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ABSTRACT 
The aim of this paper is to apply the notion of ζ  semi- open sets to obtain a new class of ζω – closed sets via grills. 
The properties of the above mentioned sets are investigated. Further the concept is extended to derive some 
applications of ζω – closed sets via Grills. 
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1. INTRODUCTION AND PRELIMINARIES 
 
The idea of grills on a topological space was first introduced by Choquet [2] in 1947. In [8], Roy and Mukherjee 
defined and studied a typical topology associated rather naturally to the existing topology and a grill on a given 
topological space. Hatir and Jafari [4] have defined new classes of sets in grill topological spaces. Ahmad Al-Omari 
and Noiri [6] introduced and investigated the notions of ζα - open sets, ζ semi open sets and ζβ  open sets in grill 
topological spaces. 
 
Definition 1.1: [2] A collection ζ  of non empty subsets of a topological spaces X  is said to be a grill on X  if  
( )i   A ζ∈  and  A B⊆   implies that B ζ∈ ,  
( )ii ,A B  X⊆  and  A B ζ∪ ∈   implies that A ζ∈  or B ζ∈ . 
 
Definition 1.2: [8] Let ( , )X τ  be a topological space and ζ  be a grill on .X  We define a mapping : ( ) ( )P X P XΦ →

denoted  by ( , )Aζ τΦ  (for  ( )A P X∈ ) or ( )AζΦ  or simply ( )AΦ called the operator associated  with the grill  

ζ  and the topology τ defined as follows: ( )AΦ = ( , , )Xζ τ ςΦ  ={ |x X∈ A U ζ∩ ∈ for all ( )U xτ∈ for 

each }( )A P X∈  .    
 
Definition 1.3: [8] Letζ  be a grill on X . We define a mapψ : P(X) →  P(X) by ( ) ( )A A Aψ = ∪Φ  for all

( )A P X∈ . 
 
Definition 1.4: [8] Corresponding to  a grill ζ  on topological  space  ( , )X τ there  exist  a unique topology ζτ  

(say)  on  X given by { : ( \ ) \ }U X X A X Uζτ ψ= ⊆ =  where for  any all , ( ) ( ) ( )A X A A A cl Aζψ τ⊆ = ∪Φ = − . 

 
Definition 1.5: [10] Let X  be a space and ( ) .A Xφ ≠ ⊆  Then {[ ] :A B X= ⊆ A B∩ }φ≠ is a grill on X  

called principal grill generated by A .  
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2. ζω - CLOSED SETS 
 
Definition 2.1: Let ( , )X τ  be a topological space and ζ  be any grill on X . Then a subset A  of X  is called ζω  
- closed if ( )A Uψ ⊆ whenever A U⊆  and U  is ζ  semi- open in X . A subset A  of X  is called ζω - open if 

\X A  is ζω - closed. 
 
Theorem 2.2:  Every closed set in ( , )X τ  is ζω - closed in ( , , )X τ ζ . 
 
Proof: Let A  be any closed set and U  be any ζ  semi - open set such that ( )cl A = A U⊆ since A  is closed. But 

( ) ( ),A cl Aψ ⊆ we have ( )A Uψ ⊆  whenever .A U⊆  Hence A  is ζω  - closed.  
 
The converse of the above Theorem is not true as seen from the following Example. 
 

Example 2.3: Let { }, , ,X a b c= { } { }{ }, , , ,b b c Xτ φ= with { } { } { }{ { }, , , , , , ,X a c a c a bζ =
 
{ }},b c . Let 

{ }A b=  and { }U b= where U  is ζ semi open in X . Therefore, { }( )A φΦ =  and ( )Aψ = ( )A A∪Φ { }b U= ⊆ .  

Then the set { }b is ζω  – closed but not closed. 
 
Theorem 2.4:  Every ζτ - closed set in ( , , )X τ ζ  is ζω - closed in ( , , )X τ ζ . 

 
Proof: Let A  be a ζτ - closed and then ( )A AΦ ⊆  implies ( ) .A A A A A∪Φ ⊆ ∪ = . Let A U⊆  where U  is 

ζ semi open. Hence, ( )A Uψ ⊆  whenever A U⊆  and U  is ζ semi- open. Therefore, A  is ζω - closed.  
 
The converse of the above Theorem is not true as seen from the following Example.  
 
Example 2.5: Let { }, ,X a b c= , { } { }{ }, , , ,a b c Xτ φ=  and { } { } { }{ , , , ,a b a bζ = { }, ,a c { }, ,b c }X  . 

Then the set { },a b
 
is ζω – closed but not ζτ  - closed. 

 
Theorem 2.6:  Every ω  - closed set in ( , )X τ  is ζω - closed in ( , , ).X τ ζ  
 
Proof: Let A  be any ω - closed set and U  be any ζ semi open set containing A . Since every ζ semi open set is 
semi open and A  is ω - closed we have, ( ) .cl A U⊆  But ( )Aψ ⊆ ( ).cl A  Thus we have, ( )A Uψ ⊆  whenever
A U⊆ . Hence A  is ζω  – closed.  

 
The converse of the above Theorem is not true as seen from the following Example. 
 
Example 2.7:  In Example 2.3, the set { }b is ζω  – closed but not ω  - closed. 
 
Remark 2.8: In a grill space ( , , )X τ ζ , ζω – closed sets are generalization of ω - closed sets which itself is a 
generalization of the closed set.  
 
Theorem 2.9: Every ζω  - closed set in ( , , )X τ ζ is gζ - closed in ( , , )X τ ζ . 
 
Proof: Let A U⊆  , U  is open and hence it is ζ semi open. Since A  is ζω  - closed, we have ( ) .A Uψ ⊆  But 

( ) ( ) .A A UψΦ ⊆ ⊆  Hence A  is gζ - closed.  
 
The converse of the above Theorem is not true as seen from the following Example.  
 

Example 2.10: Let { }, ,X a b c= with { }{ }, ,a Xτ φ= and { } { } { }{ , , , ,a b a bζ = { }, ,a c { }, ,b c }X . Then 

the set { },a b is gζ  – closed but not ζω  - closed. 
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Remark 2.11: In the case [ ]X principal grill generated by X, it is known [8] that [ ]Xτ τ=

 
so that any [ ]X – ζω – 

closed set becomes simply an ω  closed set and vice –versa.  
 
Theorem 2.12: Let ( , , )X τ ζ  be a topological space and ζ  be a grill on X . Then for a subset A  of X , the 
following are equivalent: 
( )i   A  is ζω  - closed. 

( )ii  ( )A Uψ ⊆  for ζ  semi  open set U containing A .  
( )iii  For each ( ), ({ } ) .x A scl x Aψ ζ φ∈ ∩ ≠   
( )iv  ( ) \A Aψ  contains no non empty ζ  semi closed set of  ( , , ).X τ ζ  
( )v   ( ) \A AΦ  contains no non   empty ζ  semi closed set of ( , , ).X τ ζ  
 
Proof: 
( ) ( ) :i ii⇒  Let A  be a ζω  - closed. Then clearly,  ( )A Uψ ⊆ whenever A U⊆  and U is ζ semi open in X .  
 
( ) ( ) :ii iii⇒  Suppose ( ).x Aψ∈  If ({ } )scl x Aζ φ∩ =  , then \ ({ })A X scl xζ⊆  where \X  ({ }scl xζ  
is a ζ semi open set. By assumption ( ) \ \ ({ })A A X scl xψ ζ⊆ , which is a contradiction to ( )x Aψ∈ . Hence 

({ }) .scl x Aζ φ∩ ≠  This proves ( )iv . 
 
( ) ( ) :iii iv⇒  Assume that ( ) \F A A⊆ Φ  where F  is ζ  semi closed and .F φ≠  This gives ( )F A⊆ Φ . This 
contradicts ( )iv . 
 
( ) ( ) :iv v⇒   It follows from the fact that ( ) \ ( ) \ .A A A Aψ = Φ  
 
( ) ( ) :v i⇒  Let A U⊆  where U  is ζ  semi - open such that ( ) .A UΦ ⊄  This gives  ( )AΦ ∩ ( )X U φ− =  
or ( ) \ [ \ ( \ )] .A X X U φΦ =  This gives ( ) \ .A A φΦ ≠  Moreover, ( ) \ ( ) ( \ )A A A X UΦ = Φ ∩  is ζ semi 
closed set in X  since ( ) ( ( ))A cl AΦ = Φ is closed in X  and  \ ( ).X U sC Xζ∈  Also, ( ) \ ( ) \ .A U A AΦ ⊆Φ  
This gives that  ( ) \A AΦ  contains a non empty ζ semi closed set . This contradicts ( ).v   
This completes the proof. 
 
Corollary 2.13: Let ( , )X τ  be a 1T  space and ζ  be a grill on X . Then every ζω  - closed set is ζτ  - closed. 

 
Corollary 2.14: Let ( , , )X τ ζ  be a grill topological space and A  be a ζω  - closed set. Then the following are 
equivalent:  
( )i   A  is ζτ  - closed. 

( )ii  ( ) \A Aψ  is   ζ  semi - closed set in ( , , )X τ ζ . 
( )iii ( ) \A AΦ   is  ζ  semi - closed set in ( , , )X τ ζ .  
 
Proof:  
( ) ( ) :i ii⇒ Let A be a ζτ -closed. Then ( ) \A AΦ ( ) \A Aψ=  gives ( ) \A Aψ  .φ=  This proves that ( ) \A Aψ   is 

ζ  semi- closed.  
 
( ) ( ) :ii iii⇒  Since ( ) \A AΦ ( ) \A Aψ=  and so ( ) \A AΦ  is ζ  semi closed in X .  
 
( ) ( ) :iii i⇒  Let ( ) \A AΦ  be a ζ semi- closed set. Now, A  is ζω - closed and by Theorem 2.12 ( )v , ( ) \A AΦ  
contains no non empty ζ  semi - closed set. Therefore, ( ) \ .A A φΦ =  This proves ( )A AΦ =  and hence A  is ζτ  

- closed. 
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Theorem 2.15: In a grill topological space ( , , )X τ ζ  an ζω  - closed set and ζτ - dense set in itself is ω - closed. 

 
Proof: Suppose A  is ζτ - dense in itself and ζω - closed in X . Let U  be any ζ  semi open set containing A , 

then ( )A Uψ ⊆ . Since A  is ζτ - dense in itself by [3, Lemma 2.12], ( ) ( ( ) ( ) ( ),A cl A A cl AψΦ = Φ = = we 

get ( )cl A U⊆ whenever .A U⊆  This proves that A  is ω  - closed. 
 
Corollary 2.16: If ( , , )X τ ζ  is any grill space where { }( ) \P Xζ φ=  then A is ζω  - closed if and only if A is 

ω  - closed.    
 
Proof: The proof follows from the fact that { }( ) \P Xζ φ= , ( ) ( )A cl A AΦ = ⊃  and so every subset of X is  

ζτ  - dense set in itself.      

 
The following theorem gives another characterization of ζω  - closed set. 
 
Theorem 2.7: Let ( , , )X τ ζ be a grill topological space. Then ( )A X⊆  is ζω - closed if and only if \A F N= , 
where F  is ζτ - closed and N  contains no non empty ζ  semi- closed set 

 
Proof: Necessity - If A  is ζω  - closed set then by Theorem 2.12, ( ) \ ( )N A Aψ=  contains no non - empty ζ
semi-closed set. Let F = ( ),Aψ  then F  is ζτ - closed set and F N− = ( ( )) \A A∪ Φ ( ( ) \ )A AΦ .A=  

 
Sufficiency -Let U  be any ζ  semi - open set in X  containing A , then \F N U⊆  implies

( \ ) ( \ ( \ )) ( \ ) .F X U F X F N F X F N F N N∩ ⊆ ∩ = ∩ ∪ = ∩ ⊆ By hypothesis A F⊆  and 

( )F FΦ ⊆  as F  is ζτ - closed gives ( ) ( \ )A X UΦ ∩ ⊆  ( ) ( \ )F X UΦ ∩ ⊆ ( \ )F X U N∩ ⊆ where

( ) ( \ )A X UΦ ∩   is ζ  semi- closed set. By hypothesis  ( )AΦ ∩  ( \ )X U φ=  or ( )A Uψ ⊆  implies that A  
is ζω  - closed set.                                
 
Theorem 2.8: Let ( , , )X τ ζ  be a grill topological space. Then every subset of X  is ζω - closed if and only if 
every ζ  semi-open set is ζτ - closed. 

 
Proof: Necessity - Suppose every subset of X  is ζω - closed. Let U  be a ζ  semi- open set then U  is ζω - 
closed and ( ) .U Uψ ⊆  Hence U  is ζτ - closed. 

Sufficiency - Suppose that every ζ semi- open set is ζτ - closed. Let A  be non empty subset of X contained in a 

ζ  semi- open set U . Then ( ) ( )A Uψ ψ⊆  implies ( )Aψ .U⊆  This proves that A  is ζω - closed. 
 
Theorem 2.9: A set A  is ζω  – open if and only if  int( )F Aζτ⊆ −  whenever F  is ζ  semi closed and 

.F A⊆  
 

Proof: Necessity - Suppose that int( )F Aζτ⊆ − , where F  isζ  semi closed and F ⊆  A . Let ,cA U⊆  

where U  is ζ semi open. Then cU A⊆  and  cU  is ζ  semi closed. Therefore, int( )cU Aζτ⊆ − .Since

int( )cU Aζτ⊆ − , we have ( int( ))cA Uζτ − ⊆ .That is, ( ) ,cA Uψ ⊆ since ( )cAψ  = ( int( ))cAζτ −  . Thus cA
is   ζω  - closed, that is  A  is ζω  - open.  

Sufficiency - Suppose that A  is ζω  - open. F A⊆  and F  is ζ  semi  closed. Then cF  is ζ  semi - open and 

.c cA F⊆  Therefore, ( )c cA Fψ ⊆  and so int( )F Aζτ⊆ − , since ( )cAψ = ( int( ))cAζτ − . 
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3. SOME CHARACTERIZATIONS OF ζω -NORMAL AND ζω –REGULAR SPACES 
 
In this section we introduce ζω - regular and ζω -normal spaces via grills. 
 
Definition 3.1: A grill  space ( , , )X τ ζ  is said to be an  ζω   –  normal if for every pair of disjoint  closed sets A  
and B  , there exist ζω  – open sets U  and V  such that  and . 
 
Theorem 3.2:  Let X  be a   normal space and ζ  be a grill on X  then for each pair of disjoint closed sets A  and 
B ,  there exist disjoint  ζω - open sets U and V such that A U⊆ and B V⊆ . 
 
Proof:  It is obvious since every open set is ζω - open. 
 
Theorem 3.3: Let X  be a   normal space and ζ  be a grill on X , then for each closed set A  and an open set V  
containing A , there exists a ζω - open set U such that A⊆   ( )U U Vψ⊆ ⊆ . 
 
Proof: Let A  be a closed set and V  be an open set containing A . Since A  and \X V  are disjoint closed sets, 
there exist disjoint ζω - open sets U  and W such that A U⊆ and \X V W⊆ . Again U W φ∩ = implies that

U ζτ∩ - int( )W φ= and so ( )Uψ ⊆ X ζτ− - int( )W . Since \X V is closed and W  is ζω - open, 

\X V W⊆ implies that \X V ζτ⊆ - int( )W and so \X ζτ - int( )W V⊆ . Thus, we have,  
( )A U Uψ⊆ ⊆ ⊆ \X ζτ - int( )W V⊆  where U is a ζω - open set. 

 
Remark 3.4: The following Theorem gives characterizations of a normal space in terms of ω – open sets, which is a 
consequence of Theorems 3.2, 3.3 and Remark 2.11 if one takes [ ].Xζ =  
 
Theorem 3.5: Let X  be a   normal space and ζ  be a grill on X  then for each  pair of disjoint closed sets A  and 
B  ,  there exist disjoint  ω - open sets U and V such that A U⊆ and .B V⊆  
 
Theorem 3.6:  Let X  be a  normal space and ζ  be a grill on X  then for each closed set A  and an open set V  
containing A , there exists an ω - open set U such that A⊆  U ⊆ ( ) .cl U V⊆    
 
Definition 3.7: A grill space ( , , )X τ ζ  is said to be ζω - regular if for each pair consisting of a point x  and a 
closed set B  not containing x , there exist disjoint ζω - open sets U  and V  such that   x U∈ and .B V⊆   
 
Remarks 3.8:  It is obvious that every regular space is  ζω  - regular. 
 
Theorem 3.9: Let ( , , )X τ ζ a grill space. Then the following are equivalent: 
( )i ( , , )X τ ζ  is ζω - regular . 
( )ii For every closed set   B  not containing x U∈ , there exists disjoint  ζω  - open set U  and V  of X  such that   
       x U∈ and .B V⊆  
( )iii For every open set V  containing x X∈ , there exists an ζω - open set U  such  that ( ) .x U U Vψ∈ ⊆ ⊆  
 
Proof:  
( ) ( ) :i ii⇒ It is clear, since every open set is ζω - open.  
 
( ) ( ) :ii iii⇒  Let V  be an open subset such that such that x V∈ .  Then \X V  is a closed set not containing x . 
Therefore, there exist disjoint ζω – open sets U  and W  such that x U∈ and \X V W⊆ . Now, \X V W⊆  
implies that \ int( )X V Wζτ⊆ − and so \ int( ) .X W Vζτ − ⊆  Again U W φ∩ = implies that 

int( )U Wζτ φ∩ − = and so, ( )Uψ ⊆  \ int( )X Wζτ − . Therefore ( ) .x U U Vψ∈ ⊆ ⊆  This proves ( )iii  
 
 

UA ⊆ VB ⊆
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( ) ( ) :iii i⇒ Let B  be a closed set not containing x . By hypothesis, there exists a ζω - open set U  of X  such 
that ( ) \ .x U U X Bψ∈ ⊆ ⊆  If \ ( )W X Uψ=  then U  and W are disjoint ζω  - open sets such that x U∈  

and B W⊆ . This proves ( )i  . 
 
Theorem 3.10: If every ζ semi open subset of a grill space ( , , )X τ ζ  is ζτ - closed, then ( , , )X τ ζ  is  ζω  – 
regular. 
 
Proof: Suppose every ζ semi open subset of a grill space ( , , )X τ ζ is ζτ - closed. 

Then by Theorem 2.8, every subset of X  is ζω  – closed and hence every subset of X  is ζω - open. If B  is a 

closed set not containing x , then { }x  and B  are the required disjoint ζω – open sets containing x  and B  

respectively. Therefore, ( , , )X τ ζ  is ζω  – regular. 
 
REFERENCES 
  

1. Ahmad Al-Omari and T. Noiri, Decomposition of continuity Via Grills, Jordan Journal of Mathematics and 
Statistics, 4(1) (2011), 33-46. 

2. G.Choquet, Sur les notions de filter et grille, Comptes Rendus Acad. Sci. Paris, 224(1947), 171-173. 
3. Dhananjoy Mandal and M.N. Mukherjee, On a type of generalized closed sets, Soc. Paran.Mat., (3s), 30(1) 

(2012), 67-76. 
4. Esref Hatir and Saeid Jafari , On Some New Classes of Sets and A New Decomposition of continuity Via 

Grills., J. Adv. Math. Studies, 3(1) (2010). 33-40 . 
5. E.Hatir and S. Jafari, On some new classes of sets and a new Decomposition of continuity via Grills, J. Adv. 

Math. Studies, 3(1) (2010), 33-40. 
6. C.Janaki and I . Arockiarani, γ -open sets and decomposition of continuity via grills, International journal 

of Mathematical Archive-2(70) (2011), 1087-1093. 
7. B. Roy and M. N. Mukherjee, On a Type of Compactness via Grills, Matematiqki Vesnik, 59(2007),       

113-120 
8. B. Roy and M. N. Mukherjee, On a typical topology induced by a grill,  Soochow. J. Math., 33(4) (2007), 

771-786. 
9. B. Roy and M. N. Mukherjee, concerning topologies induced by principal grills, An. Stiint.Univ. AL. I. 

Cuza Iasi. Mat. (N. S.), 55 (2) (2009), 285-294. 
10. B. Roy and M. N. Mukherjee., A generalization of paracompactness in terms of grills, Mathematical 

Communications., 14(1) (2009), 75-83. 
 

Source of support: Nil, Conflict of interest: None Declared 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International 
Journal of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction 
in any medium, provided the original work is properly cited.]  


