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ABSTRACT

A(p,q)-graph G=(V, E) has super Fibonacci graceful labeling if there exists an injective map f:V(G)
—{Fo,F1,Fs,...,Fo} where Fy is the k™ Fibonacci number of the Fibonacci series such that its induced map f*: E(G)
—{F1,Fy,...,Fg} defined by f*(xy) =|f(x) - f(y)| for all edge xy in G, is injective. In this paper, the existence of super
Fibonacci graceful labeling for the various types of (a, m) — shell graph and all the above (a, m) - shell graph merged
with a fan.
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SECTION 1-INTRODUCTION

The notions of Fibonacci graceful labeling and super Fibonacci graceful labeling were introduced by Kathiraesan and
Amutha [2006] and they proved [2010] that Path (P,), caterpillar and bi-star (B, ) are Fibonacci graceful. Also they
proved every fan (F,) graph is super Fibonacci graceful. Jeba Jesintha and Ezhilarasi Hilda [2015] obtain the graceful
labeling for Shell — Butterfly graph. Meena, Renugha and Sivasakthi [2015] found cordial Labeling for different types
of shell graph, shell graph merging with path, shell graph merging with star, multiple shell graph. These results on
super Fibonacci graceful labeling and other results are mentioned in Gallian survey [2011].

SECTION 2 - BASIC DEFINITIONS

Definition 2.1: Graceful graph: A (p, g)-graph G= (V, E) has graceful labeling if there exists an injection map
f:V(G)—{0,1,2,...,q} such that its induced map f*: E(G)—{1,2,3,...,q} defined by f"(xy)= | f(x) - f(y) | for each edge
Xy in G, is injective. Then the graph G is graceful.

Definition 2.2:Fibonacci graceful graph: A (p, g)-graph G = (V,E) has Fibonacci graceful labeling if there exists an
injective map f : V(G) —{0,1,2,...,F} where Fy is the k™ Fibonacci number in the Fibonacci series such that its
induced map f*: E(G) —{F1,F,,...,Fq} defined by f'(xy) = | f(x) — f(y) | for every edge xy in G, is injective.

Definition 2.3: Super Fibonacci graceful graph: A (p, g)-graph G = (V, E) has super Fibonacci graceful labeling if
there exists an injective map f : V(G) — {F,F1,F2,...,F} where Fy is the k™ Fibonacci number in Fibonacci series such
that its induced map f": E(G) — {Fy,F»,...,Fq} defined by f'(xy)= | f(x) — f(y) | for every edge xy in G, is injective.

Definition 2.4: Shell graph: A shell S, .3 of width n is a graph obtained by taking (n-3) concurrent chords in a cycle
C, on n vertices. The vertex at which all the chords are concurrent is called apex. The two vertices adjacent to the apex
have degree 2, apex has degree (n-1) and all the other vertices have degree 3.

Definition 2.5: (a, m) — Shell graph (SH, n): Leta>2 and m > 2be integer and n =am + (a+2). An (a, m)-shell is a
cycle C,, with verticesvy,vs, ...., v, together with m concurrent chords (edges) at v, (Apex) and other ends of chords are
adjacent to the vertex v, .o, Where i =1, 2, 3,..., m. Here the degree of v, is (m + 2), and the degree of v,; + ,, (where
i=1,2,...,m)is 3. All the remaining vertices are of degree 2.
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SECTION 3: SUPER FIBONACCI GRACEFUL LABELING FOR VARIOUS TYPES OF SHELL MODEL
GRAPHS

Theorem 3.1: A (4, m)- shell graph is super Fibonacci graceful, for all integers m > 2.

Proof: Let G be the graph (a, m)-shell graph whose vertex set is {vy,..., v,} and edge set is
{vivie ' U {vi Va2 3™ 1} where n = 4m + 6andm > 2 is any integers.

Construct an injective map f: V(G) — {Fq,F1,F,,...,Fq} as follows:

Letivary1ton.
f(v1) =Fo;
f(vi) = Fsi ¢y, where i =4k +1; k=0,1,2,...,(m +1); r = 2;
f(vi) = Fsk4r; Wwherei=4k +r; k=0,1,2,....m; r=3;
f(va) = Fsi; where k =1,2,...,(m +1);
f(V4k +1) = F(5k_1); where k = 1,2,...,(m +1);

The induced map f* from f defined by f*(xy) = | f(x)-f(y) | for each edges xy in G, is injective. Thus the given graph
has super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph (4, m)-shell graph is super
Fibonacci graceful.

Theorem 3.2: A(7, m) — shell graph is super Fibonacci graceful, for all integers m > 2.

Proof: Let G be the graph (7,m)-shell graph whose vertex set is {vy,..., vVo} and edge set is
{vivig ' U vy Vo023 1) where n = 7m + 6 and m > 2 is any integers.

Define an injective map f: V(G) — {Fo,Fi,F,,...,Fq} as follows:

Letibein{l,2,...,n}.
f(v1) = Fo;
f(vi) = Fak+ (-1, where i =7k +1; k=0,1,2,...,(m+1); r = 2,5;
f(vi) = Fgx+r; Wherei=7k +r; k=0,1,2,....m; r = 3,6;
f(vi) = Fak+ r+1; Wwherei=7k +r1; k=0,1,2,....m; r = 4;
f(v7) = Fex; where k =1,2,...,(m+1);
f(V7ie1) = Fegk-1; where k =1,2,...,(m+1);

The induced map f* of f defined by f*(xy) = | f(x)-T(y) | for each edges xy in G, is injective. Thus the given graph has
super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph (7, m)-shell graph is super
Fibonacci graceful.

Theorem 3.3:A(10, m) — shell graph is super Fibonacci graceful, for all integers m > 2.

Proof: Let G be the graph (10, m)-shell graph whose vertex set is {vi,..., V,} and edge set is
{Vivie 1 U {vivi0i42 171} where n = 10m + 12 and m > 2 is any integers.

An injective map f: V(G) — {Fo,F1,Fy,...,Fg} is defined as follows:

Letie {1,2,...,n}
f(vi) = Fo;
f(vi) = Fraks -1, wherei =10k +r; k=0, 1,2,...,(m+1); r = 2,5,8;
f(vi) = Fiac+r; wherei =10k +r; k =0,1,2,..., m; r = 3,6,9;
f(Vi) = Fraks ¢+ Where i =10k +1; k=0,1,2,..., m; r = 4,7,
f(viok) = F1k; where k =1,2,...,(m+1);
f(Vioks1) = Frak-1); where k =1,2,...,(m+1);

Its induced map f* defined by f*(xy) =| f (x) — f (y) | for each edges xy in G, is an injective. Thus the given graph has
super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph (10, m)-shell graph is super
Fibonacci graceful.

Theorem 3.4: A (13, m) — shell graph is super Fibonacci graceful, for all integers m > 2.

Proof: Let G be the graph (13, m)-shell graph whose vertex set is {vy,..., vV,} and edge set is
{Vivie 1 U {vyvi3i42 1031} where n = 13m +15and m > 2is any integers.
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An injective map f: V(SHyz n, ) — {Fo,F1.F2,....Fq} is defined as follows:

Letibein{1,2,...,n}
f(v1) =Fo;
f (Vi) = Fiak+ -1, wherei =13k +r; k=0,1,2,...,(m+1); r = 2,5,8,11;
f(vi) = Fia+r; wherei=13k +r; k=0,1,2,....,m; r = 3,6,9,12;
f(vi) = Fiak+ ¢ +1); Wherei=13k +r; k=0,1,2,....m; r = 4,7,10;
f(vizk) = Fia; where k =1,2,...,(m +1);
f(Vizk+1) = Fiak-1; wherek=1,2,...,(m +1);

Its induced map f* defined by f*(xy) = | f(x) =T (y) | for each edges xy in G is injective. Thus the given graph has super
Fibonacci graceful labeling from the injective maps f and f*. Hence the graph (13, m)-shell graph is super Fibonacci
graceful.

Theorem 3.5: A (16, m) — shell graph is super Fibonacci graceful, for all integers m > 2.

Proof: Let G be the graph (16, m)-shell graph whose vertex set is {vy,..., v } and edge set is
{Vivie 11 U {vivi6is2 1™ 1} where n = 16m +18 and m > 2 is any integers.

Define an injective map f: V(G) — {Fo,F..F.,...,F} as follows:

Let i vary from 1 to n.
f(v1) = Fo;
f (Vi) = Fizk+ (-1, where i = 16k + r; k=0,1,2,...,(m+1); r = 2,5,8,11,14;
f(v;) = Fi7¢+r; wherei =16k +r; k =0,1,2,...,m; r = 3,6,9,12,15;
f(vi) = Fizks+ ¢+ 1), Wherei= 16k +r; k=0,1,2,..., m; r = 4,7,10,13;
f(VIBk) =Fi70 where k = 1,2,...,(m+1);
f(V16k+1) =Fi7k-1; where k = 1,2,...,(m+1);

Its induced map f* defined by f*(xy) = | f(x)-f(y) | for each edges xy in G, is injective. Thus the given graph has super
Fibonacci graceful labeling from the injective maps f and f*. Hence the graph (16, m)-shell graph is super Fibonacci
graceful.

Theorem 3.6:A(19, m) — shell graph is super Fibonacci graceful, for all integers m > 2.

Proof: Let G be the (19, m)-shellgraph, whose vertex set is {vy,..., v,} and edge set is {{v;v 11}’ U {v1 V10142301 1}
where n =19m +21and m > 2is any integers.

Construct an injective map f: V(G) — {Fo,F1,F,,...,Fq} as follows:

Letibein{y,2,...,n}.
f(v) =Fq;
f (Vi) = Faok+ - 1); Where i = 19k + r; k=0,1,2,...,(m +1); r = 2,5,8,11,14,17,
f(vi) = Fook+r; Wwherei =19k +r; k =0,1,2,...,m; r = 3,6,9,12,15,18;
f(vi) = Fook+ ¢+ 1); Where i = 19k + 1; k= 0,1,2,...,m; r = 4,7,10,13, 16;
f(Viok) = Foox; Wwhere k =1,2,...,(m +1);
f(V19k+1) = FZOk-l; where k = l,2,...,(m +1),

Its induced map f* defined by f*(xy) = | f(x)-f(y) | for each edges xy in G, is injective. Thus the given graph has super
Fibonacci graceful labeling from the injective maps f and f*. Hence the graph (19, m)-shell graph is super Fibonacci
graceful.

SECTION 4: (a, m) - SHELL GRAPH MERGING WITH A FAN GRAPH

The following definitions are given:

Definition 4.1: The join G; + G, of two graphs G; and G, with disjoint vertex sets V; and V, and edge sets X; and X; is
the graph union G; U G, together with all edges joining each vertex ofV; to every vertex of V,. A Fan graph F, is

Ki+ Py

Definition 4.2: SHft is a graph having one copy of the (a, m) — shell graph (SH,m) and one copy of fan graph (F,)

,m

such that the apex of the graph SH, ,, is identified with the vertex of maximum degree in fan graph (F,).
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Theorem 4.3: The graph G :SHmeis super Fibonacci graceful, for all integers m, t > 2.

Proof: Let{uo,us,uy,...,us} be the vertex set of fan graph Fiand {vi,vs,...,vn} be the vertex set of graphSH, ,, .Then the
graph SHifmis obtained by the apex of the SHy,, graph v, is merged with the maximum degree of the fan graph

Uo. | V(G) | = n + t and edge set is {{v;v; 41} U {1V}t U {V1uj}].t=1 U {ujujﬂ}jt: } where n = (4m + 6) for all
integers m, t>2.

An injective map f: V(SHZ_‘m) — {Fo,F1,F»,...,Fq} is defined as follows:

Letie {1,2,...,n}
f(v1) = Fo;
f(Vi) = Fsk+¢1); Wwhere i =4k +1; k=0,1,2,...,(m+1); r = 2;
f(vi) = Feg+r; Wwherei =4k +r; k=0,1,2,....m; r=3;
f(va) = Fsi; where k =1,2,...,(m +1);
f(Vak +1) = Fesk-1); where k =1,2,...,(m+1);
f(U)) = Fm+2j+5; Where j=1,2,...t;

Its induced map f* is defined by f*(xy) = | f(x)-f (y)| for each edges xy in G is injective. Thus the given graph has
super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph SHifm is super Fibonacci graceful.

Theorem 4.4: The graph G:SH;tmis super Fibonacci graceful for all integers m, t > 2.

Proof: Let{ug,us,U,,...,u} be the vertex set of fan graph (Fy) and {vi,vy,...,v,} be the vertex set of the graph
SH; ., .Then the graphSH;tmis obtained by the apex of the S, ,, graph v; is merged with the maximum degree of the fan

graph uo, | V(G) | =n + t and edge set is {{v;vi; 1} U {v1vyi 0001} U {Vlu]-}jt:1 U {ujqu};i} where n=7m + 9 for
all integers m, t>2.

An injective map f: V(SH;‘m) — {Fo,F1,F»,...,Fq} is defined as follows:

Letibeanelementin {1, 2,..., n}.
f(v1) =Fo;
f(vi) = Fak+ -1y Wwhere i =7k +1; k=0,1,2,...,(m +1); r = 2,5;
f(vi) = Fgx+r; Wherei=7k +r; k=0,1,2,....m; r = 3,6;
f(vi) = Fak+ r+1); Wherei=7k +r1; k=0,1,2,....m; r = 4;
f(vz) = Fa; where k= 1,2,...,(m +1);
f(V7k 1) = Feakey; where k =1,2,...,(m +1);
f(Uj) = F(gm +2j+8) 3 forj =1,2,3,...t.

Its induced map f* is defined by f*(xy) :| f(x) —f(y) | for each edges xy in Gis injective. Thus the given graph has
super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph SHgfm is super Fibonacci graceful.

Theorem 4.5: The graph G =SH1Fg'mis super Fibonacci graceful, for all integers m, t> 2.

Proof: Let{uo,us,uy,...,u} be the vertex set of fan graph (F;) and {vy,v,...,v,} be the vertex set of graph SHyq,,.Then

the graph SHf{,,m is obtained by the apex of the SHy ,, graph v, is merged with the maximum degree of the fan graph

-1
Uo. | V(G) | =n + t and edge set is{{vivis1}[5' U {vivigi2 2t U {Vlu,-}jt=1 u {u,-uJ-H}]_tz1 Jwhere n = 10m +12for all
integers m,t > 2.

Define an injective map f: V(SHfglm) — {Fq,F1,F,,...,Fq} as follows:

Letivary from1ton.
f(v)) =Fo;
f(vi) = Fuk+ -1 where i =10k +r; k=0,1,2,...,(m +1); r = 2,5,8;
f(vi) = Fi+ s where i = 10k +1;k=0,1,2,..., m; r = 3,6,9;
f(vi) = Fuk+ g+ 1); Wherei= 10k +r; k=0,1,2,....m; r =4,7;
f(Viok) = Fiai; where k = 1,2,...,(m +1);
f(Viok +1) = Fak- 1), Where k = 1,2,...,(m +1);
f(uj) = Faim +2j+11) 5 forj=123,....t.
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Its induced map f* from f is defined by f*(xy) = | f (X)-f (y) | for each edges xy in G is injective. Thus the given graph

has super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph SHfgrm is super Fibonacci

graceful.

Theorem 4.6: The graph G :SHfg‘mis super Fibonacci graceful, for all integers m, t> 2.

Proof: Let{uo,us,uy,...,u} be the vertex set of fan graph (Fyand {vi,v,,...,vq} be the vertex set of graph SHys,,. Then

the graph SHfglm is obtained by the apex of the SHy3,, graph v, is merged with the maximum degree of the fan graph

Uo. | V(G) | = n + t and edge set is {{v;v;41 1" U {vyvyzio i U {vlu]-}jt=1 U {ujuj+1};11} where n = 13m +15 for all
integers m, t>2.

An injective map f V(SHfgrm) — {Fq,F1,F,,...,Fq} is found as follows:

Letie {1,2,...,n}.

f(v1) =Fo;

f(vi) = Fiak+ -1, where i =13k +r; k=0,1,2,...,(m +1); r = 2,5,8,11;
f(vi) = Figk+r; wherei=13k +r; k=0,1,2,...,m; r = 3,6,9,12;

f(Vi) = Frak+ ¢+, Where i = 13k +1; k=0,1,2,...,m; r = 4,7,10;
f(V13k) = Fia where k = 1,2,...,(m +1),

f(Viak+1) = Fiak-1; Where k =1,2,...,(m +1);

f(Uj) = F(14m +2j+14) 1 fOI'j =1,2,3,....t.

Its induced map f* from f is defined by f(xy) = | f(x)-f(y) | for each edges xy in G is injective. Thus the given graph

has super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph SHfgym is super Fibonacci

graceful.

Theorem 4.7: The graph G =SHfg_m is super Fibonacci graceful, for all integers m, t > 2.

Proof: Let{uo,u,us,...,ujbe the vertex set of fan graph (F)and {vi,v,,...,vn} be the vertex set of the graph S;¢ ,,. Then

the graph SHfg'm is obtained by the apex of the S;4 ,,graph v, is merged with the maximum degree of the fan graph

Uo, | V(G) | =n + t and edge set is {{v;Viz1 "1 U {vivigizz it U {Vluj}jtzl U {ujuj+1}jt:} where n = 16m +18 for all

integers m, t>2.

Define an injective map f: V(SHfg_m) — {Fo,Fy,F,,...,Fq} as follows:

Let i vary from 1 to n.
f(v) =Fy;
f (Vi) = Fizk+ -1, Wherei =16k +r; k=0,1,2,...,(m +1); r = 2,5,8,11,14;
f(vi) = Fi7¢+r; wherei =16k +r; k =0,1,2,....m; r =3,6,9, 12, 15;
f(vi) = Firs+ ¢+ 1); Wherei = 16k +r; k=0,1,2,...,m; r = 4,7,10,13;
f(Viek) = Fizk; where k =1,2,...,(m +1);
f(V16k+1) = F17k_1; where k = 1,2,...,(m +1),
f(Uj) = F(17m+2j+17); fij =1,23,....t.

Its induced map f* is defined by f*(xy) =| f(x) —f(y) | for each edges xy in G is injective. Thus the given graph has

super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph SHng_mis super Fibonacci graceful.

Theorem 4.8: The graph G= SHng‘mis super Fibonacci graceful, for all integers m, t > 2.

Proof: Let{ug,us,us,...,uc} be the vertex set of fan graph (F;) and {vi,v,,...,v,} be the vertex set of the graph SHyg .

Then the graph SHlF(;'m is obtained by the apex of the SHyq,, graph v, is merged with the maximum degree of the fan
. _ t t—1

graph uo, | V(G) | =n + tand edge set is {{V;Vi11}’5! U {v1Vigi42 1001 U {Vlul'}j=1 U {ujujﬂ}j:l}

where n = 19m +21for all integers m, t > 2.

An injective map f: V(SHlF;,m) — {Fy,F1,F>,...,Fq} is constructed as follows:

Letibein{y,2,...,n}.
f (v1) = Fo;
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f (Vi) = Faok+ (r-1); Where i = 19k + r; k=0,1,...,(m+1); r = 2,5,8,11,14,17;
f(vi) = Fook+r; wherei =19k +r; k =0,1,2,...,m; r = 3,6,9,12,15,18;

f(Vi) = Faok+ ¢+ 1), Where i =19k +1; k=0,1,2,...,m; r = 4,7,10,13,16;
f(Vlgk) = Foous where k = 1,2,...,(m +1),

f(Vioks1) = Fagk-1; Wwhere k =1,2,...,(m +1);

f(Uj) = F(20m+2j+20); fOI’j =1,2,3,....t.

Its induced map f* from f is defined by f*(xy) :| f (x)-f (y) | for each edges xy in G is injective. Thus the given graph

Ft

has super Fibonacci graceful labeling from the injective maps f and f*. Hence the graph SHg,,, Is super Fibonacci

graceful.

CONCLUSIONS

The problem still remains open for various types of trees merged with the apex of the new types of shell graphs as
super Fibonacci graceful.
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