable set, then every
amicable set is isomorphic to the semilattice Pg(L). First we need the following.

Lemma4.16L: Let M beamaximal setin L. Then A, (L), the set of all M-amicable elements of L is an ideal of L

Proof: Suppose M is a maximal set in L. Then clearly A, (L) is nonempty, since every element in M is
M-amicable. Let a€ A,(L) and tel . Then there existt MeM such that Moa=a. Now,
aot=(moa)ot=mo(aot). Thus aote A, (L). Therefore A, (L) isanideal of L.

Recall that if M is a maximal set and X € L is M-amicable, then there exists a unique element x™ in M with the
property XM ox =X and xoXx™ = xM . Now, we have the following whose proof is straight forward.

Lemma4.17: Let M be anamicable setin L. Thenforany x e L, (x]= (x"].

Theorem 4.18: Let M be an amicable setin L. Thenforany X,y e L, the following are equivalent:
L (x]=(y]
2. (XM1=(y"]
3. xM=yM

Proof: Suppose M is an amicable setin L. Then A, (L)=L.Now, let X,y € L= A, (L). Then there exists a
unique element XM,yM €M such that Xox™ =x" and x™ox=x and also Yo yM = y'vI and
y" oy =y. Thus by corollary 3.4 and lemma3.16, we get (x]=(x"] and (y]=(y™]. Therefore
(1) = (2) is clear. Assume (2) . Then x™ e (x"]1=(y™]. Thus x™ = yM ox™ =xM o y™ | since
X", y™ €M . Hence x <yM. similarly we get y" <x". Therefore X" = y™ . Assume (3). We need to
show that (X] = (y]. Let te(X].

Thent = Xxot = (XM oX)ot=(XoxM)ot=x" ot =yM ot =(yoy")ot=(yM oy)ot = yote(y].
Hence (x] < (Y]. Similarly we can prove that (y] < (X]. Therefore (x]=(y].

Corollary 4.19: Let M be amaximal setin L. Thenforany X,y e M , the following are equivalent.
1. xX=y

2. (x]=(y]

Recall that if M is a maximal set in L and a€ M , then for any Xe L, Xcae M . Finally we prove the
following theorem.

Theorem 4.20: Let M be an amicable set in L. Then the mapping X +> (X] is an isomorphism of M onto a
semilattice P (L).

Proof: Let M be an amicable set in L. Define, f:M — Ps (L) by f(x)=(x] forall Xe M . Then f is
both well defined and 1-1. Also, let (X] € 4 (L). Then X e L = A, (L) . Therefore there exists a € M such that
aoX=X. Since XcaeM , we get f(xoa)=(xoa]=(aox]=(x]. Hence f is onto. Now, it remains to
show that f isa homomorphism. Suppose X,y € M .Then f(Xxoy)=(Xoy]=(X]o(y]= f(X)o f(y).
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Therefore f isahomomorphism. Thus f isan isomorphism.

From the above theorem, every amicable set is embedded in the semilattice PS(L).
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