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ABSTRACT

The purpose of this paper is to consider a new approach for obtaining common fixed point theorems in metric spaces by
subjecting the triangle inequality to a contractive condition of integral type. We use the concept of property (E.A) and
R -weak commutativity there, without the assumption of completeness of the space and the continuity of the mappings. Our

results generalize and extend the results of Pant et.al [14] and others.

Ams(Mos) Subject Classifications: 54H25, 47H10.
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1. INTRODUCTION

With the advent of the notion of compatible maps due to Jungck [5]. The study of common fixed point theorems for
contractive type maps emerged as an area of vigorous research centered around the study of compatible maps and its weaker
forms. However the study of common fixed points of noncompatible maps is equally interesting. Pant [9-13] initiated work
along these lines by using the notion of pointwise R-weakly commuting mappings.

Definition 1.1[9]: Self-maps f and g of a metric space (X,d) are R -weakly commuting at a pointX € X if
d (ASx, SAX) < Rd (Ax, Sx) for some R > 0. They are pointwise R - weakly commuting on X if given X € X there
exists R >0 such that d (ASX, SAX) < Rd (AX, Sx) .

Describing the importance of pointwise R - weakly commuting maps in fixed point consideration. Pant [11] proved that the

notion of pointwise R - weak commutativity is equivalent to commutativity at coincidence points. Junck [6] defines the
commutativity at coincidence point with the notion of weakly compatible maps.

Definition 1.2 [6]: Self-maps f and g of a metric space (X,d)are weakly compatible if they commute at their
coincidence point, thatis fgu = gfu whenever fu=gu foruex.

Thus two maps are weakly compatible if and only if they are pointwise R - weakly commuting mappings. However
pointwise R - weakly commuting maps need not be compatible as shown in Example 1 of [14].

Further generalizing the concept of noncompatible maps Amri and Moutawakil [2] have introduced a new property called
property (E.A). So that compatible and noncompatible maps may be studied together.
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Definition 1.3 [2]: Let f and g be two self-maps of a metric space (X, d). Then they are said to satisfy the property
(E.A), if there exists a sequence X in X such that

lim, . fx =lim _, gx =t,forsomete X

If two maps are noncompatible then they satisfy the property (E.A). The converse however is not necessarily true.

X 3X
Example 1.1: Let X =[0,40). Define f,g: X — X by fX:E’ gX:7, VX e X. Consider the sequence

{x.}=%,neN Clearly lim_,_ fx, =lim
weakly compatible since they commute at their coincidence point 0 and pointwise R -weakly commuting, but f and g are
not necessarily noncompatible.

gx, =0. Thus f and g satisfy the property (E.A), and also they are

n—oo

X
Example 1.2: Let X =R. Define f,g: X — X by fX:§, Xxe X, gx=x*, Xxe X. here 0 and % are two

coincidence points for the maps f and g . Note that f and g commute at 0 i.e. fg(0)=gf(0)=0, but fg(%) =%
1

andgf (%) =% . Sofand gare not weakly compatible. Consider the sequence {X }= {—: ne N} we have
n

lim . fx,=lim_,_9gx,=0.Thus f and g satisfy property (E.A).

n—oo

2X+2

Example 1.3: Let X 2[2,00). Define f,g: X — X by fX:§+1, oX = ,VXe[Z,oo). Here 2 is the

coincidence point for the maps f and ¢. Notethat f and g commute at 2 since fg(2)=9f(2)=2.S0 f and
g are weakly compatible. Suppose that property(E.A) holds. Then, there exists a sequence {Xn}in X satisfying

3t-2

lim,_, fx,=lim_,_ ogx, =t forsome te X .Therefore lim_ ,_x =2t—land lim X, == Then t=0

n—oo

which is a contradiction since 0 ¢ X . Hence, f and ¢ do not satisfy property (E.A).

Notice that from the Example 1.2-1.3 we can see that weakly compatible and property(E.A) are independent to each other.

In 2002 Branciari [3] obtained the fixed point theorem for a mapping satisfying an analogue of Banach contraction principle
for integral type inequality stated as follows.

Define @ ={¢:R" — R"is a lebesgue integrable mapping which is summable, non-negative}and ¢ satisfies the
following inequality

J'Oggo(t)dt >0 foreach ¢>0. (1.1)

Theorem 1.1 [3]: Let (X,d) be a complete metric space, C € [0,1) and if f:X — X be a mapping such that for each
X,yeX,

[ MY )t < jo"‘x‘”go(t)dt ,

0
where @ € @ and satisfy the condition (1.1) then f has a unique fixed point @€ X , such that for each X e X,

H n
lim__ f'x=a

This result was further generalized by Rhoades [8], Aliouche [1], Phatak et.al [15], Gairola-Rawat [4] and others and also
see the references thereof.
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In the present paper using the notion of pointwise R - weak commutativity we demonstrate that triangle inequality can be
used to establish common fixed point theroem by subjecting it to contractive condition of integral type. We use the concept

of property(E.A) and pointwise R - weak commutativity there, without the assumption of completeness of the space and
the continuity of the mappings. Our result generalize and extend the results of Pant et.al [14] and others.

2. MAIN RESULTS
Now we state our main theorem.

Theorem 2.1: Let f and g be pointwise R -weakly commuting selfmappings of a metric space (X,d) satisfying the
property (E.A) and the following conditions hold:
(2.1) fX < gX, where fX isthe closure of the range of f

and

d (fx, fy)
2.2) jo o(t)dt

d (fx,9x)+d (gx,gy)+d (gy, fy)
< kJ;E P ]go(t)dt ,where 0 <k <1, ¢ € ® and satisfy the condition (1.1).

Then f and g have a unigue common fixed point.

Proof: Since f and g satisfy the property (E.A), then there exists a sequence {X,} in X such that [im, an = im, 09X, =t
forsome t € X. Since te fX and fX < gX thenthere existsa U € X suchthat t = gu. Using (2.2) we get

Jod(fxn,fu)ga(t)dt < kjr(fd(fxn,gxn)+d(gxn,gu)+d(gu,fu)]¢(t)dt '

By taking the limit,as N — oo we have

d(fu,gu) [0+0+d (gu, fu)] _ d(gu, fu)
jo ga(t)dtgkfo gp(t)dt_kjo p(t)dt,

So
d(fu,gu)

(1- k)j p(t)dt =0.

0
Since (1—Kk) # 0, then using (1.1) we get fu = gu. Pointwise R —weak commutativity of f and g implies for R > 0
that
d(fgu, gfu) < Rd(fu,gu).

So

J-Od(fgu,gfu)¢(t)dt < J-ORd(fu,gu)go(t)dt — O

Using (1.1) we have fgu = gfu. Also ffu = fgu = gfu = ggu. Using (2.2) again we get

d(fu, ffu) [d( fu,gu)+d(gu,gfu)+d(gfu, ffu)]
J- u u¢(t)dt§kj0 u,gu gu,gfu gfu u@(t)dt

0

— kjd(fu, ﬁU)gp(t)dt

0
d ( fu, ffu)

(1-K) j p(t)dt=0.
0

Since (1—Kk) # 0, then using (1.1) we get fu = ffu. Hence fu = fgu = gfu and fu is a common fixed point of f

and ¢ . Now to show the uniqueness of the common fixed point of f and g, let f and g have two distinct common

fixed point vV and W. Using (2.2) we have

d(v,w) d (fv, fw)
j p(t)dt = jo p(t)dt <

[d(fv,gv)+d(gv,gw)+d (gw, fw)]
o ‘[ .

(®)dt = k jod “Mot)dt .,
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Since K <1 so we have a contradiction. Thus V.= W.

Now we give an example to illustrate the above theorem.

Example 2.1: Let X =[0, 1] and d be the usual metricon X. Define f,g: X — X by

0 if Xx=0

fx =
Lo Lox<lnen
2n n+1 n
0 if Xx=0

gx =
E if L<x££,neN
n n+1 n

1
Now to check the property(E.A) we consider the sequence {Y,} = {— ‘neN } , Which satisfies
n
0

1 1
Iimneood(fynio) = Iimnaocd(_yo) = Iimnﬁoo_
2n 2n

] . 1 . 1
and  lima-.d(9Yy,0) = lima,.. d(.0) = limy.,..—= 0.
Hence 1imMnoe Y, = limnow 9y, =0 € X so the pair(f,g) satisfies property (E.A). However one can see that

limnse fAY, = limao. 0fy, so the pair (f,g) is not noncompatible. Also fX ={0}u{2i: ne N} and
n

gX :{O}U{l:ne N} and §={O}u{2i:ne N}. Thus fX < gX.
n n

Define a map @ € ® by ¢(t) = 3t*for t > 0and @(0) =0, where @ satisfies the condition (1.1). Then for any
>0,

jo’go(t)dt =73
Now we consider the following four cases.

Case-l: If x=0 andye( L1 | then

T+l
1 /1 1
d(fx,gx)+d(gx,gy>+d(gy,fy)=0+—+———‘
n |n 2n
1 1
=—+4—
n 2n
_3
2n

d(fx, fy):z—ln.
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So we have

d(fx, fy) 1T 137
t)dt=|— | =| =—
Jo o0 [Zn} {3 Zn}

1 pd(fx.o0)+d(gx.gy)+d(gy. fy)

=571 o(t)dt.

Case-II: If Xe(ﬁ,ﬂ andye(ﬁ,{', m > n, then

1 1 |1 1 1 1
d(fx,gx)+d(gx,gy)+d(ay, fy) =|———|+———|+|=——=—
2n n| [n m| |m 2m
1 1
d( fx, =|—-—
(. ) 2n  2m
_m-n
2mn
So
d(fx, fy) m—n3 3m-n m-n 3
[ e(tydt= = .
0 2mn 2mn 3m-n
3
m-n d(fx,gx)+d (gx,gy)+d (gy, fy)
= t dt-
[Sm_n} [ o(t)
Case-Ill: If Xe (ﬁ,ﬂ andy e ﬁ,%], m < N then similarly as in Case (ii) we have
3 3
jummwayhz{n—m}={én—m-n—m}
0 2mn 2mn  3n—m
3
n—m d(x,90)+d (g%, gy)+d gy, fy)
= t)dt.
Ln_m} [ o(t)
Case-1V: If X,ye(ﬁ,% , then
d(fx, g+ d(gx, gy) + d(gy, fy) == |+ 0+ |2~ L
2n n n 2n
1 1
2n  2n
_1
n
d(fx, fy)=0.
So
J.Od(fX’W)(D(t)dt _0< Iod(fx'gx)m(gx'gyw(gy’fy)go(t)dt.

27| 3m—n 3n—-m

condition (2.2) is satisfied. Thus all the conditions of the above theorem are satisfied and 0 is the unique fixed point of f
and g .

3 3
) . 1 m-n n—m . .
Hence in all the above cases there existsa 0 < k = max<{— or <1 for which the contractive
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In the next theorem we further improve Theorem 1.1 by replacing condition (2.2) with much general inequality and using
the strict triangle inequality of integral type.

Theorem 2.2: Let f and g be noncompatible pointwise R -weakly commuing selfmappings of a metric space (X,d)
satisfying the property (E.A), (2.1) and the following conditions hold:
d(fx, fy) d(fx,9x) d(gx,gy) d(ay. fy)
<
2.3) jo pt)dt<a jo o(t)dt+b jo p(t)dt+c j

0<a,c<1,b>0,

p(t)dt,

0

d ( fx,gx)+d (gx,gfx)+d (gfx, 2x)

p(t)dt < [ P,

0
where @ € @ and satisfy the condition (1.1).

d(fx, f2x)
2.4) jo

Whenever the right hand side is nonzero, then f and g have a common fixed point.

Proof: Since f and g satisfy the property (E.A), then there exists a sequence {Xn} in X such that |jm, X, = lim,9x, =t
forsome t € X. Since te fX and fX < gX , then there exists U € X such that t = gu. Using (2.3) we get

d(fxn,fu) d(fxn,gxn) d(gxn,gu) d(gu, fu)
jo go(t)dtsajo go(t)dt+bJ.O ¢(t)dt+cjo p(t)dt.

By taking the limit,as N — oo we have
[ pmdt<0+0+c[ ™ p@dt=c[ ot
0 0 0
So
d(fu,gu
@0 " “pwdt=0.

From (1.1) we get fu = gu. Pointwise R —weak commutativity of f and g implies for R > 0, that
d(fgu, gfu) < Rd(fu,gu).

So

v"Od(fgu,gfu)¢(t)(_jt < JAORd(fu,gu)(p(t)dt — 0

Thus fgu = gfu. Also ffu = fgu = gfu = ggu. Using (2.4) again we get
d( fu, ffu d( fu,gu)+d (gu,gfu)+d(gfu, ffu
J-O( )(o(t)dt < ﬁ (fu,gu)+d(gu,gfu)+d(g )]go(t)dt

(t)dt

I[O+d (fu, fiu)+0]

d ( fu, ffu)
(1-c) jo p(t)dt = 0.

Thus from (1.1) we get fu = ffu. Hence fu = fgu = gfu and fu is a common fixed point of f and g . This completes
the proof.

Remark 2.1: If we take ¢(t) =t in Theorem 2.1-2.2 we get the results of Pant et.al [12], which extend the results of
Rhoades [7].
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