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ABSTRACT
In this paper, we introduce the concept of symmetric bi- f -derivation in an Almost Distributive Lattice (ADL) and
derive some important properties of symmetric bi- f -derivations in ADLs.
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1. INTRODUCTION

The concept of derivation in an ADL was introduced in our earlier paper [11]. The notion of derivation in Lattices was
first given in G.Szasz [15] in 1974. Earlier Posner[9] introduced derivations in ring theory and later several authors
worked on it ([2], [5]). Several authors worked on derivations in Lattices ([1], [3], [4]. [6]. [7], [8], [16], [17] and [18]).

We have introduced the concept of f -derivations in an ADL in our paper [12] and the concept of symmetric bi-

derivations in an ADL in our paper [13]. The concept of symmetric bi- f -derivations in lattices was introduced by
Kyung Ho Kim [6] in 2012.

In 1980, the concept of an Almost Distributive Lattice(ADL) was introduced by U.M.Swamy and G.C Rao[14]. In this
paper, we introduce the concept of symmetric bi- f -derivation in an ADL and derive some important properties. We
introduce the concept of an isotone symmetric bi- f -derivation in an ADL and establish a set of conditions which are
sufficient for the trace of a symmetric bi- f -derivation on an ADL with a maximal element to become an isotone .
Also, we prove D(X,y) = IXAD(Xxv z,y) if D isisotone and D(X,y) =[fXAD(xv z,y)]v D(x,y) if f

is a join homomorphism or an increasing function on L . We define a set Fa(L) for each a € L and prove that it is a

weak ideal if D is a join preserving symmetric bi- f -derivation on an ADL L with 0 where f is a join-
homomorphism.

2. PRELIMINARIES

In this section , we recollect certain basic concepts and important results on Almost Distributive Lattices.
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Definition 2.1:[10] An algebra (L,v,A) of type (2,2) is called an Almost Distributive Lattice if it satisfies the
following axioms:

L: (avb)ac=(anc)v(bac) (RDA)

L,: aan(bvc)=(aab)v(anac) (LDA)
L,: (avb)ab=Db
L,: (avb)ra=a
L.:av(anb)=a

Definition 2.2:[10] Let X be any non-empty set. Define, forany X,y el, Xvy=Xand XAYy=Y. Then
(X,v,A) isan ADL and such an ADL, we call discrete ADL.

Through out this paper L stands for an ADL (L,v,A) unless otherwise specified.

Lemma 2.3:[10] Forany a,b € L, we have
(i) arna=a
(i) ava=a.
(iii) (anb)vb=b
(iv) an(avb)=a
(v) av(bra)=a.
(vi) avb=aifandonlyif anb=b
(vil)avb=b ifandonlyif anb=a.

Definition 2.4:[10] For any a,b e L, we say that @ is less than or equal to b and write a<b, if anb=a or,
equivalently, av b =Dh.

Definition 2.5:[10] For any a,b, ¢ € L, we have the following
(i) The relation < is a partial ordering on L.
(i) av(bac)=(avb)a(avc). (LDv)
(iii) (avb)va=avb=av(bva).
(iv) (avb)ac=(bva)ac.
(v) The operation A is associative in L.
(vii anbac=baanc.

Theorem 2.6:[10] Forany a,b € L, the following are equivalent.
(i) (anb)va=a
(i) an(bva)=a
(iii) (bra)vb=b
(iv) ba(avb)=b
(v) anb=bnaa
(vi) avb=bva
(vii) the supremum of @ and b existsin L and equals to av b
(viii) there exists X € L such that @ < X and b < x
(ix) the infimum of @ and b existsin L and equalsto a A b.

Definition 2.7:[10] L is said to be associative, if the operation v in L is associative.
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Theorem 2.8:[10] The following are equivalent.
(i) L is adistributive lattice.
(ii) the poset (L,<) is directed above.
(iii) an(bva)=a, forall a,be L.
(iv) the operation v/ is commutative in L.
(V) the operation A is commutative in L.
(vi) therelation &:={(a,b) e LxL|aAb = Db} isanti-symmetric.
(vii) the relation @ defined in (Vi) is a partial order on L.

Lemma 2.9:[10] Forany a,b,c,d € L ,we have the following

(i) anb<banda<avb

(i) anb=DbAaa whenever a<h.

(iii) [av(bvc)lad =[(avb)vc]ad.

(iv) a<b impliesanc<bac, crascabandcvas<cvh.

Definition 2.10:[10] An element O € L is called zero elementof L, if OAa =0 forall a e L.

Lemma 2.11:[10] If L has O, then forany a,b € L , we have the following
(i) av0=a, (i) Ova=aand (iii) an0=0.
(iv) anb=0ifandonlyif bAa=0.

Definition 2.12:[14] Let L be a non-empty set and X, € L. Define, for X,y € L,
XAy=yif x#X,
=xif x=x
Xvy=xif x#x,
=y if x=x,,then (L,v,A,X,) isan ADL with X, as zero element. This is called discrete ADL
with zero.

An element X € L is called maximal if, forany ye L, X<y implies X =Y.
We immediately have the following.

Lemma 2.13:[10] For any m € L, the following are equivalent:
(1) mis maximal
(2) mvXx=mforall XeL
(3) MAX=X forall Xe L.

Definition 2.14:[10] A nonempty subset | of L is said to be an ideal if and only if it satisfies the following:
1) abel=avbel
@ ael,xeL=>anxel.

Definition 2.15:[10] A nonempty subset | of L is said to be an initial segment of L if, a€ L and XL such
that X <a imply that X e L.

Definition 2.16:[13] A nonempty subset | of L is said to be a weak ideal if and only if it satisfies the following:
(1) abel=avbel
(2) | isan initial segment of L.

Observe that every ideal of L ia weak ideal, but not converse.
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Definition 2.17:[10] A function f : L — L is said to be an ADL homomorphism if it satisfies the following:

1) f(xay)=fxa fy,
@ f(xvy)=fxv fy forall x,yelL.

Definition 2.18: A function d : L — L is called an isotone, if dx < dy forany X,y e L with X<y .
3. SYMMETRIC bi- f -Derivations IN ADLs

We begin this section with the following definition of a symmetric map and a symmetric bi-derivation in an ADL.

Definition 3.1:[13] A mapping D : Lx L — L is called symmetric if D(X,y) = D(y, x) forall X,y eL.
If D(x,z) <D(y,z) forany X,y € L with X<y, thenwe call D as an isotone map on L.

Definition 3.2:[13] A symmetric function D:LxL — L is called a symmetric bi-derivation on L, if
D(xAY,2)=[yAD(x,2)]v[xAD(y,2)] forall X,y,zeL.

Observe that a symmetric bi-derivation D on L also satsfies
D(x,yAnz)=[zAD(X,y)]v[yAD(x,2)] forall X,y,zeL.

The following definition introduces the notion of an symmetric bi- f -derivation on ADLs.

Definition 3.3: A symmetric functionD:LxL — Lis called a symmetric bi- f -derivation on, if there exists
afunction f : L — L such that
D(xAy,z)=[fy AD(X,2)]v[fx A D(y,z)] forall x,y,zeL.

Obviously, a symmetric bi- f -derivation D on L satisfies the relation
D(Xx,yanz)=[fzAD(X,y)]v[fy AD(x,2)] forall X,y,zeL.

Example 3.4: Let f:L — L be a functionsuchthat f(XAy)= fxA fy forall X,yeL.Let aeL and define
afunction D:LxL— L by D(X,y)= fxA fyaa forall X,yeL.Then D isa symmetric bi- f -derivation
on L.

Example 3.5: Every symmetric bi-derivation on L is a symmetric bi- f -derivation, where f : L — L is the identity
map.

But, a symmetric bi- f -derivation need not be a symmetric bi-derivation. For, consider the following example.

Example 3.6:. Let L be discrete ADL with 0 and O a € L. Define a function f:L— L by fx=a for all

XelL and D:LxL—>L by D(x,y)=a forall X,yeL,then D isasymmetric bi- f -derivation on L but
not a symmetric bi-derivation.

Example 3.7: Let L be a discrete ADL with at least two elements. Define a function D:LxL — L by
D(X,y)=xAy forall X,yeL,then D is not a symmetric bi- f -derivation on L . Since, it is not a symmetric
map.

Lemma 3.8: Let D be a symmetric bi- f -derivation on L . Then the following hold:
1. D(x,y)= fxAD(X,y) forall X,y eL
2. D(xaz,y)=[fxv fy]AD(xAzy) forall X,y,zeL
3. If L hasO,then fO=0 implies D(0,y) =0 forall yeL

Proof: (1) Let X,y e L.
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Then D(X,y) = D(XA X, y) =[fXAD(X, y)]v[ XA D(X,y)]= XA D(X,y).

(2) Let X,y,Ze L.Then

[fxv fZ]AD(XAz,y) =[xV fZ]A[[fz AD(X, y)] V[ x A D(z, y)]]
=[[fxv fzZ]A fzAD(X, Y)] V[ XV fz]A fX A D(z,Yy)]
=[fzAD(X, y)]v[TXAD(z,y)]= D(xAz,Y).

(3) Suppose L hasOand f0O=0. Then,
by (1) above, D(0,y) = fOAD(0,y)=0AD(0,y) =0.

Corollary 3.9: If d is the trace of a symmetric bi- f -derivation D, then dx = fx A dx forall Xe L.

Theorem 3.10: If d is the trace of a symmetric bi- f -derivation on an assosiative ADL L, then

d(xAay)=(fyadx)v D(x,y)v(fxady).

Proof: Let X,y € L. Then
d(XAYy)=D(XAY,XAY)
=[fyADXXAY]VIIXAD(Y,xAY)]
=[fy Allfy A DX )]V [ExA DYV TXATLTY A D(y, )1V [ fx A D(y, y)11]
= (fy Adx)v D(X,y) v (fx Ady).

Corollary 3.11: If d is the trace of a symmetric bi- f -derivation onan ADL L, then fy Adx<d(xAYy).

Proof: Let X,y € L. Then
d(XAYy)=D(XAY,XAY)
=[fyADXXAY)]VIIXAD(Y,xAY)]
=[fy ALy ADX )]V XA DX YT VXA DY, xA Y]
=[(fy Adx) v D(X, y)] V[ XA D(y,xAY)]

Thus fy Adx<(fy Adx)v D(X,y) <d(XAY).

Theorem 3.12: Let m be a maximal element of L and d be the trace of a symmetric bi- f -derivation D on L such
that fm is also a maximal element. Then the following are equivalent.

1. d isan isotone map on L
2. dx= fxAdm forall Xe L

3. d(xAy)=dxady forall X,yelL
4. d(xvy)=dxvdy forall X,yelL.

Proof: (1) = (2): Let X € L. By Corollary 3.11, fxAdm<d(m A x) = dx.
On the other hand, since d is an isotone, d(X Am) <dm. Thus fmAdx <d(x Am)<dm.
Therefore, dx = fxAdx = fmA XA dx= XA fmMAdXx < fXAdm. Hence dx = fx Adm.

2)=@): Let x,yeL.Thend(xAy)=xAyadm=xadmayadm=dxady.
Then d(XxAYy)= f(XAy)Ad mfXA fyadm= fxadmAa fy Adm=dx Ady.

2= @): Let x,yeL.Then d(xvy)=(xvy)adm=(xAdm)v (yadm)=dxvdy.
Then d(xv y) = f(xvy)adm=(fxv fy) Adm =(fx Adm)v (fy Adm) = dx v dy.
(3= (1) and (4) = (1) are trivial.
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Lemma 3.13: Let D be a symmetric bi- f -derivation on L. Then the following hold:
1. If D isisotone, then D(X,y) = XA D(XVv z,Y)
2. If f isajoin homomorphism, then D(X,y) =[fx AD(x Vv z,y)]v D(x,y)
3. If f isincreasing, then D(X,y) =[x A D(Xxv z,y)]v D(X,Yy)

Proof: Let X,y,Ze L.
(1) Suppose D is an isotone functionon L.

Then D(X,y) < D(xv z,y).Thus D(X,y) A XA D(Xxv z,y) = D(X,Y).
Therefore D(X,y) < XA D(Xv z,Y).

Now, D(X,y) =D((xvzZ)AX,y)=[fXAD(Xvz,Y)]Vv[f(xvz)AD(xYy)].
Thus XA D(XVv z,y) <D(X,Y).Hence D(X,y)= fXxAD(XvzY).

(2) Let f be a join-homomorphismon L. Then
D(x,y) = D((xvz)AX,Y)

=[fXAD(MXvZ y)]Vv[f(Xvz)AD(xYy)]
=[fXAD(xvz,y)]v[fxv fz) AD(X,Yy)]
=[fXADMXVZ Y)]VI[IXAD(X y)]v[fzAD(X ¥
=[fXAD(XvzYy)]VvI[D(XYy)v[fzAD(X Y]
=[fxAD(xvz,¥y)]vD(XYy).

(3) Let f be an increasing functionon L. Then fx< f(xv z).

Now,
D(x,y) = D((xvz) A X Y)

[IXAD(Xvz,y)]v[f(xvz)AD(xYy)]
[IXAD(MXVzZ,Y]V[f(xvz)A XAD(XY)]
=[fXAD(xvz,y)]v[fxAD(X y)]
=[fxAD(xvz,¥y)]vD(XY).

Definition 3.14: Let D be a symmetric bi- f -derivation on L and aelL. We define
F,(L) ={xe L/D(a,x) A fx = fx}.

Lemma 3.15: Let D be a symmetric bi- f -derivation on L where f is an increasing function and a € L. Then
F,(L) isaninitial segmentin L.

Proof: Let X,y € L with X<y and Yy € Fix,(L). Since f isan increasing function, fx < fy.
Now,
D(x,a) A x=D(xAy,a) A fx

=[[fy AD(x,a)] v[ fx A D(y,a)]] A fx

=[[fy A XA D(X,a)]v[fxA fy AD(y,a)]] A fx
=[[fxAD(x,a)]v[fx A D(y,a) A fy]] A fx
=[D(x,a)v[fx A fy]]A fx

=[D(x,a) v fx]A fx

= fx.
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Lemma 3.16: Let D be a join preserving symmetric bi- f -derivation on L where f is a join-homomorphism and

aelL

.Then Xv yeF,(L) forall x,yeF,(L).

Proof: Let X,y € F,(L). Then

Hence

Finally
3.16.

D(xvy,a)a f(xvy)=[D(x,a)v D(y,a)]A f(xvy)a f(xvy)
=[[D(x,a)v D(y,a)]A[fxv fy]]A f(xvy)
=[[D(x,a) Al fxv fy]IvID(y,a)]A[fxv Y]]]A f(xvy)
=[[xv[D(x,a) A fyl]vI[D(y,a) A fx]v fy]]A f(xvy)
=[[fxv D(x,a)]A[fxv YIIVI[D(y,a) v fy]A[fxv fy]l]A f(xvy)
=[fxv fy]a f(xvy)
=f(xvy)af(xvy)

=f(xvy).
xvyeF,(L).

we conclude this paper with the following theorem, which is a direct consequence of Lemma 3.15 and Lemma

Theorem 3.17: Let L be an ADL with 0 and D be a join preserving symmetric bi- f -derivation on L where f isa

join-homomorphism and & € L. Then F, (L) is a weak ideal of L.
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