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ABSTRACT

The object of the present paper is to obtain few general multiple integral transformations of the multivariable A-
function (1981), as a kernel product with Fox’s H-function [3, p. 408] and Laguerre polynomials respectively with the
general class of polynomial ([4] and [7]). Several possible cases are also included.
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1. INTRODUCTION

Gautam and Goyal [1981] defined the multivariable A-function, which is a generalization of multivariable H-function
of Srivastava and Panda [1976 b]. The definition of multivariable A-function runs as follows:
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r r r J_, J_,..., J 1’C, J_, J l’Cl,..., j, J 1’Cr
= 1 sl Sr
=Gy !Lj 6,(s,)..0.(s,) D(s,,...,s,) 25...2%ds,..ds, (1.1)
where, @ = v-1
Hy ) ) A ) )
[Tr@® -DPs)[ [T@-z"+Cs)
1(8) = le=1 _ _ = D, _ _ Vi=l..r, (1.2)
[] T@-df+DPs) [ r({”-CPs)
i=m+1 j=A+l
A r ) u ) r )
[Ira-a,+Y A%)[[reP - > Bs)
DS, ..\, ) = — = = = , (1.3)
[1ra-b,+>0s) [T ra-> A’s)
j=utl i=1 j=A+1 i=1

Here u,A,0,C,u,A,v,andc, are non-negative integers and all aj'S,bj'S,dfi)'S,TJ(-i)'S, B}”'S complex
numbers.

The multiple integral defining the A-function of r-variables converges absolutely if

*

¢ =0, (1.4)
d >0, (1.5)
and |arg(§i)zk| < %Ui , (1.6)
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where
2 H{A}H{B}H{D}H{C} , an
& =img [,Z;: A —JZ:B?) +JZ::D§” —JZ::C?) [0,1], (18)
= Re[i AP ‘ZU: AP + Z#: B} —i B" + i Df" —i DY +iC§i) —iC}”  Vi=1..r. (L9
= = = = = i = i

If we take Aj 's, Bj 'S,C}i) 'sand D}i) 'S asreal and 1 =0, the A-function reduces to multivariable H-function of
Srivastava and Panda [1976 b].

Srivastava [4]introduce the general class of polynomials (see also Srivastava and Singh [7])

A
S/[z]= Z( ﬂ)kaA 25 B=012,.., (1.10)

where & an arbltrary positive integer and coefficients Aﬂ’k (B, k = 0)are arbitrary constants, real or complex.

2. THE MAIN RESULTS
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where _

X, = x3 X3 (kx4 kX ) 2.2)

S=a+ﬁ+...+i, (2.3)

pl pr

Y(k,,...k )= (0. a)‘lklf%l,...,krf%', (2.4)
0 5(”

N, =n+=—+..+2— (2.5)
Pr pe

and

& &0
Z, =72, "k, A...kr 4 s. (2.6)
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The above integral formula (2.1) is valid under the following sufficient conditions:
@ k>0, >0n2>0&Y>0, Vi, jefl,..,r}, 2.7)
(b) Re(o,)>0,i=1,...,rand

Re(S)>—Zrl:Ni5i —l:i"zm{Re[&J}, 28)

7i

q.0
where 0, = min{RELD (I)J}, =14, (2.9)
j

() m,n,qareintegerssuchthat 1<m<gqand p>0,¢; >0(j=1..,p),

p q m
7;>0(j=1,...,0), 915251_271 <0, 91527j Z Y~ Ze >Oand|arg(§)|< —7Q, (29
j=L =1 j=1

j=m+1
(d) Aﬂ,k are arbitrary constants, real or complex and 5,k > o.
(e) Conditions corresponding appropriately (1.4) through (1.6) are satisfied by each of the multivariable A-function
occurring in (2.1). Here H:: [z] denotes the familier H-function of C. Fox ([3], p. 408, see also [5], p. 310).
(ii) j [ X X kX ) TS I (kX K X)']

0
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(w)! v+2,C+1l:p +1,c;...;0, +1,¢C,

[1-S=hk;&/pr,en& /o] [1=S —hk+u;& /oy & /o ] (@5 A A,
[1-S—hk+u+w;&/pr,. & /o]

(1_0-1/p1;gl/pl)’(rvj’ci)l,ul’ (-0 /pr 'S /pr) (T(r) ij)l,u, & 2.10)
(b;:Bj;.iB”),c (d}, D)) 1 (A7, D7), o
where L(Vlv‘) (2) be the Laguerre polynomial of order u and degree w in z,
w>0,k >0, p >0,&>0,Re(o;)>0,Vi=1,..,r,Re(S)>-> (QJ Re(y) >0, (2.11)
i=1 i

=&
W(k;,....K,), S and &, being given by (2.4), (2.3) and (2.8), respectively, ;=12 (}/ki) A i=1,...r and

conditions given by (1.4) through (1.6) are assumed to hold the multivariable A-function.

3. PROOFS
To prove the main results, we take some assumptions for convenience Z n;s; and Z §j(i)si denotes the r-terms sums
r r
Z ns; andZ:fi(')Si , respectively V j =1,...,T. (3.1)
i=1 i=1
Also, let
=
o © lel '
T I T S (R B T IR (¢ .
0 0

Z, X" (3:2)
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where the X, are defined by (2.2) and the function f is such that the multiple integral converges. On replacing the

multivariable A-function occurring in (3.2) by contour integral given by (1.1), under the various conditions stated with
(2.1), we find that

(21)I [6,(5)--0,(5)®(s,.008,) 2027

Now we integrate the innermost (Xl, ey Xr) -integral by using the following form of a known result [1, p. 173].

O3

< g 1 g 1 s
...'[ Xfl*Zél Si .“Xr‘.yr*Zérl Si (klxlpl 4.+ erfr)znlsl
0

F (kX ot KX )X, | ds,...ds,. (3.3)

X (KX o+ K X ) (KX + .+ KX )dXdX

ot—,3
=
A
N

o0

\P(k Lk ) (O-l/pl O- /pr ‘[ 0'1//71+---+0'r//7r+‘7_1f (Z)dZ
v (0'1/,01+ +0./p)% ’ (3.4)

min
where W (K,,...,K,) is given by (2.4) andl< _ {ki,,oi : Re(aj)} >0 then (3.3) reduces in the following form
SIST

(o, /p). - T(o
- e )I I 0,(6)-0,(5) D65 ¥ 4o LT 2)-T L0 )
(27w)" L(o)/p+.t0,/p,)
{ [ao/ordnioty (z)dz} ds,...ds,, (3.5)
0
Zay
where W(k,,...,k ), N, and S are given by (2.4), (2.5) and (2.3) respectively, andY, = zk, /",
(3.6)
(Ti* =0 + r f.(i)s., V=1,
i ; i i 3.7)
Now in the integral (3.5), we set
(e,8),..(e,,&,)
f 7 :Zon,O 7 p'=p Sa Zh ,
@ "“‘{ 6g(@Jp71),---,(<3q,7q) ”[ 7] (3.8)

and evaluate the z-integral by following familiar formula (when n=0), expressing the Mellin transform of Fox’s H-
function [5, p.311, eq (3. 3)]

Hr(ﬂ +B; s)HF(l a; - A;s)
{ . (20): }— z°°. (3.9)
HF(l B - BS)H(a +AS)

j=m+1 j=n+1

Interpret the resulting (Sl,..., Sr) - integral as an A-function of r-variable, we will obtain the required result given in
(2.2).

Moreover to establish the other main integral (2.10) we can find relationship (3.5) in similar way and then we set
f(z) = 2" exp(-y2)S; [ 2" | (3.10)
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Evaluate the innermost z-integral by using to a slightly modified version of following well-known integral [2, p. 292,

eq. (1)]
M {efyx Lﬁ;")(yx);s} _ IMNa-s+m+1)I'(s) _

(3.11)
m!T (a—s+1)

If we interpret the resulting multiple contour integral as an A-function of r-variable, we will get desired result (2.10).

4. SPECIAL CASES

(1) For the general class of polynomials, we take the case of Hermite polynomials ([8, p. 106, eq. (5.54)] and [7, p.
158]) by setting S; [Z] = Z%H {i} in which caseax =2, A, = (-D)*.

"oz

(i) Integral 1(a): The result (2.1) reduces in f\?ﬂowing form

0 0 h
[ X+t x)” -
o0 2\/77(kle1 +otk X"

2, X,

(e, 8),...(e,,&,)
H™M L EKR X+ + K X PP A e s X O
{5( A @78y, |V :
err
2] I(-1)* A+r+m: A
_5 SlP(k Z (ﬂ) ( 1) g—hk A H, 'ﬂl’ﬂl""’/ur' r
ek B- 2k)l(k)' Cv+r+q,C+p+liv,C..0,,C,

[1—pj/0'j &' /o, ,...,§J.(r)/0'j l’r ,[1— 9, —(S+hk)y;;Nyy;,... N7 ]1,q
[1-S+o:N,-n,..,N, —n], [1—ej—(S+hk)gj;Nl,sj,...,N,,sj]lp

' r ! ' r r Z
@5 A A1, (77,C )y (27,C87), .
(b;;Bj;...;B"),c(d;, D)), - (d(’) D)., |,
Valid under the same conditions as obtainable from (2.1).
(i) Integral 1 (b): The result (2.10) reduces in following form
0  ® o-+ﬂh Y
Jo o txe e+ kox) Y °H, !
> o 24n(k X + .t kX )"
lelgl
exp| =y (kX ..ot KX ) L [y (KX ok x0) [ AGidieie | .,
WS [ } A+2: Logu A +1
SO g, ys UMD LMY g A2 Tt
(w)! s (8- 2k)'(k)I v+2,C+1l:pv +1c;...;0, +1C,
[1-S-hk;&/pr & /o] [1-S—hk+u;& /oy & /o] (@ A A,
[1-S—hk+u+w;&/pr,.. & /o]
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(b;;Bj;.;B{"),c (d}, D))y 5 (A7, D7), c
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Valid under the same conditions as obtainable from (2.10).

(2) If we set

a=1land A, :(

, the general class of polynomial reduces in Laguerre polynomials ([8, p. 106,

p+v 1
p J(v—i—l)k

eg. (15, 16)] and [7, p. 159]) where Laguerre polynomials is given by

o) B+v( )k
b 1= Z( j(k)"

(i) Integral 2(a): The result (2.1) reduces in following form

J..“I Xlo-lil...xfril(k]_xlpl +...+ erfr )GLg)[ﬂ(lefl +...+ er;Dr )h]
0 o0

lel
€, e,
H'T£|:§(kl)(1pl+_._+erf') (1 81) ( p 8 )jl Aﬁlﬁ'!ﬁﬂl My

. e XX,
(gl'yl)“"’(gq!j/q cua e Z X
Zé:_s“P(k )z ( 77) é:—hk H, A+r+m: Hys ﬂl nur’
v (k)! v+r+q,C+p+1:v, 1,...,ur,cr

[1_/’1/‘71 re 1/01 ""’fjm/(’j]l,, ’[1_91 _(S+hk)71;N17J""'Nr7i]1,q
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1,p ’
@ Ay s A (75,C))y s (27 C(”)lu,

' r ' ' r r (4.3)
(bj;Bj;"';BJ())1,C(dj’Dj)1,cl;""(dJ()'D§))l,cr ,

Valid under the same conditions as obtainable from (2.1).
(ii) Integral 2 (b): The result (2.10) reduces in following form

J..“I Xlo-lil...xfril(klxlpl +...+ erfr)o-L(l‘;)[ﬂ(lelpl +...+ er;Dr )h]
0 o0

lelgl
exp| =y (KX ..ot KX ) L [y (KX ok x0) [ Al | dx.d,
errgr
)Z(ﬂﬂ/j( n)* « A WA+20 4, A+ A +1

(k)l " 0+2,C+1liy +1c;p, +1,C,

[1-S-hk;&/p & /o] [L-S—hk+U;& /oy, & /o0 ] @) A s A
[1-S—hk+u+w;&/pr,.. & /o]

(:I-_O_l/lol;égl/pl)v(z"1'1(:})1,0l s(d-0o /pr 'S /pr) (T(r) ij)l,ur &

' r r r (4'4)
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-

Valid under the same conditions as obtainable from (2.10).

(2) For the Jacobi polynomials [8, p. 68, eq. (15, 16)] and [7, p. 159] by setting

+S
S? sz2]= P(St)[l 2z]in which case o =1and A, ['B ]w
B (s+1),
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(i) Integral 3(a): The result (2.1) reduces in following form

[ XX e o kX7 PE O 2 (KX ot K X0)']
0 0
dx,...dx,

z,X
(€8, (8,8, )}Aﬁmmﬂl it ll

HM L E(R X+ + K X
p.q |:§( 1X1 rr )(gl,y1)1...1(gq’7q Coup,Cp3eilp Gy

Z X,
P )Z[ﬂ+sj('g+t+k+s}§“".A LA+ Mg, A e, A,

K v+r+q,C+p+1l:y,C;...;0,,C,
[1_101/‘71 &[0 ""’51(()/61}1; '[1_91 —(S+hk)y ;i Ny oo N"}/j]l,q
[1-S+o:N,-n,..N,-n], [1-¢=(S+hk)e;;N,e),...N,&; |

1,p'
N SN (9] ey . " c) Z
(aj’AjP"’Aj )l,U(Tj7Cj)l,L)l’ ’( C )lu 45)
(055 By B )ic (), D)y (A7, D}”)l,cr 7
Valid under the same conditions as obtainable from (2.1).
(ii) Integral 3 (b): The result (2.10) reduces in following form
[ X o 4k X )T POV 2 (K + 4k X7
0 o0
7,5
exp| =y (KX .ot KX ) L | (KX ok x0) [ Al | .,
:(_1)W7-s )z ﬂ+s p+t+k+s) Au,2+2:y1,21+1;...;,ur,lr+1
(w)! k " 0+2,C+1liy +1c;p, +1,C,
[l—S—hk;§1/p1,...,§r/pr],[1—8—hk+u;§1/p1,...,§r/pr],(aj;A};...;A}”)LU;
[1-S—hk+u+w;& /o0& /o, ]
L-0./p;&/P) (7},C )i A= /o3& [ 2 (7]7,C ")y, o “s)

(b;;Bj;.;B{"),c (d}, D))y 5o (A7, D7), c

Valid under the same conditions as obtainable from (2.10).

(2) If we take #—0and =0 in result (2.1), we obtain a known result obtained by Srivastava and Panda [6, p.
354, eq. (1.8)].

(3) Ifwetake S — 0and =0 in result (2.10), we obtain a known result obtained by Srivastava and Panda [6, p.
354, eq. (1.14)].
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