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ABSTRACT 
In 𝑓𝑓(𝑅𝑅,𝑇𝑇)  theory of gravity, we have studied the combination of perfect fluid and scalar field interacting with  
electromagnetic fields in Bianchi type III space-time, by considering the general cases 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇), 
𝑓𝑓(𝑅𝑅,𝑇𝑇) =  𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)  and 𝑓𝑓(𝑅𝑅)  theory and its particular cases 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑅𝑅 + 𝜆𝜆T, 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑅𝑅𝑅𝑅 , 𝑓𝑓(𝑅𝑅) = 𝑅𝑅 . It is 
observed that, even though the cases of 𝑓𝑓(𝑅𝑅,𝑇𝑇) are distinct, the convergent, non-singular and isotropic solution metric 
functions can be evolved in each case along with the components of vector potential, corresponding to suitable 
integrable function in general cases.  
 
Keywords: Bianchi type III, scalar field, electromagnetic field, 𝑓𝑓(𝑅𝑅,𝑇𝑇) theory of gravity, isotropy. 
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1. INTRODUCTION 
 
Cosmological data from wide range of source have indicated that our universe is undergoing an accelerating expansion 
[2-8]. To explain this fact, two alternative theories are proposed: one concept of dark energy and other the amendment 
of general relativity leading to 𝑓𝑓(𝑅𝑅) and 𝑓𝑓(𝑅𝑅,𝑇𝑇) theories [3, 4, 5] where R stands for Ricci scalar 𝑅𝑅 = 𝑔𝑔𝑖𝑖𝑖𝑖 𝑅𝑅𝑖𝑖𝑖𝑖 , 𝑅𝑅𝑖𝑖𝑖𝑖  being 
Ricci tensor 𝑇𝑇 = 𝑔𝑔𝑖𝑖𝑖𝑖  𝑇𝑇𝑖𝑖𝑖𝑖  ,𝑇𝑇𝑖𝑖𝑖𝑖   being energy momentum tensor. The field equations of 𝑓𝑓(𝑅𝑅,𝑇𝑇) theories due to Harko [3] 
are deduced by varying the action  

𝑠𝑠 = ∫𝑓𝑓(𝑅𝑅,𝑇𝑇)�−𝑔𝑔𝑑𝑑4 𝑥𝑥 + ∫ 𝐿𝐿𝑚𝑚�−𝑔𝑔𝑑𝑑4𝑥𝑥                                                                                                        (1.1) 
 Where  𝐿𝐿𝑚𝑚  is lagrangian and the other symbols have their usual meaning. Energy momentum tensor is given by  

𝑇𝑇𝑖𝑖𝑖𝑖 = 𝐿𝐿𝑚𝑚𝑔𝑔𝑖𝑖𝑖𝑖 − 2 𝛿𝛿𝐿𝐿𝑚𝑚
𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖

                                                                                                                                        (1.2) 
 
Varying the action (1.1) with respect to  𝑔𝑔𝑖𝑖𝑖𝑖  which yields as  

𝛿𝛿𝛿𝛿 = 1
2𝜒𝜒 ∫ �𝑓𝑓 (𝑅𝑅,𝑇𝑇) 𝛿𝛿𝛿𝛿

𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖
+ 𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇) 𝛿𝛿𝛿𝛿

𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖
+ 𝑓𝑓(𝑅𝑅,𝑇𝑇)

√−𝑔𝑔
𝛿𝛿(√−𝑔𝑔)
𝛿𝛿1𝑖𝑖𝑖𝑖

+ 2𝜒𝜒

√−𝑔𝑔
�𝛿𝛿(𝐿𝐿𝑚𝑚√−𝑔𝑔)

𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖
���−𝑔𝑔𝑑𝑑4𝑥𝑥                                     (1.3) 

 
Here we define  

𝜃𝜃𝑖𝑖𝑖𝑖 = 𝑔𝑔𝛼𝛼𝛼𝛼
𝛿𝛿𝑇𝑇𝛼𝛼𝛼𝛼
𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖

                                                                                                                                                 (1.4) 
 

By defining the generalized kronecker symbol  𝛿𝛿𝑔𝑔
𝛼𝛼𝛼𝛼

𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖
= 𝛿𝛿𝑖𝑖𝛼𝛼𝛿𝛿𝑗𝑗

𝛽𝛽   we can reduce  
𝛿𝛿𝑔𝑔𝛼𝛼𝛼𝛼

𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖
𝑇𝑇𝛼𝛼𝛼𝛼 = 𝛿𝛿𝑖𝑖𝛼𝛼𝛿𝛿𝑗𝑗

𝛽𝛽𝑇𝑇𝛼𝛼𝛼𝛼    = 𝑔𝑔𝑝𝑝𝑝𝑝𝑔𝑔𝑝𝑝𝑝𝑝𝑔𝑔𝑞𝑞𝑞𝑞 𝑔𝑔𝑞𝑞𝑞𝑞 𝑇𝑇𝛼𝛼𝛼𝛼 = 𝑇𝑇𝑖𝑖𝑖𝑖  
 
Using above equations we can write  

𝛿𝛿𝛿𝛿
𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖

=
𝛿𝛿(𝑔𝑔𝛼𝛼𝛼𝛼 𝑇𝑇𝛼𝛼𝛼𝛼 )

𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖
=
𝛿𝛿𝑔𝑔𝛼𝛼𝛼𝛼

𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖
𝑇𝑇𝛼𝛼𝛼𝛼 + 𝑔𝑔𝛼𝛼𝛼𝛼

𝛿𝛿𝑇𝑇𝛼𝛼𝛼𝛼
𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖

= 𝑇𝑇𝑖𝑖𝑖𝑖 + 𝜃𝜃𝑖𝑖𝑖𝑖  
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Integrating (1.3) we can obtain  

𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)𝑅𝑅𝑖𝑖𝑖𝑖 −
1
2
𝑓𝑓(𝑅𝑅,𝑇𝑇)𝑔𝑔𝑖𝑖𝑖𝑖 + �𝑔𝑔𝑖𝑖𝑖𝑖 − 𝛻𝛻𝑖𝑖𝛻𝛻𝑗𝑗 �𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 𝜒𝜒𝑇𝑇 𝑗𝑗 − 𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇)�𝑇𝑇𝑖𝑖𝑖𝑖 + 𝜃𝜃𝑖𝑖𝑖𝑖 �                                          (1.5) 

 
This can be further written as  

𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)𝐺𝐺𝑖𝑖𝑖𝑖 + 1
2

[𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)𝑅𝑅 − 𝑓𝑓(𝑅𝑅,𝑇𝑇)]𝑔𝑔𝑖𝑖𝑖𝑖 + 𝑔𝑔𝑖𝑖𝑖𝑖 𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) − 𝛻𝛻𝑖𝑖𝛻𝛻𝑗𝑗 𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 𝜒𝜒𝑇𝑇𝑖𝑖𝑖𝑖 − 𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇)�𝑇𝑇𝑖𝑖𝑖𝑖 + 𝜃𝜃𝑖𝑖𝑖𝑖 �        (1.6) 

where    𝐺𝐺𝑖𝑖𝑖𝑖 =  𝑅𝑅𝑖𝑖𝑖𝑖 −
1
2
𝑅𝑅𝑔𝑔𝑖𝑖𝑖𝑖   

 
Taking trace of (1.5) we obtain  

𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 2
3
𝑓𝑓(𝑅𝑅,𝑇𝑇) − 1

3
𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)𝑅𝑅 + 𝜒𝜒

3
𝑇𝑇 − 1

3
fT(𝑅𝑅,𝑇𝑇)[𝑇𝑇 + 𝜃𝜃]                                                                      (1.7) 

 
Inserting (1.7) in (1.6) we can reorganized as   

𝐺𝐺𝑗𝑗
𝜇𝜇 =

1
𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) �𝑔𝑔

𝑖𝑖𝑖𝑖 ∇𝑖𝑖∇𝑗𝑗 𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)� −
1

6𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)
[𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)𝑅𝑅 + 𝑓𝑓(𝑅𝑅,𝑇𝑇)]𝑔𝑔𝑗𝑗

𝜇𝜇 +
𝜒𝜒

𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) �𝑇𝑇𝑗𝑗
𝜇𝜇 −

1
3
𝑇𝑇𝑔𝑔𝑗𝑗

𝜇𝜇 � 

                                                                                 + 1
3
𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇)
𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)

[𝑇𝑇 + 𝜃𝜃]𝑔𝑔𝑗𝑗
𝜇𝜇 − 𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇)

𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇)
�𝑇𝑇𝑗𝑗

𝜇𝜇 + 𝜃𝜃𝑗𝑗
𝜇𝜇 �                                     (1.8)                                                        

 
Let us now calculate the tensor 𝜃𝜃𝑖𝑖𝑖𝑖  .Varying (1.2) with respect to metric tensor 𝑔𝑔𝑖𝑖𝑖𝑖  and using the definition (1.4) we 
obtain  

𝜃𝜃𝑖𝑖𝑖𝑖 = −𝑇𝑇𝑖𝑖𝑖𝑖 + 2 �𝛿𝛿𝐿𝐿𝑚𝑚
𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖

− 𝑔𝑔𝛼𝛼𝛼𝛼 𝛿𝛿2𝐿𝐿𝑚𝑚
𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖 𝛿𝛿𝑔𝑔𝛼𝛼𝛼𝛼

�                                                                                                               (1.9) 
 
With this background, in this paper we discover the Bianchi type III space-time with combination of perfect fluid and 
scalar field interacting with electromagnetic one.    
                                                                        
2. MATTER FIELD LAGRANGIAN 𝐿𝐿𝑚𝑚   
 
The electromagnetic field tensor is given by                  

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝜕𝜕𝑉𝑉𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

−
𝜕𝜕𝑉𝑉𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

 ,                                                                                                                                                  (2) 
where  𝑉𝑉𝑖𝑖  is electromagnetic four potential. 
 
The aforesaid the matter Lagrangian  𝐿𝐿𝑚𝑚  can be expressed as  

𝐿𝐿𝑚𝑚 = �1
4
𝐹𝐹𝜂𝜂𝜂𝜂𝐹𝐹𝜂𝜂𝜂𝜂 −

1
2
𝜑𝜑,𝜂𝜂𝜑𝜑,𝜂𝜂𝜓𝜓�,                                                                                                                          (2.1) 

where     𝜓𝜓 = 𝜓𝜓(𝐼𝐼),    𝐼𝐼 = 𝑉𝑉𝑖𝑖𝑉𝑉𝑖𝑖     
 
The function 𝜓𝜓 characterizes the interaction between the scalar 𝜑𝜑 and electromagnetic field [1]. 
 
Then energy momentum tensors in (1.2) can conveniently be expressed in the mixed form 

𝑇𝑇𝑗𝑗
𝜇𝜇 = �𝐹𝐹𝛼𝛼

𝜇𝜇𝐹𝐹𝑗𝑗𝛼𝛼 + 1
4
𝑔𝑔𝑗𝑗
𝜇𝜇𝐹𝐹𝛼𝛼𝛼𝛼 𝐹𝐹𝛼𝛼𝛼𝛼 � − �1

2
𝜓𝜓𝑔𝑔𝑗𝑗

𝜇𝜇 − 𝜓̇𝜓𝑉𝑉𝜇𝜇𝑉𝑉𝑗𝑗 �𝜑𝜑,𝜂𝜂𝜑𝜑,𝜂𝜂 + 𝜓𝜓𝜑𝜑,𝜇𝜇𝜑𝜑,𝑗𝑗                                                             (2.2) 
 
Similarly (1.9) can be expressed as  

𝜃𝜃𝑗𝑗
𝜇𝜇 = −𝑇𝑇𝑗𝑗

𝜇𝜇 − �𝜓𝜓 − 𝐼𝐼𝜓̇𝜓�𝜑𝜑,𝜇𝜇𝜑𝜑,𝑗𝑗 + 𝐼𝐼𝜓̈𝜓𝜑𝜑,𝜂𝜂𝜑𝜑,𝜂𝜂𝑉𝑉𝜇𝜇𝑉𝑉𝑗𝑗                                                                                               (2.3) 
 
The equations (2.2) and (2.3), after contraction yield 

𝑇𝑇 = −(𝜓𝜓 − 𝐼𝐼𝜓̇𝜓)𝜑𝜑,𝜂𝜂𝜑𝜑,𝜂𝜂                                                                                                                                      (2.4) 
𝜃𝜃 = 𝐼𝐼2𝜓̈𝜓𝜑𝜑,𝜂𝜂𝜑𝜑,𝜂𝜂                                                                                                                                                  (2.5) 

 
3. BIANCHI TYPE III SPACE-TIME 
 
We consider the Bianchi type III space-time specified by  

𝑑𝑑𝑑𝑑2 = 𝐴𝐴2𝑑𝑑𝑑𝑑2 + 𝐵𝐵2𝑒𝑒−2𝑚𝑚𝑚𝑚 𝑑𝑑𝑑𝑑2 + 𝐶𝐶2𝑑𝑑𝑑𝑑2 − 𝑑𝑑𝑑𝑑2                                                                                               (3.1) 
Where 𝐴𝐴,𝐵𝐵,𝐶𝐶 are functions of t and m is non-zero constant 
 
The non-vanishing components of Einstein tensor are  

𝐺𝐺1
1 = 𝐵̈𝐵

𝐵𝐵
+ 𝐶̈𝐶

𝐶𝐶
+ 𝐵̇𝐵𝐶̇𝐶

𝐵𝐵𝐵𝐵
         𝐺𝐺2

2 = 𝐴̈𝐴
𝐴𝐴

+ 𝐶̈𝐶
𝐶𝐶

+ 𝐴̇𝐴𝐶̇𝐶
𝐴𝐴𝐴𝐴

         𝐺𝐺3
3 = −𝑚𝑚2

𝐴𝐴2 + 𝐴̈𝐴
𝐴𝐴

+ 𝐵̈𝐵
𝐵𝐵

+ 𝐴̇𝐴𝐵̇𝐵
𝐴𝐴𝐴𝐴

         𝐺𝐺4
1 = 𝑚𝑚

𝐴𝐴2 �
𝐴̇𝐴
𝐴𝐴
− 𝐵̇𝐵

𝐵𝐵
� 
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Electromagnetic field tensor 𝐹𝐹𝑖𝑖𝑖𝑖   
To achieve the compatibility with the non-static space time (3.1), we assume the electromagnetic vector potential in the 
form  

𝑉𝑉𝑖𝑖 = [𝛼𝛼(𝑥𝑥)𝑉𝑉1(𝑡𝑡),𝑉𝑉2(𝑡𝑡),𝑉𝑉3(𝑡𝑡),𝑉𝑉4(𝑡𝑡)]  ,                                                                                                            (3.2) 
 
 Then it is easy to deduce  

𝐼𝐼 = �𝛼𝛼
2𝑉𝑉1

2

𝐴𝐴2 + 𝑉𝑉2
2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 + 𝑉𝑉3
2

𝐶𝐶2 − 𝑉𝑉4
2�                                                                                                                  (3.3) 

𝐹𝐹14 = 𝛼𝛼𝑉̇𝑉1          𝐹𝐹24 = 𝑉̇𝑉2 ,           𝐹𝐹34 = 𝑉̇𝑉3                                                                                                     (3.4) 

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑖𝑖𝑖𝑖 = −2 �𝛼𝛼
2𝑉̇𝑉1

2

𝐴𝐴2 + 𝑉̇𝑉2
2

𝐵𝐵2 𝑒𝑒𝑚𝑚2𝑥𝑥 + 𝑉̇𝑉3
2

𝐶𝐶2 �                                                                                                              (3.5) 

𝜑𝜑𝑖𝑖𝜑𝜑𝑖𝑖 = −𝜑̇𝜑2                                                                                                                                                     (3.6) 
 
In reference to the above quantities at our disposal and the space-time (3.1), the components of 𝑇𝑇𝑗𝑗𝑖𝑖  in (2.2) becomes   

𝑇𝑇1
1 = 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 − 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 − 1
2
𝑉̇𝑉3

2

𝐶𝐶2 + 1
2
𝜓𝜓𝜑̇𝜑2 − 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼2𝑉𝑉1

2

𝐴𝐴2                                                                                 (3.7a) 

𝑇𝑇2
1 = 𝛼𝛼𝑉̇𝑉1 𝑣̇𝑣2

𝐴𝐴2 − 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉2
𝐴𝐴2                                                                                                                                  (3.7b) 

𝑇𝑇3
1 = 𝛼𝛼𝑉̇𝑉1 𝑣̇𝑣3

𝐴𝐴2 − 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉3
𝐴𝐴2                                                                                                                                  (3.7c) 

𝑇𝑇4
1 = 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉4

𝐴𝐴2                                                                                                                                              (3.7d) 

𝑇𝑇2
2 = − 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 + 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑥𝑥 − 1
2
𝑉̇𝑉3

2

𝐶𝐶2 + 1
2
𝜓𝜓𝜑̇𝜑2 − 𝜓̇𝜓𝜑̇𝜑2 𝑉𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑥𝑥                                                                       (3.7e) 

𝑇𝑇3
2 = 𝑉̇𝑉2𝑣̇𝑣3

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 − 𝜓̇𝜓𝜑̇𝜑2 𝑉𝑉2𝑉𝑉3
𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                   (3.7f) 

𝑇𝑇3
3 = − 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 − 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 + 1
2
𝑉̇𝑉3

2

𝐶𝐶2 + 1
2
𝜓𝜓𝜑̇𝜑2 − 𝜓̇𝜓𝜑̇𝜑2 𝑉𝑉3

2

𝐶𝐶2                                                                                (3.7g) 

𝑇𝑇4
4 = 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 + 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 + 1
2
𝑉̇𝑉3

2

𝐶𝐶2 −
1
2
𝜓𝜓𝜑̇𝜑2 + 𝜓̇𝜓𝜑̇𝜑2𝑉𝑉4

2                                                                                  (3.7h) 
𝑇𝑇 = (𝜓𝜓 − 𝐼𝐼𝜓̇𝜓)𝜑̇𝜑2                                                                                                                                          (3.7i) 

 
Similarly the components of 𝜃𝜃𝑗𝑗𝑖𝑖  in (2.3) can assume the following values   

𝜃𝜃1
1 = −𝑇𝑇1

1 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼2𝑉𝑉1
2

𝐴𝐴2                                                                                                                                (3.8a) 

𝜃𝜃2
1 = −𝑇𝑇2

1 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉2
𝐴𝐴2                                                                                                                                (3.8b) 

𝜃𝜃3
1 = −𝑇𝑇3

1 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉3
𝐴𝐴2                                                                                                                                (3.8c) 

𝜃𝜃4
1 = −𝑇𝑇4

1 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉4
𝐴𝐴2                                                                                                                                (3.8d) 

𝜃𝜃2
2 = −𝑇𝑇2

2 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2
2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                          (3.8e) 

𝜃𝜃3
2 = −𝑇𝑇3

2 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2𝑉𝑉3
𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                         (3.8f) 

𝜃𝜃3
3 = −𝑇𝑇3

3 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉3
2

𝐶𝐶2                                                                                                                                    (3.8g) 
𝜃𝜃4

4 = −𝑇𝑇4
4 + �𝜓𝜓 − 𝐼𝐼𝜓̇𝜓�𝜑̇𝜑2 + 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2𝑉𝑉4

2                                                                                                         (3.8h) 
𝜃𝜃 = −𝐼𝐼2𝜓̈𝜓𝜑̇𝜑2                                                                                                                                                 (3.8i) 

 
Following Saha [1] the variation of the matter Lagrangiam 𝐿𝐿𝑚𝑚  in (2.1) with respect to the electromagnetic field gives us 

1

√−𝑔𝑔
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��−𝑔𝑔𝐹𝐹𝑖𝑖𝑖𝑖 � − �𝜑𝜑,𝑗𝑗 𝜑𝜑,𝑗𝑗 �𝜓̇𝜓𝐴𝐴𝑖𝑖 = 0    where  𝜓̇𝜓 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 
 
Noting (3.2) and (3.4) above equation gives 

for 𝑖𝑖 = 1, 𝑗𝑗 = 4 ⇒  �𝑉̇𝑉1
𝑉𝑉1
�

.
+ 𝑉̇𝑉1

2

𝑉𝑉1
2 + 𝑉̇𝑉1

𝑉𝑉1
�𝐶̇𝐶
𝐶𝐶

+ 𝐵̇𝐵
𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                (3.9a) 

for 𝑖𝑖 = 2, 𝑗𝑗 = 4 ⇒  �𝑉̇𝑉2
𝑉𝑉2
�

.
+ 𝑉̇𝑉2

2

𝑉𝑉2
2 + 𝑉̇𝑉2

𝑉𝑉2
�𝐴̇𝐴
𝐴𝐴

+ 𝐶̇𝐶
𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                (3.9b) 

for 𝑖𝑖 = 3, 𝑗𝑗 = 4 ⇒  �𝑉̇𝑉3
𝑉𝑉3
�

.
+ 𝑉̇𝑉3

2

𝑉𝑉3
2 + 𝑉̇𝑉3

𝑉𝑉3
�𝐵̇𝐵
𝐵𝐵

+ 𝐴̇𝐴
𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                (3.9c) 

for 𝑖𝑖 = 4, 𝑗𝑗 = 1 ⇒  𝛼𝛼(𝑥𝑥) = 𝑘𝑘1𝑒𝑒𝑚𝑚𝑚𝑚                                                                                                                 (3.9d) 
for 𝑖𝑖 = 4, 𝑗𝑗 = 4 ⇒  𝑉𝑉4 = 0                                                                                                                             (3.9e) 

where 𝑘𝑘1 is constant of integration. 
 
Since the expression of the Einstein tensor in (1.8) is complicated, the solution of the Einstein’s field equation in 
general cannot be obtained. With this reality we take recourse to the particular cases of the function 𝑓𝑓(𝑅𝑅,𝑇𝑇) and there 
upon try to obtain the solution.  
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4. COMBINATION OF PERFECT FLUID AND SCALAR FIELD COUPLED WITH ELECTROMAGNETIC 
FIELD 
 
Energy momentum tensor of perfect fluid is given by  

𝑇𝑇𝑗𝑗𝑖𝑖 = (𝜌𝜌 + 𝑝𝑝)𝑢𝑢𝑖𝑖𝑢𝑢𝑗𝑗 − 𝑝𝑝𝛿𝛿𝑗𝑗𝑖𝑖                                                                                                                                   (4.1) 
𝑇𝑇1

1 = 𝑇𝑇2
2 = 𝑇𝑇3

3 = −𝑝𝑝 ,  𝑇𝑇4
4 = 𝜌𝜌 

𝑇𝑇𝑗𝑗𝑖𝑖 = 0   if     𝑖𝑖 ≠ 𝑗𝑗                                                                                                                                            (4.2) 
 
We take combination of perfect fluid and scalar field interacting with electromagnetic field as  

𝑇𝑇𝑖𝑖
𝑗𝑗 = 𝑇𝑇𝑗𝑗𝑖𝑖(𝑃𝑃𝑃𝑃) + 𝑇𝑇𝑗𝑗𝑖𝑖(𝑆𝑆𝑆𝑆𝑆𝑆)                                                                                                                                 (4.3) 

 
By using (4.2) and (4.3) the equations in (3.7) reduces to  

𝑇𝑇1
1 = −𝑝𝑝 + 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 − 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 − 1
2
𝑉̇𝑉3

2

𝐶𝐶2 + 1
2
𝜓𝜓𝜑̇𝜑2 − 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼2𝑉𝑉1

2

𝐴𝐴2                                                                       (4.4a) 

𝑇𝑇2
1 = 𝛼𝛼𝑉̇𝑉1 𝑣̇𝑣2

𝐴𝐴2 − 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉2
𝐴𝐴2                                                                                                                                  (4.4b) 

𝑇𝑇3
1 = 𝛼𝛼𝑉̇𝑉1 𝑣̇𝑣3

𝐴𝐴2 − 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉3
𝐴𝐴2                                                                                                                                  (4.4c) 

𝑇𝑇4
1 = 𝜓̇𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉4

𝐴𝐴2                                                                                                                                               (4.4d) 

𝑇𝑇2
2 = −𝑝𝑝 − 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 + 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 − 1
2
𝑉̇𝑉3

2

𝐶𝐶2 + 1
2
𝜓𝜓𝜑̇𝜑2 − 𝜓̇𝜓𝜑̇𝜑2 𝑉𝑉2

2

𝐵𝐵2                                                                          (4.4e) 

𝑇𝑇3
2 = 𝑉̇𝑉2𝑣̇𝑣3

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 − 𝜓̇𝜓𝜑̇𝜑2 𝑉𝑉2𝑉𝑉3
𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                    (4.4f) 

𝑇𝑇3
3 = −𝑝𝑝 − 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 − 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 + 1
2
𝑉̇𝑉3

2

𝐶𝐶2 + 1
2
𝜓𝜓𝜑̇𝜑2 − 𝜓̇𝜓𝜑̇𝜑2 𝑉𝑉3

2

𝐶𝐶2                                                                          (4.4g) 

𝑇𝑇4
4 = 𝜌𝜌 + 1

2
𝛼𝛼2𝑉̇𝑉1

2

𝐴𝐴2 + 1
2
𝑉̇𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 + 1
2
𝑉̇𝑉3

2

𝐶𝐶2 −
1
2
𝜓𝜓𝜑̇𝜑2 + 𝜓̇𝜓𝜑̇𝜑2𝑉𝑉4

2                                                                            (4.4h) 
𝑇𝑇 = −3𝑝𝑝 + 𝜌𝜌 + (𝜓𝜓 − 𝐼𝐼𝜓̇𝜓)𝜑̇𝜑2     (4.4i) 

 
Using (4.2) and (4.3) the equations in (3.8) reduces to  

𝜃𝜃1
1 = −𝑇𝑇1

1 − 𝑝𝑝 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼2𝑉𝑉1
2

𝐴𝐴2                                                                                                                          (4.5a) 

𝜃𝜃2
1 = −𝑇𝑇2

1 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉2
𝐴𝐴2                                                                                                                                 (4.5b) 

𝜃𝜃3
1 = −𝑇𝑇3

1 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉3
𝐴𝐴2                                                                                                                                 (4.5c) 

𝜃𝜃4
1 = −𝑇𝑇4

1 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉4
𝐴𝐴2                                                                                                                                 (4.5d) 

𝜃𝜃2
2 = −𝑇𝑇2

2 − 𝑝𝑝 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2
2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                    (4.5e) 

𝜃𝜃3
2 = −𝑇𝑇3

2 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2𝑉𝑉3
𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                          (4.5f) 

𝜃𝜃3
3 = −𝑇𝑇3

3 − 𝑝𝑝 − 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉3
2

𝐶𝐶2                                                                                                                             (4.5g) 
𝜃𝜃4

4 = −𝑇𝑇4
4 + 𝜌𝜌 + �𝜓𝜓 − 𝐼𝐼𝜓̇𝜓�𝜑̇𝜑2 + 𝐼𝐼𝜓̈𝜓𝜑̇𝜑2𝑉𝑉4

2                                                                                                   (4.5h) 
𝜃𝜃 = −𝐼𝐼2𝜓̈𝜓𝜑̇𝜑2                                                                                                                                                 (4.5i) 

  
5. SUB CASE  𝒇𝒇(𝑹𝑹,𝑻𝑻) = 𝒇𝒇𝟏𝟏(𝑹𝑹) + 𝝀𝝀𝒇𝒇𝟐𝟐(𝑻𝑻) 
 
Here we follow the notations  𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
=  𝑓̇𝑓1(𝑅𝑅) ,       𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
=  𝜆𝜆𝑓̇𝑓2(𝑇𝑇)  

 
The field equation (1.8) reduces to the form  
 

𝐺𝐺𝑗𝑗
𝜇𝜇 =

1
𝑓̇𝑓1(𝑅𝑅)

�𝑔𝑔𝑖𝑖𝑖𝑖 ∇𝑖𝑖∇𝑗𝑗 𝑓̇𝑓1(𝑅𝑅)� −
1

6𝑓̇𝑓1(𝑅𝑅)
�𝑓̇𝑓1(𝑅𝑅)𝑅𝑅 + 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇)�𝑔𝑔𝑗𝑗

𝜇𝜇 +
𝜒𝜒

𝑓̇𝑓1(𝑅𝑅)
�𝑇𝑇𝑗𝑗

𝜇𝜇 −
1
3
𝑇𝑇𝑔𝑔𝑗𝑗

𝜇𝜇 � 

                            + 𝜆𝜆
3
𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇 + 𝜃𝜃]𝑔𝑔𝑗𝑗
𝜇𝜇 − 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)

𝑓𝑓1̇(𝑅𝑅)
�𝑇𝑇𝑗𝑗

𝜇𝜇 + 𝜃𝜃𝑗𝑗
𝜇𝜇 �                                                                                               (5.1)     

 
Since for the space time (3.1), 𝐺𝐺2

1 = 0 ,𝐺𝐺3
1 = 0  𝐺𝐺3

2 = 0, the field equations (5.1), by using (4.4) and (4.5),  yield  
𝑉̇𝑉1𝑉̇𝑉2
𝑉𝑉1𝑉𝑉2

= 𝜓̇𝜓𝜑̇𝜑2 − 𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                            (5.2a) 

𝑉̇𝑉1𝑉̇𝑉3
𝑉𝑉1𝑉𝑉3

= 𝜓̇𝜓𝜑̇𝜑2 − 𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                           (5.2b) 

𝑉̇𝑉2𝑉̇𝑉3
𝑉𝑉2𝑉𝑉3

= 𝜓̇𝜓𝜑̇𝜑2 − 𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                            (5.2c) 
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From (5.2) we can write  

𝑉̇𝑉1𝑉̇𝑉2
𝑉𝑉1𝑉𝑉2

= 𝑉̇𝑉2𝑉̇𝑉3
𝑉𝑉2𝑉𝑉3

= 𝑉̇𝑉1𝑉̇𝑉3
𝑉𝑉1𝑉𝑉3

= 𝜓̇𝜓𝜑̇𝜑2 − 𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                       (5.3) 

 
or we can rewrite it as  

𝑉̇𝑉1
𝑉𝑉1

= 𝑉̇𝑉2
𝑉𝑉2

= 𝑉̇𝑉3
𝑉𝑉3

= ℎ̇1
ℎ1

 , say                                                                                                                                     (5.4) 
Where ℎ1 is some unknown function of t 
 
Inserting (5.4) in (5.3) it yields  

�ℎ̇1
ℎ1
�

2
= �ℎ̇1

ℎ1
�

2
= �ℎ̇1

ℎ1
�

2
= 𝜓̇𝜓𝜑̇𝜑2 − 𝜆𝜆

𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                              (5.5) 

 
Up on the integration of equation (5.4) with respect to t, yield 

𝑉𝑉1 = 𝑘𝑘2ℎ1,  𝑉𝑉2 = 𝑘𝑘3ℎ1,    𝑉𝑉3 = 𝑘𝑘4ℎ1                                                                                                               (5.6) 
where 𝑘𝑘2,𝑘𝑘3,𝑘𝑘4 are constants of integration. 
 
Now our plan is to express the components of 𝑇𝑇𝑗𝑗𝑖𝑖  in (4.4) in terms of  𝑇𝑇4

4. For this we consider the expression  

 𝛼𝛼
2𝑉̇𝑉1

2

𝐴𝐴2 + 𝑉̇𝑉2
2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 + 𝑉̇𝑉3
2

𝐶𝐶2 = �𝛼𝛼
2𝑉𝑉1

2

𝐴𝐴2 + 𝑉𝑉2
2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚 + 𝑉𝑉3
2

𝐶𝐶2 � �
ℎ̇1
ℎ1
�

2
   by (5.4) 

= 𝐼𝐼 �ℎ̇1
ℎ1
�

2
       (3.3) and (3.9e) 

= 𝐼𝐼𝜓̇𝜓𝜑̇𝜑2 − 𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼2𝜓̈𝜓𝜑̇𝜑2      by (5.5)                                                                         (5.7) 

 
We attempt to express the components of  𝑇𝑇𝑗𝑗𝑖𝑖  in (4.4) in terms of 𝑇𝑇4

4 by using (5.4), (5.5) and (5.7) 
𝑇𝑇4

4 = 𝜌𝜌 + 1
2
𝐼𝐼𝜓̇𝜓𝜑̇𝜑2 − 1

2
𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼2𝜓̈𝜓𝜑̇𝜑2 − 1

2
𝜓𝜓𝜑̇𝜑2                                                                                               (5.8a) 

𝑇𝑇1
1 = −𝑇𝑇4

4 − 𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼2𝑉𝑉1

2

𝐴𝐴2                                                                                                                     (5.8b) 

𝑇𝑇2
1 = − 𝜆𝜆

𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑣𝑣2

𝐴𝐴2                                                                                                                              (5.8c) 

𝑇𝑇3
1 = − 𝜆𝜆

𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑣𝑣3

𝐴𝐴2                                                                                                                              (5.8d) 
𝑇𝑇4

1 = 0                                                                                                                                                            (5.8e) 
𝑇𝑇2

2 = −𝑇𝑇4
4 − 𝜆𝜆

𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                (5.8f) 

𝑇𝑇3
2 = − 𝜆𝜆

𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2𝑣𝑣3

𝐵𝐵2                                                                                                                                (5.8g) 

𝑇𝑇3
3 = −𝑇𝑇4

4 − 𝜆𝜆
𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉3

2

𝐶𝐶2                                                                                                                         (5.8h) 

𝑇𝑇 = (𝜓𝜓 − 𝐼𝐼𝜓̇𝜓)𝜑̇𝜑2                                                                                                                                             (5.8i) 
 
We consider the non-vanishing components of Einstein tensor 𝐺𝐺1

1,𝐺𝐺2
2,𝐺𝐺3

3, 𝐺𝐺4
1 from (5.1) 

𝐵̈𝐵
𝐵𝐵

+
𝐶̈𝐶
𝐶𝐶

+
𝐵̇𝐵𝐶̇𝐶
𝐵𝐵𝐵𝐵

=
𝐴̇𝐴
𝐴𝐴
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−
1

6𝑓̇𝑓1(𝑅𝑅)
�𝑓̇𝑓1(𝑅𝑅)𝑅𝑅 + 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇)� +

𝜒𝜒
𝑓̇𝑓1(𝑅𝑅)

�𝑇𝑇1
1 −

1
3
𝑇𝑇� 

                                   + 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
3𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇 + 𝜃𝜃] − 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
3𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇1
1 + 𝜃𝜃1

1]                                                                                  (5.9a) 
 
𝐴̈𝐴
𝐴𝐴

+
𝐶̈𝐶
𝐶𝐶

+
𝐴̇𝐴𝐶̇𝐶
𝐴𝐴𝐴𝐴

=
𝐵̇𝐵
𝐵𝐵
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−
1

6𝑓̇𝑓1(𝑅𝑅)
�𝑓̇𝑓1(𝑅𝑅)𝑅𝑅 + 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇)� +

𝜒𝜒
𝑓̇𝑓1(𝑅𝑅)

�𝑇𝑇2
2 −

1
3
𝑇𝑇� 

                                   + 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
3𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇 + 𝜃𝜃] − 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
3𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇2
2 + 𝜃𝜃2

2]                                                                                 (5.9b) 
 

−
𝑚𝑚2

𝐴𝐴2 +
𝐴̈𝐴
𝐴𝐴

+
𝐵̈𝐵
𝐵𝐵

+
𝐴̇𝐴𝐵̇𝐵
𝐴𝐴𝐴𝐴

=
𝐶̇𝐶
𝐶𝐶
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑苊

−
1

6𝑓̇𝑓1(𝑅𝑅)
�𝑓̇𝑓1(𝑅𝑅)𝑅𝑅 + 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇)� +

𝜒𝜒
𝑓̇𝑓1(𝑅𝑅)

�𝑇𝑇3
3 −

1
3
𝑇𝑇� 

                                   + 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
3𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇 + 𝜃𝜃] − 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
3𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇3
3 + 𝜃𝜃3

3]                                                                                 (5.9c) 
 
𝐴̇𝐴
𝐴𝐴
− 𝐵̇𝐵

𝐵𝐵
= 0                                                                                                                                                       (5.9d) 

 
Upon integration of the equation (5.9d) we obtain  

𝐴𝐴 = 𝑘𝑘5𝐵𝐵 
where 𝑘𝑘5 is constant of integration                                   
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Subtracting (5.9b) from (5.9a), (5.9c) from (5.9b) and (5.9a) from (5.9c) we get 

𝐵̈𝐵
𝐵𝐵
− 𝐴̈𝐴

𝐴𝐴
+ 𝐶̇𝐶

𝐶𝐶
�𝐵̇𝐵
𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� + �𝐵̇𝐵

𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� 𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜒𝜒
𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇1
1 − 𝑇𝑇2

2] + 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)

[(𝑇𝑇2
2 + 𝜃𝜃2

2) − (𝑇𝑇1
1 + 𝜃𝜃1

1)]                         (5.10a) 
𝐶̈𝐶
𝐶𝐶
− 𝐵̈𝐵

𝐵𝐵
+ 𝐴̇𝐴

𝐴𝐴
� . ̇
𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� + �𝐶̇𝐶

𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� 𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑚𝑚2

𝐴𝐴2 = 𝜒𝜒
𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇2
2 − 𝑇𝑇3

3] + 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)

[(𝑇𝑇3
3 + 𝜃𝜃3

3) − (𝑇𝑇2
2 + 𝜃𝜃2

2)]                (5.10b) 
𝐴̈𝐴
𝐴𝐴
− 𝐶̈𝐶

𝑐𝑐
+ 𝐵̇𝐵

𝐵𝐵
�𝐴̇𝐴
𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� + �𝐴̇𝐴

𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� 𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− 𝑚𝑚2

𝐴𝐴2 = 𝜒𝜒
𝑓𝑓1̇(𝑅𝑅)

[𝑇𝑇3
3 − 𝑇𝑇1

1] + 𝜆𝜆𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)

[(𝑇𝑇1
1 + 𝜃𝜃1

1) − (𝑇𝑇3
3 + 𝜃𝜃3

3)]                (5.10c) 
 
Using (5.8) and (4.5) we get 

𝐵̈𝐵
𝐵𝐵
− 𝐴̈𝐴

𝐴𝐴
+ 𝐶̇𝐶

𝐶𝐶
�𝐵̇𝐵
𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� + �𝐵̇𝐵

𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� 𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0                                                                                                      (5.11a) 
𝐶̈𝐶
𝐶𝐶
− 𝐵̈𝐵

𝐵𝐵
+ 𝐴̇𝐴

𝐴𝐴
�𝐶̇𝐶
𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� + �𝐶̇𝐶

𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� 𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑚𝑚2

𝐴𝐴2 = 0                                                                                            (5.11b) 
𝐴̈𝐴
𝐴𝐴
− 𝐶̈𝐶

𝑐𝑐
+ 𝐵̇𝐵

𝐵𝐵
�𝐴̇𝐴
𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� + �𝐴̇𝐴

𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� 𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− 𝑚𝑚2

𝐴𝐴2 = 0                                                                                             (5.11c) 
 
Eliminating  𝑚𝑚

2

𝐴𝐴2  between the equations (5.11b) and (5.11c) we obtain  
𝐴̈𝐴
𝐴𝐴
− 𝐵̈𝐵

𝐵𝐵
+ 𝐶̇𝐶

𝐶𝐶
�𝐴̇𝐴
𝐴𝐴
− 𝐵̇𝐵

𝐵𝐵
� + �𝐴̇𝐴

𝐴𝐴
− 𝐵̇𝐵

𝐵𝐵
� 𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0                                                                                                     (5.11d) 
 
Upon integration of the equations (5.11a) and (5.11d) they yield 

𝐴𝐴
𝐵𝐵

= 𝑘𝑘7𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘6 ∫
1

𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)
𝑑𝑑𝑑𝑑�                                                                                                                       (5.12a) 

𝐵𝐵
𝐴𝐴

= 𝑘𝑘9𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘8 ∫
1

𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)
𝑑𝑑𝑑𝑑�                                                                                                                       (5.12b) 

Where 𝑘𝑘′𝑠𝑠 are constant of integration with the condition that 𝑘𝑘7𝑘𝑘9 = 1 and 𝑘𝑘6 + 𝑘𝑘8 = 0 
 
Using (5.4) we can write the equation (3.9) as 

�ℎ̇1
ℎ1
�

.
+ ℎ̇1

2

ℎ1
2 + ℎ̇1

ℎ1
�𝐶̇𝐶
𝐶𝐶

+ 𝐵̇𝐵
𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                             (5.13a) 

�ℎ̇1
ℎ1
�

.
+ ℎ̇1

2

ℎ1
2 + ℎ̇1

ℎ1
�𝐴̇𝐴
𝐴𝐴

+ 𝐶̇𝐶
𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                            (5.13b) 

�ℎ̇1
ℎ1
�

.
+ ℎ̇1

2

ℎ1
2 + ℎ̇1

ℎ1
�𝐵̇𝐵
𝐵𝐵

+ 𝐴̇𝐴
𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                             (5.13c) 

 
Further these equations imply  

𝐶̇𝐶
𝐶𝐶

+
𝐵̇𝐵
𝐵𝐵
−
𝐴̇𝐴
𝐴𝐴

=
𝐴̇𝐴
𝐴𝐴

+
𝐶̇𝐶
𝐶𝐶
−
𝐵̇𝐵
𝐵𝐵

=
𝐵̇𝐵
𝐵𝐵

+
𝐴̇𝐴
𝐴𝐴
−
𝐶̇𝐶
𝐶𝐶

 

Or           𝐴̇𝐴
𝐴𝐴

= 𝐵̇𝐵
𝐵𝐵

= 𝐶̇𝐶
𝐶𝐶
                                                                                                                                                       (5.14) 

 
Upon integration it yields  

𝐴𝐴 = 𝑘𝑘10𝐵𝐵,    𝐵𝐵 = 𝑘𝑘11 𝐶𝐶 ,     𝐶𝐶 = 𝑘𝑘12𝐴𝐴                                                                                                           (5.15) 
where 𝑘𝑘10,𝑘𝑘11,𝑘𝑘12 are constants of integration 
 
We observe that C is scalar multiple of A, therefore we can write explicitly as  

𝐴𝐴 = (𝐴𝐴2𝐵𝐵)
1
3𝑘𝑘13𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘14 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                       (5.16a) 

𝐵𝐵 = (𝐴𝐴2𝐵𝐵)
1
3𝑘𝑘15𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘16 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                       (5.16b) 

𝐶𝐶 = (𝐴𝐴2𝐵𝐵)
1
3𝑘𝑘17𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘18 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                       (5.16c) 
 
If we convert A into C we can rewrite as  

𝐴𝐴 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑘𝑘19𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘14 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                       (5.17a) 

𝐵𝐵 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑘𝑘20𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘16 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                      (5.17b) 

𝐶𝐶 = (𝐴𝐴𝐴𝐴𝐴𝐴 )
1
3𝑘𝑘21𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘18 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)

 𝑡𝑡�                                                                                                       (5.17c) 
where 𝑘𝑘′𝑠𝑠 are constants of integration. 
 
Inserting (5.14) in (5.13) we get     

�ℎ̇1
ℎ1
�

.
+ ℎ̇1

2

ℎ1
2 + ℎ̇1

ℎ1
�𝐴̇𝐴
𝐴𝐴
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                                            (5.18) 
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But from (5.5) we have  

𝜓̇𝜓𝜑̇𝜑2 = �ℎ̇1
ℎ1
�

2
+ 𝜆𝜆

𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                        (5.19) 

 
Inserting (5.19) in (5.18) we have  

�ℎ̇1
ℎ1
�

.
+ ℎ̇1

ℎ1
�𝐴̇𝐴
𝐴𝐴
� = 𝜆𝜆

𝜒𝜒
𝑓̇𝑓2(𝑇𝑇)𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                        (5.20) 

 
If we confine the function 𝜓𝜓 as linear function 𝜓̈𝜓 = 0  or 𝜓𝜓 = 𝑘𝑘22𝐼𝐼 + 𝑘𝑘23 then the equation (5.20) has perfect solution 

ℎ1 = 𝑘𝑘25𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘24 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                              (5.21) 

 
With the help of (5.21) the equations (5.6) convert in to  

𝑉𝑉1 = 𝑘𝑘26𝑒𝑒𝑒𝑒𝑒𝑒 �𝑘𝑘24 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                             (5.22a) 

V2 = k27exp �k24 ∫
1
A

dt�                                                                                                                             (5.22b) 

V3 = k28exp �k24 ∫
1
A

dt�                                                                                                                             (5.22c) 
where k′s are constant of integration. 
 
6. SUB CASE 𝒇𝒇(𝑹𝑹,𝑻𝑻) = 𝒇𝒇𝟏𝟏(𝑹𝑹)𝒇𝒇𝟐𝟐(𝑻𝑻)   
 
In this case we follow the notations 
                 𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
= 𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇) ,   𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
= 𝑓𝑓1(𝑅𝑅)𝑓̇𝑓2(𝑇𝑇)      

 
 Then the field equation (1.8) reduces to  

𝐺𝐺𝑗𝑗𝑖𝑖 =
1

𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
�𝑔𝑔𝑖𝑖𝑖𝑖𝛻𝛻𝑚𝑚𝛻𝛻𝑗𝑗 𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)� −

1
6𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

�𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)𝑅𝑅 + 𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)�𝑔𝑔𝑗𝑗𝑖𝑖  

            + 𝜒𝜒
𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

�𝑇𝑇𝑗𝑗𝑖𝑖 −
1
3
𝑇𝑇𝑔𝑔𝑗𝑗𝑖𝑖 � + 1

3
𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇) 

[𝑇𝑇 + 𝜃𝜃]𝑔𝑔𝑗𝑗𝑖𝑖 −
𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇) 

�𝑇𝑇𝑗𝑗𝑖𝑖 + 𝜃𝜃𝑗𝑗𝑖𝑖�                                              (6.1) 
 
Since for the space-time (3.1)  𝐺𝐺2

1 = 0,𝐺𝐺3
1 = 0,𝐺𝐺3

2 = 0 from (6.1) and by using (4.4) and (4.5) we obtain  
𝑉̇𝑉1𝑉̇𝑉2
𝑉𝑉1𝑉𝑉2

= 𝜓̇𝜓𝜑̇𝜑2 − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝜒𝜒

𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                         (6.2a) 
𝑉̇𝑉1𝑉̇𝑉3
𝑉𝑉1𝑉𝑉3

= 𝜓̇𝜓𝜑̇𝜑2 − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝜒𝜒

𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                         (6.2b) 
𝑉̇𝑉2𝑉̇𝑉3
𝑉𝑉2𝑉𝑉3

= 𝜓̇𝜓𝜑̇𝜑2 − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝜒𝜒

𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                         (6.2c) 
 
From (6.2) we can write  

V̇1V̇2
V1V2

= V̇2V̇3
V2V3

=  V̇1V̇3
V1V3

= ψ̇φ̇2 − f1(R)f ̇2(T)
χ

Iψ̈φ̇2                                                                                                 (6.3) 
 

or           V̇1
V1

= V̇2
V2

=  V̇3
V3
≡ ḣ8

h8
 , say                                                                                                                                   (6.4) 

where ℎ8 is some unknown function of t                                                                                                     
 
Inserting (6.4) in (6.3) it result in  

�ḣ8
h8

 �
2

= �ḣ8
h8

 �
2

= �ḣ8
h8

 �
2

= ψ̇φ̇2 − f1(R)f ̇2(T)
χ

Iψ̈φ̇2                                                                                         (6.5) 
 
Up on integration of the equation (6.4), yield 

V1 = m31h8            V2 = m32h8                 V3 = m33h8                                                                                 (6.6) 
where 𝑚𝑚31,𝑚𝑚32,𝑚𝑚33 are constants of integration   
 
Now our plan is to express the components of Tj

i in (4.4) in terms of  T4
4. For this we consider the expression 

 α
2V̇1

2

A2 + V̇2
2

B2 e2mx + V̇3
2

C2 = �α
2V1

2

A2 + V2
2

B2 e2mx + V3
2

C2 � �
ḣ8
h8
�

2
   By (6.4) 

 = 𝐼𝐼 �ḣ8
h8
�

2
      by (3.3) and (3.9e) 

 = Iψ̇φ̇2 − f1(R)f ̇2(T)
χ

I2ψ̈φ̇2   by (6.5)                                                                         (6.7) 
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We attempt to express the components of  𝑇𝑇𝑗𝑗𝑖𝑖  in (4.4) in terms of T4

4 by using (6.4), (6.5) and (6.7) 

T4
4 = ρ + 1

2
Iψ̇φ̇2 − 1

2
f1(R)f ̇2(T)

χ
I2ψ̈φ̇2 − 1

2
ψφ̇2                                                                                              (6.8a) 

T1
1 = −T4

4 + ρ − p − f1(R)f ̇2(T)
χ

Iψ̈φ̇2 α2V1
2

A2                                                                                                     (6.8b) 

𝑇𝑇2
1 = −𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)

𝜒𝜒
𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉2

𝐴𝐴2                                                                                                                           (6.8c) 

𝑇𝑇3
1 = −𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)

𝜒𝜒
𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝛼𝛼𝑉𝑉1𝑉𝑉3

𝐴𝐴2                                                                                                                           (6.8d) 
𝑇𝑇4

1 = 0                                                                                                                                                            (6.8e) 
𝑇𝑇2

2 = −𝑇𝑇4
4 + 𝜌𝜌 − 𝑝𝑝 − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)

𝜒𝜒
𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2

2

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                               (6.8f) 

𝑇𝑇3
2 = −𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)

𝜒𝜒
𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉2𝑉𝑉3

𝐵𝐵2 𝑒𝑒2𝑚𝑚𝑚𝑚                                                                                                                    (6.8g) 

𝑇𝑇3
3 = −𝑇𝑇4

4 + 𝜌𝜌 − 𝑝𝑝 − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝜒𝜒

𝐼𝐼𝜓̈𝜓𝜑̇𝜑2 𝑉𝑉3
2

𝐶𝐶2                                                                                                        (6.8h) 

𝑇𝑇 = (𝜓𝜓 − 𝐼𝐼𝜓̇𝜓)𝜑̇𝜑2                                                                                                                                            (6.8i) 
 
We consider the non-vanishing components of Einstein tensor 𝐺𝐺1

1,𝐺𝐺2
2,𝐺𝐺3

3  from (6.1)  
𝐵̈𝐵
𝐵𝐵

+ 𝐶̈𝐶
𝐶𝐶

+ 𝐵̇𝐵𝐶̇𝐶
𝐵𝐵𝐵𝐵

1
𝐴𝐴2

𝑓𝑓2̈(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�

2
+ 1

𝐴𝐴2
𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑2𝑇𝑇
𝑑𝑑𝑑𝑑 2 + 𝐴̇𝐴

𝐴𝐴
�𝑓𝑓1̈(𝑅𝑅)
𝑓𝑓1̇(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� − 1

6
�𝑅𝑅 + 𝑓𝑓1(𝑅𝑅)

𝑓𝑓1̇(𝑅𝑅)
� + 𝜒𝜒

𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
�𝑇𝑇1

1 − 1
3
𝑇𝑇�    

                             + 1
3
𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2( )

[𝑇𝑇 + 𝜃𝜃] − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[𝑇𝑇1
1 + 𝜃𝜃1

1]                                                                       (6.9a) 

𝐴̈𝐴
𝐴𝐴

+
𝐶̈𝐶
𝐶𝐶

+
𝐴̇𝐴𝐶̇𝐶
𝐴𝐴𝐴𝐴

=
𝑚𝑚
𝐴𝐴2

𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝐵̇𝐵
𝐵𝐵
�
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� −

1
6
�𝑅𝑅 +

𝑓𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

� +
𝜒𝜒

𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
�𝑇𝑇2

2 −
1
3
𝑇𝑇� 

                            + 1
3
𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[𝑇𝑇 + 𝜃𝜃] − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[𝑇𝑇2
2 + 𝜃𝜃2

2]                                                                       (6.9b) 

−
𝑚𝑚2

𝐴𝐴2 +
𝐴̈𝐴
𝐴𝐴

+
𝐵̈𝐵
𝐵𝐵

+
𝐴̇𝐴𝐵̇𝐵
𝐴𝐴𝐴𝐴

=
𝐶̇𝐶
𝑐𝑐
�
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� −

1
6
�𝑅𝑅 +

𝑓𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

� +
𝜒𝜒

𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
�𝑇𝑇3

3 −
1
3
𝑇𝑇� 

                                        + 1
3
𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[𝑇𝑇 + 𝜃𝜃] − 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[𝑇𝑇3
3 + 𝜃𝜃3

3]                                                           (6.9c) 
 
Subtracting (6.9b) from (6.9a), (6.9c) from (6.9b) and (6.9a) from (6.9c) we obtain  

𝐵̈𝐵
𝐵𝐵
−
𝐴̈𝐴
𝐴𝐴

+
𝐶̇𝐶
𝐶𝐶
�
𝐵̇𝐵
𝐵𝐵
−
𝐴̇𝐴
𝐴𝐴
� + �

𝐵̇𝐵
𝐵𝐵
−
𝐴̇𝐴
𝐴𝐴
� �
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� =

1
𝐴𝐴2 �

𝑓𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�

2

+
𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑2𝑇𝑇
𝑑𝑑𝑑𝑑2 −𝑚𝑚

𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

                          + 𝜒𝜒
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[𝑇𝑇1
1 − 𝑇𝑇2

2] + 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[(𝑇𝑇2
2 + 𝜃𝜃2

2) − (𝑇𝑇1
1 + 𝜃𝜃1

1)]                                              (6.10a) 

𝐶̈𝐶
𝐶𝐶
−
𝐵̈𝐵
𝐵𝐵

+
𝐴̇𝐴
𝐴𝐴
�
𝐶̇𝐶
𝐶𝐶
−
𝐵̇𝐵
𝐵𝐵
� + �

𝐶̇𝐶
𝐶𝐶
−
𝐵̇𝐵
𝐵𝐵
� �
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = −

𝑚𝑚2

𝐴𝐴2 +
𝑚𝑚
𝐴𝐴2

𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝜒𝜒

𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
[𝑇𝑇2

2 − 𝑇𝑇3
3] 

                           + 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[(𝑇𝑇3
3 + 𝜃𝜃3

3) − (𝑇𝑇2
2 + 𝜃𝜃2

2)]                                                                               (6.10b) 

𝐴̈𝐴
𝐴𝐴
−
𝐶̈𝐶
𝐶𝐶

+
𝐵̇𝐵
𝐵𝐵
�
𝐴̇𝐴
𝐴𝐴
−
𝐶̇𝐶
𝐶𝐶
� + �

𝐴̇𝐴
𝐴𝐴
−
𝐶̇𝐶
𝐶𝐶
� �
𝑓̈𝑓1(𝑅𝑅)
𝑓̇𝑓1(𝑅𝑅)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

 𝑇𝑇
𝑑𝑑𝑑𝑑
�

=
𝑚𝑚2

𝐴𝐴2 −
1
𝐴𝐴2

𝑓𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�

2

−
1
𝐴𝐴2

𝑓̇𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑2𝑇𝑇
𝑑𝑑𝑑𝑑2 +

𝜒𝜒
𝑓̇𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[𝑇𝑇3
3 − 𝑇𝑇1

1] 

                                         + 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

[(𝑇𝑇1
1 + 𝜃𝜃1

1) − (𝑇𝑇3
3 + 𝜃𝜃3

3)]                                                                 (6.10c) 
 
By using (6.8) and (4.5) the equation (6.10) reduces to  

𝐵̈𝐵
𝐵𝐵
− 𝐴̈𝐴

𝐴𝐴
+ 𝐶̈𝐶

𝐶𝐶
�𝐵̇𝐵
𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� + �𝐵̇𝐵

𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� �𝑓𝑓1̈(𝑅𝑅)

𝑓𝑓1̇(𝑅𝑅)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 1

𝐴𝐴2 �
𝑓𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�

2
+ 𝑓𝑓2̇(𝑇𝑇)

𝑓𝑓2(𝑇𝑇)
𝑑𝑑2𝑇𝑇
𝑑𝑑𝑑𝑑 2 −𝑚𝑚 𝑓𝑓2̇(𝑇𝑇)

𝑓𝑓2(𝑇𝑇)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�                       (6.11a) 

𝐶̈𝐶
𝐶𝐶
− 𝐵̈𝐵

𝐵𝐵
+ 𝐴̇𝐴

𝐴𝐴
�𝐶̇𝐶
𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� + �𝐶̇𝐶

𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� �𝑓𝑓1̈(𝑅𝑅)

𝑓𝑓1̇(𝑅𝑅)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑓𝑓2̇(𝑇𝑇)
 2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = −𝑚𝑚2

𝐴𝐴2 + 𝑚𝑚
𝐴𝐴2

𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

                                                        (6.11b) 
𝐴̈𝐴
𝐴𝐴
− 𝐶̈𝐶

𝐶𝐶
+ 𝐵̇𝐵

𝐵𝐵
�𝐴̇𝐴
𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� + �𝐴̇𝐴

𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� �𝑓𝑓1̈(𝑅𝑅)

𝑓𝑓1̇(𝑅𝑅)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 𝑚𝑚2

𝐴𝐴2 −
1
𝐴𝐴2

𝑓𝑓2(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�

2
− 1

𝐴𝐴2
𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

 2𝑇𝑇
𝑑𝑑𝑑𝑑 2                                 (6.11c) 

 
With the help of (6.4) the equations (3.9) can be written as  

�ℎ̇8
ℎ8
�

.
+ ℎ̇8

2

ℎ8
2 + ℎ̇8

ℎ8
�𝐶̇𝐶
𝐶𝐶

+ 𝐵̇𝐵
𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                            (6.12a) 

�ℎ̇8
ℎ8
�

.
+ ℎ̇8

2

ℎ8
2 + ℎ̇8

ℎ8
�𝐴̇𝐴
𝐴𝐴

+ 𝐶̇𝐶
𝐶𝐶
− 𝐵̇𝐵

𝐵𝐵
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                            (6.12b) 

�ℎ̇8
ℎ8
�

.
+ ℎ̇8

2

ℎ8
2 + ℎ̇8

ℎ8
�𝐵̇𝐵
𝐵𝐵

+ 𝐴̇𝐴
𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                             (6.12c) 
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These equations further imply that                                                                   

𝐶̇𝐶
𝐶𝐶

+
𝐵̇𝐵
𝐵𝐵
−
𝐴̇𝐴
𝐴𝐴

=
𝐴̇𝐴
𝐴𝐴

+
𝐶̇𝐶
𝐶𝐶
−
𝐵̇𝐵
𝐵𝐵

=
𝐵̇𝐵
𝐵𝐵

+
𝐴̇𝐴
𝐴𝐴
−
𝐶̇𝐶
𝐶𝐶

 

or           𝐴̇𝐴
𝐴𝐴

= 𝐵̇𝐵
𝐵𝐵

= 𝐶̇𝐶
𝐶𝐶
                                                                                                                                                     (6.13)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      

 
Upon integration the above equation it yields  

𝐴𝐴 = 𝑚𝑚34𝐵𝐵,  𝐵𝐵 = 𝑚𝑚35 𝐶𝐶,     𝐶𝐶 = 𝑚𝑚36𝐴𝐴                                                                                                        (6.14) 
where 𝑚𝑚′𝑠𝑠 are constants of integration.                                                                                                                                                                                                                                                                                             
 
We observe that A is scalar multiple of B, B is scalar multiple of C and C is scalar multiple of A 
 
By using (6.13) the R. H. S. of (6.11) vanishes 
 
Therefore for solving differential equation of A, B, C we consider the L.H.S. of equations (6.11) 

𝐵̈𝐵
𝐵𝐵
− 𝐴̈𝐴

𝐴𝐴
+ 𝐶̇𝐶

𝐶𝐶
�𝐵̇𝐵
𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� + �𝐵̇𝐵

𝐵𝐵
− 𝐴̇𝐴

𝐴𝐴
� �𝑓𝑓1̈(𝑅𝑅)

𝑓𝑓1̇(𝑅𝑅)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 0                                                                                  (6.15a) 

C̈
C
− B̈

B
+ Ȧ

A
�Ċ

C
− Ḃ

B
� + �Ċ

C
− Ḃ

B
� �f ̈1(R)

f ̇1(R)
dR
dt

+ f ̇2(T)
f2(T)

dT
dt
� = 0                                                                                   (6.15b) 

𝐴̈𝐴
𝐴𝐴
− 𝐶̈𝐶

𝐶𝐶
+ 𝐵̇𝐵

𝐵𝐵
�𝐴̇𝐴
𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� + �𝐴̇𝐴

𝐴𝐴
− 𝐶̇𝐶

𝐶𝐶
� �𝑓𝑓1̈(𝑅𝑅)

𝑓𝑓1̇(𝑅𝑅)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑓𝑓2̇(𝑇𝑇)
𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 0                                                                                  (6.15c) 

 
Integrating (6.15) we obtain  

𝐵𝐵
𝐴𝐴

= 𝑚𝑚38𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚37 ∫
1

𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
𝑑𝑑𝑑𝑑�                                                                                                          (6.16a) 

𝐴𝐴
𝐶𝐶

= 𝑚𝑚40𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚39 ∫
1

𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
𝑑𝑑𝑑𝑑�                                                                                                          (6.16b) 

𝐶𝐶
𝐵𝐵

= 𝑚𝑚42𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚41 ∫
1

𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)
𝑑𝑑𝑑𝑑�                                                                                                          (6.16c) 

where 𝑚𝑚′𝑠𝑠 are constants of integration with the condition that  𝑚𝑚38𝑚𝑚40𝑚𝑚42 = 1 and 𝑚𝑚37 + 𝑚𝑚39 + 𝑚𝑚41 = 0                                                                      
 
From (6.16) we can express the value of 𝐴𝐴,𝐵𝐵,𝐶𝐶 explicitly as  

𝐴𝐴 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑚𝑚43𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚44 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑�                                                                                             (6.17a) 

𝐶𝐶 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑚𝑚45𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚46 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑�                                                                                             (6.17b) 

𝐵𝐵 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑚𝑚47𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚48 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓1̇(𝑅𝑅)𝑓𝑓2(𝑇𝑇)

𝑑𝑑𝑑𝑑�                                                                                            (6.17c) 
where m′s are constants of integration.  
 
Adjusting the constants in (5.17) and (6.17), the line element (3.1) assumes an isotropic form and hence we can 
generalize the results in the form of the following theorem. 
 
Theorem 1: In 𝑓𝑓(𝑅𝑅,𝑇𝑇) theory of gravity, the Bianchi type III space-time filled with combination of perfect fluid and 
scalar field coupled with electromagnetic field, admits isotropy for the functional form 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇) and  
𝑓𝑓(𝑅𝑅,𝑇𝑇) =  𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇)  
 
Inserting (6.13) in (6.12) we obtain  

�ℎ̇8
ℎ8
�

.
+ ℎ̇8

2

ℎ8
2 + ℎ̇8

ℎ8
�𝐴̇𝐴
𝐴𝐴
� = 𝜓̇𝜓𝜑̇𝜑2                                                                                                                         (6.18) 

 
But from (6.5)    

𝜓̇𝜓𝜑̇𝜑2 = �ℎ̇8
ℎ8

 �
2

+ 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)
𝜒𝜒

𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                  (6.19) 
 
Inserting (6.19) in (6.18) we have 

�ℎ̇8
ℎ8
�

.
+ ℎ̇8

ℎ8
�𝐴̇𝐴
𝐴𝐴
� = 𝑓𝑓1(𝑅𝑅)𝑓𝑓2̇(𝑇𝑇)

𝜒𝜒
𝐼𝐼𝜓̈𝜓𝜑̇𝜑2                                                                                                                   (6.20) 

 
 If we confine to the linearity of 𝜓𝜓  (i.e. 𝜓̈𝜓 = 0  or  𝜓𝜓 = 𝑚𝑚49𝐼𝐼 + 𝑚𝑚50)   then equation (6.20) has perfect solution  

ℎ8 = 𝑚𝑚51𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚52 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                          (6.21) 
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With the effect of equation (6.21) the equations (6.6) convert in to                              

𝑉𝑉1 = 𝑚𝑚53𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚52 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                          (6.22a) 

𝑉𝑉2 = 𝑚𝑚53𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚52 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                          (6.22b) 

𝑉𝑉3 = 𝑚𝑚54𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚52 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                          (6.22c) 

where 𝑚𝑚’s are constants of integration. 
 
Adjusting the constants in (5.22) and (6.22) the vector potential assumes the following form          

𝑉𝑉𝑖𝑖 = [𝑉𝑉1,𝑉𝑉1,𝑉𝑉1, 0] 
 
Hence we generalize the result in the form of following theorem. 
 
Theorem 2: In 𝑓𝑓(𝑅𝑅,𝑇𝑇) theory of gravity, the Bianchi type III space-time filled with combination of perfect fluid and 
scalar field coupled with electromagnetic field, admits the vector potential  𝑉𝑉𝑖𝑖 = [𝑉𝑉1,𝑉𝑉1,𝑉𝑉1, 0]  for the functional form 
𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇) and  𝑓𝑓(𝑅𝑅,𝑇𝑇) =  𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇). 
 
7. SUB CASE 𝒇𝒇(𝑹𝑹,𝑻𝑻) = 𝒇𝒇(𝑹𝑹) 
 
In this case we follow the notations 𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
= 𝑓̇𝑓(𝑅𝑅), 𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
= 0     

 
In this case the field equations (8) reduces to  

𝐺𝐺𝑗𝑗𝑖𝑖 = 1
𝑓𝑓̇(𝑅𝑅)

�𝑔𝑔𝑖𝑖𝑖𝑖𝛻𝛻𝑚𝑚𝛻𝛻𝑗𝑗 𝑓̇𝑓(𝑅𝑅)� − 1
6𝑓𝑓̇(𝑅𝑅)

�𝑓̇𝑓(𝑅𝑅)𝑅𝑅 + 𝑓𝑓(𝑅𝑅)�𝑔𝑔𝑗𝑗𝑖𝑖 + 𝜒𝜒
𝑓𝑓̇(𝑅𝑅)

�𝑇𝑇𝑗𝑗𝑖𝑖 −
1
3
𝑇𝑇𝑔𝑔𝑗𝑗𝑖𝑖 �                                                 (7.1) 

 
The computation for this case easily follows from those of the earlier case (section 5) by mere substitution of  
𝑓𝑓1(𝑅𝑅) = 𝑓𝑓(𝑅𝑅), 𝜆𝜆 = 0 or 𝑓𝑓2(𝑇𝑇) = 0    
 
We get the result as follows 

𝐴𝐴 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑚𝑚55𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚56 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                       (7.2a) 

𝐶𝐶 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑚𝑚57𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚58 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                       (7.2b) 

𝐵𝐵 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑚𝑚59𝑒𝑒𝑒𝑒𝑒𝑒 �𝑚𝑚60 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝑓𝑓̇(𝑅𝑅)

𝑑𝑑𝑑𝑑�                                                                                                       (7.2c) 
where k′s are constant of integration. 

V1 = k62exp �k61 ∫
1
A

dt�                                                                                                                                 (7.3a) 

V2 = k63exp �k61 ∫
1
A

dt�                                                                                                                                 (7.3b) 

V3 = k64exp �k61 ∫
1
A

dt�                                                                                                                                 (7.3c) 
where k′s are constant of integration. 
 
From section 5, 6 and 7 we observe that the result remain intact for 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇)  and 𝑓𝑓(𝑅𝑅,𝑇𝑇) =
𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇) and 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑓𝑓(𝑅𝑅), differ in constant of integration only. Hence the equations (7.2) and (7.3) admit the 
theorem 1 and 2.   
 
8. SUB CASE 𝒇𝒇(𝑹𝑹,𝑻𝑻) = 𝑹𝑹 + 𝝀𝝀𝝀𝝀  
 
In this case we follow the notations 𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
= 1,  𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)

𝜕𝜕𝜕𝜕
= 𝜆𝜆  

 
In this case the field equation (1.5) reduces to 

𝐺𝐺𝑗𝑗𝑖𝑖 = 𝜒𝜒𝑇𝑇𝑗𝑗𝑖𝑖 − 𝜆𝜆�𝑇𝑇𝑗𝑗𝑖𝑖 + 𝜃𝜃𝑗𝑗𝑖𝑖� + 𝜆𝜆
2
𝑇𝑇𝛿𝛿𝑗𝑗𝑖𝑖                                                                                                                        (8.1) 

 
The consideration of this case follows from section 5, (𝑅𝑅,𝑇𝑇) =  𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇) , by mere substitution of 𝑓𝑓1(𝑅𝑅) = 𝑅𝑅. 
 
We get the result as follows  

𝐴𝐴 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑙𝑙67𝑒𝑒𝑒𝑒𝑒𝑒 �𝑙𝑙63 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴

𝑑𝑑𝑑𝑑�                                                                                                                  (8.2a) 

𝐵𝐵 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑙𝑙68𝑒𝑒𝑒𝑒𝑒𝑒 �𝑙𝑙65 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴

𝑑𝑑𝑑𝑑�                                                                                                                 (8.2b) 

𝐶𝐶 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑙𝑙69𝑒𝑒𝑒𝑒𝑒𝑒 �𝑙𝑙63 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴

𝑑𝑑𝑑𝑑�                                                                                                                  (8.2c) 
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where  𝑙𝑙′𝑠𝑠 are constants of integration.                                                            

𝑉𝑉1 = 𝑙𝑙71𝑒𝑒𝑒𝑒𝑒𝑒 �𝑙𝑙69 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                                 (8.3a) 

𝑉𝑉2 = 𝑙𝑙72𝑒𝑒𝑒𝑒𝑒𝑒 �𝑙𝑙69 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                                 (8.3b) 

𝑉𝑉3 = 𝑙𝑙73𝑒𝑒𝑒𝑒𝑒𝑒 �𝑙𝑙69 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                                 (8.3c) 

where 𝑙𝑙′𝑠𝑠 are constants of integration. 
 
From section 5, 6 and 8 we observe that the result remain intact for 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑓𝑓1(𝑅𝑅) + 𝜆𝜆𝑓𝑓2(𝑇𝑇)  and 𝑓𝑓(𝑅𝑅,𝑇𝑇) =
𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇) and 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑅𝑅 + 𝜆𝜆𝜆𝜆, differ in constant of integration only. Hence the equations (8.2) and (8.3) admit the 
theorem 1 and 2. 
 
9. SUB CASE 𝒇𝒇(𝑹𝑹,𝑻𝑻) = 𝑹𝑹𝑹𝑹 
 
In this case we follow the notations  

𝑓𝑓𝑅𝑅(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)
𝜕𝜕𝜕𝜕

= 𝑇𝑇,      𝑓𝑓𝑇𝑇(𝑅𝑅,𝑇𝑇) = 𝜕𝜕𝜕𝜕 (𝑅𝑅,𝑇𝑇)
𝜕𝜕𝜕𝜕

= 𝑅𝑅 
 
Then the field equation (1.8) reduces to  

𝐺𝐺𝑗𝑗𝑖𝑖 = 1
𝑇𝑇
�𝑔𝑔𝑖𝑖𝑖𝑖𝛻𝛻𝑚𝑚𝛻𝛻𝑗𝑗𝑇𝑇� −

𝑅𝑅
3
𝑔𝑔𝑗𝑗𝑖𝑖 + 𝜒𝜒

𝑇𝑇
�𝑇𝑇𝑗𝑗𝑖𝑖 −

1
3
𝑇𝑇𝑔𝑔𝑗𝑗𝑖𝑖 � + 1

3
𝑅𝑅
𝑇𝑇

[𝑇𝑇 + 𝜃𝜃]𝑔𝑔𝑗𝑗𝑖𝑖 −
𝑅𝑅
𝑇𝑇
�𝑇𝑇𝑗𝑗𝑖𝑖 + 𝜃𝜃𝑗𝑗𝑖𝑖�                                                   (9.1) 

 
The computation for this case easily follows from those of the earlier case, section 6, 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇) by mere 
substitution of 𝑓𝑓1(𝑅𝑅) = 𝑅𝑅 and 𝑓𝑓2(𝑇𝑇) = 𝑇𝑇  
 
We get the result as follows  

𝐴𝐴 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑛𝑛38𝑒𝑒𝑒𝑒𝑒𝑒 �𝑛𝑛39 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝑑𝑑𝑑𝑑�                                                                                                              (9.2a) 

𝐵𝐵 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑛𝑛40𝑒𝑒𝑒𝑒𝑒𝑒 �𝑛𝑛41 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝑑𝑑𝑑𝑑�                                                                                                             (9.2b) 

𝐶𝐶 = (𝐴𝐴𝐴𝐴𝐴𝐴)
1
3𝑛𝑛42𝑒𝑒𝑒𝑒𝑒𝑒 �𝑛𝑛43 ∫

1
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝑑𝑑𝑑𝑑�                                                                                                              (9.2c) 
where 𝑛𝑛′𝑠𝑠 are constants of integration.                                                                

𝑉𝑉1 = 𝑛𝑛48𝑒𝑒𝑒𝑒𝑒𝑒 �𝑛𝑛46 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                               (9.3a) 

𝑉𝑉2 = 𝑛𝑛49𝑒𝑒𝑒𝑒𝑒𝑒 �𝑛𝑛46 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                               (9.3b) 

𝑉𝑉3 = 𝑛𝑛50𝑒𝑒𝑒𝑒 �𝑛𝑛46 ∫
1
𝐴𝐴
𝑑𝑑𝑑𝑑�                                                                                                                                 (9.3c) 

where 𝑛𝑛′𝑠𝑠 are constants of integration. 
 
From section 5, 6 and 9 we observe that the result remain intact for f(R, T) = f1(R) + λf2(T)  and 𝑓𝑓(𝑅𝑅,𝑇𝑇) =
𝑓𝑓1(𝑅𝑅)𝑓𝑓2(𝑇𝑇) and 𝑓𝑓(𝑅𝑅,𝑇𝑇) = 𝑅𝑅𝑅𝑅, differ in constant of integration only. Hence the equations (9.2) and (9.3) admit the 
theorem 1 and 2. 
 
10. CONCLUSION 
 

(i) In the present paper we have considered sub cases of f(R, T)  theory of gravity models                           
f(R, T) = f1(R) + λf2(T) , f(R, T) = f(R) , f(R, T) = R + λT , f(R, T) = f1(R)f2(T) , f(R, T) = RT  in Bianchi 
type III metric filled with combination of perfect fluid and scalar field coupled with electromagnetic field. We 
have derived the gravitational field equations corresponding to the general and particular cases of  f(R, T) 
theory of gravity. 

(ii) It is observed that, even though the cases of f(R, T) theory are distinct, the convergent, non-singular, isotropic 
solutions can be evolved in each case along with the components vector potential.  

(iii) From finding of the f(R, T) and f(R) theory, general and particular cases, in this paper we believe firmly that 
the results of  f(R, T) and f(R) depends on only R and not on T 

(iv) From different cases of f(R, T) we observe that the results remain intact only differ in constants of integration. 
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