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ABSTRACT 
In this paper, we introduce the concept of f - derivation in an Almost Distributive Lattice (ADL) and derive some 
important properties of f -derivations in ADLs.  
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1. INTRODUCTION 
 
The notion of derivation, introduced from the analytic theory, is helpful for the research of structure and property in an 
algebraic system. Several authors ([5], [2]) have studied derivations in rings and near rings after Posner[9] has given the 
definition of the derivation in ring theory. The concept of a derivation in lattices was introduced by G.Szasz in 1974[15]. 
X. L. Xin et al. [16] applied the notion of derivation in the ring theory to lattices and investigated some properties. Later, 
several authors ([1], [3], [4], [6], [7], [8] and [18] ) have worked on this concept. The concept of an f - derivation on 
lattices was introduced by Yilmaz Ceven [3] in 2008. 
 
In 1980, the concept of an Almost Distributive Lattice (ADL) was introduced by U.M.Swamy and G.C Rao [14]. This 
class of ADLs include most of the existing ring theoretic generalizations of a Boolean algebra on one hand and the class 
of distributive lattices on the other. 
 
In this paper, we introduce the concept of an f -derivation in an ADL and invistigate some important properties. Also, we 
introduce the concept of an isotone f -derivation in ADLs and we establish a set of conditions which are sufficient for a 

derivation on an ADL with a maximal element to become an isotone derivation. We define the fixed set dF  of an f −
derivation d  in an ADL L  and prove that it is an ideal of L  if f  is a constant function. Also, we give some 
equivalent conditions under which an f -derivation on an ADL becomes an isotone f -derivation. Finally, we prove 
that if f -is a join-homomorphism, then an f -derivation on an ADL is a meet homomorphism if and only if it is a join 
homomorphism. 
 
2. PRELIMINARIES 
 
In this section, we recollect basic concepts and important results on Almost Distributive Lattices.  
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Definition 2.1 [10]: An algebra ),,( ∧∨L  of type (2,2)  is called an Almost Distributive Lattice, if it satisfies the 
following axioms: 

)(  )()(=)(  :1 ∧∧∨∧∧∨ RDcbcacbaL  

)(  )()(=)(  :2 ∧∧∨∧∨∧ LDcabacbaL  

bbbaL =)(  :3 ∧∨  

aabaL =)(  :4 ∧∨  

abaaL =)(  :5 ∧∨   
 
Definition 2.2 [10]: Let X  be any non-empty set. Define, for any xyxLyx =  ,, ∨∈ and .= yyx ∧  Then 

),,( ∧∨X  is an ADL and such an ADL, we call discrete ADL. 
 
Through out this paper L  stands for an ADL ),,( ∧∨L  unless otherwise specified.  
 
Lemma 2.3 [10]: For any ,, Lba ∈  we have 

aaai =   )( ∧  
.=  )( aaaii ∨  

bbbaiii =)( )( ∨∧  
abaaiv =)(  )( ∨∧  
.=)(   )( aabav ∧∨  

abavi =  )( ∨  if and only if bba =∧  

bbavii = )( ∨  if and only if .= aba ∧   
  
Definition 2.4 [10]: For any ,, Lba ∈  we say that a  is less than or equal to b and write ,ba ≤  if aba =∧  or, 
equivalently, .= bba∨   
 
Theorem 2.5 [10]: For any Lcba ∈,, , we have the following 

(i)  The relation ≤  is a partial ordering on .L  
(ii) )(   ).()(=)( ∨∨∧∨∧∨ LDcabacba  
(iii) ).(==)( ababaaba ∨∨∨∨∨  
(iv) .)(=)( cabcba ∧∨∧∨  

(v)  The operation ∧  is associative in .L  
(vi) .= cabcba ∧∧∧∧   

  
Theorem 2.6 [10]: For any ,, Lba ∈  the following are equivalent. 

aabai =)(  )( ∨∧  
aabaii =)(  )( ∨∧  
bbabiii =)(  )( ∨∧  
bbabiv =)(  )( ∨∧  

abbav ∧∧ =  )(  
abbavi ∨∨ =  )(  

( )vii The supremum of a  and b  exists in L  and equals to ba∨  

( )viii there exists Lx∈  such that xa ≤  and xb ≤  

( )ix  the infimum of a  and b  exists in L  and equals to .ba ∧  
  
Definition 2.7 [10]: L  is said to be associative, if the operation ∨  in L  is associative.  
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Theorem 2.8 [10]: The following are equivalent. 

( ) i L  is a distributive lattice. 
( )ii the poset ),( ≤L  is directed above. 
( ) ( ) = ,iii a b a a∧ ∨  for all ., Lba ∈  

( )iv the operation ∨  is commutative in .L  

( )v the operation ∧  is commutative in .L  
( )vi the relation }= | ),{(:= bbaLLba ∧×∈θ  is anti-symmetric. 

( )vii the relation θ  defined in )(vi  is a partial order on .L  
  
Lemma 2.9 [10]: For any Ldcba ∈,,, ,we have the following  

(i)  bba ≤∧  and baa ∨≤  
(ii) abba ∧∧ =  whenever ba ≤ . 
(iii) .])[(=)]([ dcbadcba ∧∨∨∧∨∨  
(iv)  a b≤  implies ,cbca ∧≤∧  bcac ∧≤∧  and .bcac ∨≤∨   

  
Definition 2.10 [10]: An element L∈0  is called zero element of ,L  if 0=0  a∧  for all .La∈   
 
Lemma 2.11 [10]: If L  has 0 , then for any Lba ∈,  , we have the following 

(i) aaiiaa =0  )(  ,=0  ∨∨  and 0.=0  )( ∧aiii  

(iv) 0=  ba ∧  if and only if 0.=ab∧   
An element Lx∈  is called maximal if, for any Ly∈ , yx ≤  implies yx = .    
 
We immediately have the following.  
 
Lemma 2.12 [10]: For any Lm∈ , the following are equivalent: 

(1)   m is maximal 
(2)  mxm =∨  for all Lx∈  
(3)  xxm =∧  for all Lx∈ .  

  
Definition 2.13 [10]: A nonempty subset I  of L  is said to be an ideal if and only if it satisfies the following: 

(1) IbaIba ∈∨⇒∈,  
(2) IxaLxIa ∈∧⇒∈∈  , .  

  
Definition 2.14 [10]: A function LLf →:  is said to be an ADL homomorphism if it satisfies the following: 

(1) fyfxyxf ∧∧ =)( , 
(2) fyfxyxf ∨∨ =)(  for all Lyx ∈, .  

 
3. f - DERIVATIONS IN ADLs 
        
We begin this section with the following definition of a derivation in an ADL.  
 
Definition 3.1 [13]: A function LLd →:  is called a derivation on L , if )()(=)( dyxydxyxd ∧∨∧∧ for all 

., Lyx ∈   
The following definition introduces the notion of an f -derivation on ADLs.  
 
Definition 3.2: A function LLd →:  is called an f -derivation on L  if there exists a function LLf →:  such 
that )()(=)( dyfxfydxyxd ∧∨∧∧  for all Lyx ∈, .  
  
Definition 3.3: An f -derivation d  on L  is called an isotone f -derivation if dbda ≤  for all Lba ∈,  with 

ba ≤ .  
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Example 3.4: Let d  be a derivation on L  . If we choose f  as the identity function on L , then we get that d  is an 
f -derivation on L . Hence every derivation on L  is an f -derivation.  

 
Example 3.5: Every constant function on L  is an f -derivation , but not a derivation.  
  
Example 3.6:  Define LLd →:  by fxadx ∧=  for all Lx∈  and for some La∈  where LLf →:  is a 
function satisfies fyfxyxf ∧∧ =)(  for all Lyx ∈, .  
Then d  is an f -derivation on L . In addition if f  is an increasing function then d  is an isotone derivation also.  
  
Lemma 3.7:  Let d  be an f -derivation on L , then the following hold:   

1. fxdx ≤ , for any Lx∈  

2. If L  has 0, then 0=0f  implies 0=0d  
3. )( yxddydx ∧≤∧  
4. )(=)()( yxdyxddydx ∧∧∧∨  

 
Proof:  
(1) If Lx∈ , then fxdxdxfxfxdxxxddx ∧∧∨∧∧ =)()(=)(= (by Lemma 2.3). Therefore, fxdx ≤ . 

(2) If L  has 0 and 0=0f , then by(1) above, 0=00 fd ≤ . Thus, 000 ≤≤ d  and hence 0=0d . 
(3) Let Lyx ∈, . We have )()(=)( dyfxfydxyxd ∧∨∧∧ . 
Therefore, )( yxdfydx ∧≤∧ . 
Now, by(1) above, we get )( yxdfydxdydx ∧≤∧≤∧ . 
(4) For any Lyx ∈, ,  

( ) ( ) = ( ) [( ) ( )]
                               = [( ) ] [( ) ]
                               = ( ) [ ( ) ]
                               ( ) (

dx dy d x y dx dy dx fy fx dy
dx dy dx fy dx dy fx dy

dx fy fx dx dy dy
dx fy f

∨ ∧ ∧ ∨ ∧ ∧ ∨ ∧
∨ ∧ ∧ ∨ ∨ ∧ ∧
∧ ∨ ∧ ∨ ∧

= ∧ ∨ )
                               ( ).

x dy
d x y

∧
= ∧

 

  
Lemma 3.8:  Suppose m is a maximal element of L  and d  is an f -derivation on L . Then we have the following,   

    1.  If Lx∈ , dmfx ≤ , then fxdx = .  
    2.  If Lx∈ , dmfx ≥ , then dmdx ≥ .  

    3.  If mdm = , then mfm =  and fd = .  
  
Proof: Now, 

= ( ) = ( ) ( )
                      .
dx d m x dm fx fm dx

fx dx
∧ ∧ ∨ ∧

= ∨
 

Thus  fx dx≤ . Hence d=f. 

(1) Let Lx∈  and dmfx ≤ . 
    Then )(=)()(=)(= dxfmfxdxfmfxdmxmddx ∧∨∧∨∧∧ . Thus dxfx ≤  and hence fxdx = . 

(2) Let Lx∈  and dmfx ≥ . Then = ( ) = ( ) ( ) = ( ).dx d m x dm fx fm dx dm fm dx∧ ∧ ∨ ∧ ∨ ∧ Thus  

   dmdx ≥ . 
(3) Let mdm = . Then fmfmmfmdmdmm ==== ∧∧ .  
 
Definition 3.9: Let d  be an f -derivation on L . We define }=/{= fxdxLxFd ∈ .  
 
Lemma 3.10:  Suppose d  is an f -derivation on L  where f  is an increasing function. If Lyx ∈,  with xy ≤  

and dFx∈ , then dFy∈ .  
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Proof: Let Lyx ∈,  with xy ≤  and dFx∈ . By Lemma 3.8, we have fydy ≤ .  
 
Thus dxfxfydy =≤≤ . Now, fyfydydxfyfxdyxyddy ==)()(=)(= ∨∧∨∧∧ . Hence dFy∈ .   
 
Lemma 3.11: Let d  be an f -derivation on L and suppose fyfxyxf ∧∧ =)(  for all Lyx ∈, . Then 

dFyx ∈∧  for all LyFx d ∈∈ , .  

Proof: Let LyFx d ∈∈ , . Then 

( ) = ( ) ( )
             = ( ) ( )
             = ( )
             =
             = ( ).

d x y dx fy fx dy
fx fy fx dy

fx fy dy
fx fy
f x y

∧ ∧ ∨ ∧
∧ ∨ ∧
∧ ∨
∧
∧

 

Hence dFyx ∈∧ . 
 
Lemma 3.12:  If d  is an isotone f -derivation on L , then fxyxddx ∧∨ )(=  for all Lyx ∈, .  
 
Proof: Let Lyx ∈, . Since d  is an isotone f -derivation on L , )()( yxfyxddx ∨≤∨≤ .  
 
Now,  =dx [( ) ]d x y x∨ ∧ .  

= [ ( ) ] [ ( )d x y fx f x y∨ ∧ ∨ ∨ ]dx∧  
= [ ( ) ]d x y fx dx∨ ∧ ∨  
= [ ( ) ]
= ( ) .

d x y dx fx
d x y fx

∨ ∨ ∧
∨ ∧

 

 
Lemma 3.13:  Let d  be an isotone f -derivation on L . If f  is a decreasing function, then dFyx ∈∨  for all 

dFyx ∈, .  
 
Proof: Let f  be a decreasing function and dFyx ∈, . We have yxx ∨≤ . Thus  

)(=)( yxddxfxyxf ∨≤≤∨ . Therefore, by Lemma 3.8, )(=)( yxfyxd ∨∨  and hence dFyx ∈∨ .  
 
From Lemma 3.11 and Lemma 3.13, we get 
  
Corollary 3.14:  Let d  be an isotone f -derivation on L . If f  is a constant function on L , then dF  is an ideal 
of L .  
 
Theorem 3.15: Let m be a maximal element in L  and d  be an f -derivation on L . If mfm =  and 

fyfxyxf ∧∧ =)(  for all Lyx ∈,  , then the following are equivalent.   

1. d  is an isotone f -derivation on L .  
2. fxdmdx ∧=  for all Lx∈ .  
3. dydxyxd ∧∧ =)(  for all Lyx ∈, .  

  
Proof:  
(1)⇒ (2): Supose d  is an isotone f -derivation on L  and Lx∈ . Then  

= ( ) = ( ) ( ).dx d m x dm fx fm dx∧ ∧ ∨ ∧ Thus .dm fx dx∧ ≤ We have mmx ≤∧ . So that 
dmmxddmfxfmdxfmdx ≤∧∧∨∧≤∧ )(=)()( .  

 
Therefore, fxdmfxfmdxfxmdxdx ∧≤∧∧∧∧ == . Hence fxdmdx ∧= .  
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(2)⇒ (3): For any Lyx ∈, , 

=
           =
           ( )

dx dy dm fx dm fy
dm fx fy
dm f x y

∧ ∧ ∧ ∧
∧ ∧

= ∧ ∧
 

                  )(= yxd ∧ . 
(3)⇒ (1) is trivial. 
  
Theorem 3.16: Let d  be an f -derivation on L . Then the following are equivalent.   

1. d  is isotone f - derivation on L .  

2. ( ) = , .dx d x y dx dy for all x y L∧ ∧ ∧ ∈   
  
Proof:  
(1)⇒ (2): Suppose d  is an isotone f - derivation on L  and Lyx ∈, . Then 

( ) = ( )d x y d x y∧ ∧ dy∧  

  

= [( ) ( )]
= ( ) ( )
= ( ) ( )
= ( )
=

dx fy fx dy dy
dx fy dy fx dy dy
dx dy fx dy
dx fx dy
fx dy

∧ ∨ ∧ ∧
∧ ∧ ∨ ∧ ∧
∧ ∨ ∧
∨ ∧
∧

 

Hence dydxdyfxdxyxddx ∧∧∧∧∧ ==)( . 
 
(2)⇒ (1): Let Lyx ∈,  with yx ≤ . By (1), dxdxdxyxddxdydx ==)(= ∧∧∧∧ . Therefore, dydx ≤  

and hence d  is an isotone f -derivation .  
  
Finally, we conclude this paper with the following theorem.  
 
Theorem 3.17: Let d  be an f -derivation on L . If fyfxyxf ∨∨ =)(  for all Lyx ∈, , then the following are 
equivalent.   

1. dydxyxd ∧∧ =)(  for all Lyx ∈, .  
2. dydxyxd ∨∨ =)(  for all Lyx ∈, .  

  
Proof:  
(1)⇒ (2): Let Lyx ∈, . Then 

dx = [( ) ]d x y x∨ ∧  
= [ ( ) ] [ ( )d x y fx f x y∨ ∧ ∨ ∨ ]dx∧  
= [ ( ) ] [( ) ( )]d x y fx fx dx fy dx∨ ∧ ∨ ∧ ∨ ∧  
= [ ( ) ] [ ( )]d x y fx dx fy dx∨ ∧ ∨ ∨ ∧  
= [ ( ) ]d x y fx dx∨ ∧ ∨  
= [ ( ) ]d x y dx fx∨ ∨ ∧  

 
By (1), we get that dxxyxddxyxd =])[(=)( ∧∨∧∨  and thus )(=)( yxddxyxd ∨∨∨ . 
Hence fxyxddx ∧∨ )(= .  
Again, 

= [( ) ]dy d x y y∨ ∧  
= [ ( ) ] [ ( )d x y fy f x y∨ ∧ ∨ ∨ ]dy∧  
= [ ( ) ] [( ) ( )]d x y fy fx dy fy dy∨ ∧ ∨ ∧ ∨ ∧  
= [ ( ) ]d x y fy dy∨ ∧ ∨  
= [ ( ) ] .d x y dy fy∨ ∨ ∧  
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Again by (1), we get that dyyyxddyyxd =])[(=)( ∧∨∧∨  and thus )(=)( yxddyyxd ∨∨∨  and hence 

fyyxddy ∧∨ )(= .  
 
Now, 

= [ ( ) ] [ ( ) ]
           = ( ) ( )
           = ( ) ( )
           = ( ).

dx dy d x y fx d x y fy
d x y fx fy
d x y f x y
d x y

∨ ∨ ∧ ∨ ∨ ∧
∨ ∧ ∨
∨ ∧ ∨
∨

 

 
(2)⇒ (1): Let Lyx ∈, .  
 
Then 

= [ ( )] [( ) ]
           = [ ( )] [ ( ) ]
           = [ ( ) ] [ ( ) ]
           = ( ) ( ).

dx dy d x x y d x y y
dx d x y d x y dy
d x y dx d x y dy

d x y dx dy

∧ ∨ ∧ ∧ ∧ ∨
∨ ∧ ∧ ∧ ∨
∧ ∨ ∧ ∧ ∨
∧ ∨ ∧

 

 
Thus dydxyxd ∧≤∧ )( . Hence by Lemma 3.7, we get that dydxyxd ∧∧ =)( .  
 
REFERENCES  
 

1. N.O.Alshehri., Generalized Derivations of Lattices,International Journel of Contemp. Math. Sciences, 5 (2010), 
No. 13, 629-640.  

2. H.E.Bell, L.C.Kappe., Ring in which derivations satisfy certain algebraic conditions,Acta Math. Hungar., 
53(3-4) (1989), 339-346.  

3. Yilmaz Ceven., On f-derivations of lattices,Bull. Korean Math. Soc., 45 (2008), No.4, 701-707.  
4. Yilmaz Ceven., Symmetric Bi-derivations of lattices, Quaestiones Mathematicae, 32 (2009), 241-245.  
5. K.Kaya., Prime rings with a derivations,Bull. Mater. Sci. Eng, 16-17 (1987), 63-71, 1988.  
6. Kyung Ho Kim., Symmetric Bi-f-derivations in lattices,International Journel of Mathematical Archive, 3(10) 

(2012), 3676-3683.  
7. Mustafa Asci and Sahin Ceran., Generalized (f,g)-Derivations of Lattices,Mathematical Sciences and 

Applications, E-notes (2013), Volume No.2, 56-62.  
8. Mehmet Ali Ozlurk et al., Permuting Tri-derivations in lattices,Quaestiones Mathematcae, 32 (2009), 415-425.  
9. E. Posner., Derivations in prime rings,Proc. Amer. Math. Soc., 8 (1957), 1093-1100.  
10. Rao, G.C., Almost Distributive Lattices. Doctoral Thesis,Dept. of Mathematics, Andhra University, 

Visakhapatnam, (1980).  
11. Rao, G.C. et al, Heyting Almost Distributive Lattices,International Journel of Computational Cognition, 

Volume 8, No. 4 (2010).  
12. Rao, G.C. and Mihret Alamneh, Post Almost Distributive Lattices,Southeast Asian Bulletin of Mathematics, 

(2013).  
13. Rao, G.C. and Ravi Babu, The theory of Derivations in Almost Distributive Lattices,Comunicated to the Bulletin 

of International Mathematical Virtual Institute.  
14. Swamy, U.M. and Rao, G.C., Almost Distributive Lattices,J. Aust. Math. Soc. (Series A), 31 (1981), 77-91.  
15. G. Szasz., Derivations of lattices,Acta Sci. Math.(Szeged), 37 (1975), 149-154.  
16. X.L.Xin et al., On derivations of lattices * ,Information Science, 178 (2008), 307-316.  
17. X.L.Xin., The fixed set of derivations in lattices,A Springer Open Journel, (2012).  
18. Hesret Yazarli and Mehmet Ali Ozlurk., Permuting Tri-f-derivations in lattices,Commun. Korean Math. Soc., 

26 (2011), No.1, 13-21.  
 

Source of support: Nil, Conflict of interest: None Declared 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 


	-DERIVATIONS IN ALMOST DISTRIBUTIVE LATTICES
	1. INTRODUCTION
	3. - DERIVATIONS IN ADLs

