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ABSTRACT

In this paper, we prove a fixed point theorem for fuzzy metric space using five mappings for e-chainable.our paper
extended and generalized.
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1. INTRODUCTION

Zadeh development of mathematics when the notion of fuzzy set. which laid the foundation of fuzzy mathematics.
Consequently the last three decades were very productive for fuzzy mathematics and the recent literature has observed
the fuzzification in almost every direction of mathematics such as arithmetic, topology, graph theory, probability
theory, logic etc. Fuzzy set theory has applications in applied sciences such as neural network theory, stability theory,
mathematical programming, modeling theory, engineering sciences, medical sciences (medical genetics, nervous
system), image processing, control theory, communication etc. No wonder that fuzzy fixed point theory has become an
area of interest for specialists in fixed point theory, or fuzzy mathematics has offered new possibilities for fixed point
theorists.

Deng [4], Erceg [5], Kaleva and Seikkala [11] and Kramosil and Michalek [12] have introduced the concept of fuzzy
metric spaces in various ways. George and Veeramani [8] modified the concept of fuzzy metric spaces introduced by
Kramosil and Michalek [12] and defined Hausdorff topology of metric spaces which is later proved to be metrizable.
every metric induces a fuzzy metric Recently, Chugh and Kumar [3] proved a Pant type theorem for two pairs of
R-weakly commutingma ppings satisfyinga Boyd and Wong [1] type contraction condition which in turn, generalizes a
fixed point theorem of Vasuki [18]

2. PRELIMINARIES
Definition 2.1 (cf. [20]): A fuzzy set A in X is a function with domain X and values in [0, 1].

Definition 2.2 (cf. [16]): A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if {[0, 1], *} is an abelian
topological monoid with unit 1 such thata*b<c * d whenevera<candb<d, a, b, ¢,d € [0, 1].

Definition 2.3 (cf. [12]): The triplet (X, M, *) is a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm,
M is a fuzzy set in X? x [0,00) satisfying the following conditions:

() M(xy,0)=0,

(i) M(x,y,t)=1forallt>0iffx =y,

(i) M(x, y, t) = M(y, x, t) #0 for t # 0,

(iv) M(X, y, t) * M(y, Z, 8) < M(X, z, t + 8),

(V) M(x,y, .):[0,0)— [0, 1] is left continuous for all X, y, z € X and s, t > 0.
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Example 2.1 (cf. [8]): Every metric space induces a fuzzy metric space. Let (X, d) be a metric space. Definea*b =ab

and M(X, yit):kt”#d(x,y)' k,m,n, te R*. Then (X, M, *) is a fuzzy space. If we put k =m=n =1, we get
t
M(X, Y, t)=—F—
(vt t+d(x,y)

The fuzzy metric induced by a metric d is referred to as a standard fuzzy metric.

Definition 2.4 (cf. [10]): A sequence {x,} in a fuzzy metric space (X, M, *) is convergent to x € X if
lim m(xn , X,t) =1 foreacht>0.

n—oo

Recently, Song [17] and Vasuki and Veeramani [19] again critically reviewed the existing definitions of Cauchy
sequence in a fuzzy metric space. Vasuki and Veeramani [19] suggested that the definition of Cauchy sequence due to
Grabiec [10] is weaker than that contained in [17, 19] and called it a G-Cauchy sequence.

Definition 2.5 (cf. [10]): A sequence {x,} in a fuzzy metric space (X,M,*) is called Cauchy if lim M (Xn + X, ,t) =1

n—o

for every t > 0 and each p > 0. (X, M,*) is complete if every Cauchy sequence in X converges in X.

Definition 2.6: A pair of self-mappings (f, g) of a fuzzy metric space (X, M, *) is said to be

(i) weakly commuting (cf.[18]) if M(fgx, gfx, t) > M(fx, gx, t),

(if) R-weakly commuting (cf. [18]) if there exists some R > 0 such that M(fgx, gfx, t)> M(fx, gx, t/R),

(iii) R-weakly commuting mappings of type (Af) if there exists some R > 0 such that M(fgx, ggx, t)> M(fx, gx, t/R),

(iv) R-weakly commuting mappings of type (Ag) if there exists some R > 0 such that M(gfx, ffx, t)> M(fx, gx, t/R),

(v) R-weakly commuting mappings of type (P) if there exists some R > 0 such that M(ffx, ggx, t)> M(fx, gx, t/R),
forallx € Xandt>0.

Example 2.2 (cf. [18]): Let X = ‘R, the set of real numbers. Define a * b = ab and

H -1
et J : forallx,ye Xandt>0

M (x,y.t)= (

0, forallx,ye Xandt=0

Then it is well known (cf. [18]) that (X, M, *) is a fuzzy metric space. Define fx =-2xand gx = x  ° Then by a
straightforward calculation, one can show that

2x-1°

e t |=M(fx,gxt/2)

M (fgx, gfx,t)

which shows that the pair (f, g) is R-weakly commuting for R=2. Note that the pair (f, g) is not weakly commuting due
to a strict increasing property of the exponential function.

However, various kinds of above mentioned ‘R-weak commutativity’ notions are independent of one another and none
implies the other. The earlier example can be utilized to demonstrate this inter-independence.

To demonstrate the independence of ‘R-weak commutativity” with ‘R-weak commutativity’ of type (Af) notice that

‘x“—Zx2 +1‘ - R(x-1)2 M
M (fgx,ggx,t)=|e ! =le t R
Rx-1° )
<le :M(fx,gx,t/R) when x > 1

which shows that ‘R-weak commutativity’ does not imply ‘R-weak commutativity’ of type (Af).
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Secondly, in order to demonstrate the independence of ‘R-weak commutativity’ with ‘R-weak commutativity’ of type
(P) note that

|x*-ax+3] - R(x-1)? (x2+2x+3)f
M (ffx, ggx,t)=|e =le R
R|x—1]
<|e t = M(fx, gx,t/R) for x> 1.

Finally, for a change the pair (f, g) is R-weakly commutingof type (Ag) as
‘(2x—1)2—4x+3‘ - ax1? "

M(gfx, fix,t)=|e ° =le !

= M(fx, gx t/4)

which shows that (f, g) is R-weakly commuting of type (Ag) for R=4. This situation may also be utilized to interpret
that an R-weakly commuting pair of type (Ag) need not be R-weakly commuting pair of type (Af) or type (P)

Theorem 3.1: Let A, B, S, T, L and M be a complete e-chainable fuzzy metric space (X, M *) with continuous t-norm
satisfying the conditions.

@ L(X)cST(X), M(X)c AB(X)
(2) AB=BA,ST=TS,LB=BL, MT=TM,;
(3) M is ST-absorbing;

(4) there exists ke (0, 1) such that

min{M (Lx, My, kt){M (ABx, My,2t), M (ABx, STy, t), M (ABx, Lx,t), M (STy, My, t)} > 0

Foreveryx,yeX,ae(0,2)andt>0. If L, AB is reciprocally continuous, semi-compatible maps. Then A, B, S, T, L
and M have a unique common fixed point in X.

Proof: Let xq € X then from (1) there exists X;, X, € X such that Lxy = STx; = yg and Mx; = ABX, = y;. In general we
can find a sequence {x,} and {y,} in X such that LX,, = STXon+1 = Yon aNd MXon41 Y = Xonetr fOr t > 0 and o= 1 — g with
ge (0, 1) in (4), we have

M (y2n+l’ Yonia kt) =M (LX2n+21 MX;.1, kt)

min M (ABX2n+2 ! MX2n+1 ! (2 - (1_ C])t)), M (ABX2n+2 ! STXZnJrl't) > O
M (ABX2n+2’ I—)(2n+2 ’t)’ M (STX2n+l7 MX2n+l’t) -

M : (1 M y Yonot

mln{ (y2n+1 y2n+1 (( + q)t)) (y2n+l y2n ) } > O
M (y2n+1’ y2n+2 1t)’ M (y2n ' y2n+l1t)

= min{l’ M (y2n ’ y2n+1’t)’ M (y2n+l1 y2n+2 't)}

M (y2n+l’ y2n+2 ! kt) > min M (y2n+l’ y2n ’t)

Again X = Xpnsp and y = Xon+3 with o = 1-q with g € (0, 1) in (4), we have

M (y2n+2 ! y2n+3 ! kt) = M (ny2n+2 ! Ile2n+3’ kt)

min M (ABX2n+2’ MX2n+3 ! (1+ q)t)’ M (ABX2n+2 ! STX2n+31t) > O

M (ABX2n+2’ L 2n+2’ )' M (STX2n+3’ MX2n+3’t) -
{M (y2n+1' y2n+3 ! ((1+ q)t)) (y2n+l1 y2n+2 't) } > 0
(y2n+l’ y2n+2' )’ M (y2n+2’ y2n+3’ )
— mm{M (y2n+1’ y2n+2’t)’ (y2n+2’ y2n+31qt) (y2n+l1 y2n+2’ )’ } > O
(y2n+l7 y2n+2’t)’ M (y2n+2' y2n+3 ’t)

min
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As t-norm continuous, letting g — 1 we have,
M (y2n+2’ y2n+3’ kt) 2 mln{M (y2n+l7 y2n+2 ’t)’ M (y2n+l’ y2n+3 ’t)}

Hence,
M (y2n+l’ y2n+3 ! kt) 2 M (y2n+1’ y2n+2 ’t)

Therefore for all n; we have

MYy, Yot )2 MY, Yoo t7K) = MY, Yo g t7K2)2 2 My, Y, t/K") > Lasn oo

For any t > 0. For each ¢ > 0 and each t > 0, we can choose ng € N such that M(yy, Vn+1, t) > 1 — ¢ for all n > ny. For m,
n ¢ N, we suppose m>n. Then we have that

M (yn’ ym’t)Z M(yn’ym—l’t/m_n)’ M(yn+1’ yn+2’t’m_n)l* """
*M(Y, Y.t/ m=n)>(1-)*(1- e)*(1- e)*...*(1- €)= (1- €)

Hence {y,} is a Cauchy sequence in X; that is y, — z in X; so its subsequences Lxp,, STXon+1, ABXon, MXon41 also
converges to z. Since X is g-chainable, there exists e-chain from X, to x,.;, that is, there exists a finite sequence
Xn = V1, Yoy eeeee yt = Xq41 SUch that M(y;, yig, t)> 1-g forallt >0 andi=1, 2, ...l. Thus we have M(xXy, Xq+1, t) > M(Y1, Y2,
) * M(ya, Y3, t/)* . *M(Yi, Vi, 1) > (L-e) * (1 -¢) * (1 -¢) *... * (1 -&) *>(1 - ¢), and so {x,} is a Cauchy sequence
in X and hence there exists z € X such that x, — z. Since the pair of (L, AB) is reciprocal continuous; we have
lim,_,L(AB)X;y, — Lz and lim, ,AB(L)X;, — ABz and the semi compatibility of (L, AB) which gives
lim,_,AB(L)X,, — ABz, therefore Lz = ABz. We claim
Lz=ABz =z

Step 1: Putting X = z and y = X,n41 with o= 1 in (4), we have
M (ABz, Mx,,,,t), M(ABz,STx,,.,,t), }

M (Lz,Mx,_ ., kt)> mi
(Lz, Mx,,.,, kt) m'”{ M (ABz,Lz,t),M(STX,,.;, MX,,4,t)

Letting n — co; we have
M(Lz,z,kt)> min{M(Lz,z,t)M(Lz,z,t)M(Lz, Lz,t) M(z,2,1)}
i.e.
z=Lz=ABz
Step 2: Putting X = Bz, y = Xpp4q with o =1 in (4), we have
M (AB(Bz), Mx,,,,t),M(AB(Bz), STX,,.,.t) }

M (L(Bz), Mx, .., kt)> mi
(L(B2), Mx,y., )>mm{ M (AB(Bz),L(Bz),t), M (STX,,,,, MXy, ;. t)

Since LB = BL, AB = BA, so L(Bz) = B(Lz) = Bz and AB(Bz) = B(ABz) = Bz letting n — oo; we have
M (Bz,z,kt) > min{M (Bz, z,t), M (Bz, z,t), M (Bz,z,t) M(z,2,t)}

i.e.

M (bz,z,kt)> M (Bz, ,t)
Therefore

L(X)g ST(X ) there existsU € X , such that z = Lz = Stu. Putting X = X, y = u with a = 1 in (4), we
have

M (ABx, ,Mu,2t) M(ABX, ,STu,t),
M (Lx,, , Mu, kt), min (ABXq,, Mu,21), M (ABxy,, STU. 1) >0
M (ABX,,, LX,,,t),M(STu,Mu,t)

Letting n — co; we have

M (z, Mu, kt), min{M (z, Mu,t),M(z,z,t),M(z,z,t),M(z,Mu,t)}> 0

M (z, Mu,kt)> M (z, Mu,t)

Therefore
Z=Mu=STu.
© 2016, IIMA. All Rights Reserved 4
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Since M is ST-absorbing; then

M (STu,STMu, kt)> M (STu, Mu,t/R)=1
ie.

STu=STMu=>z=STz

Step 4: Putting X = Xop, y = z with o = 1 in (4), we have
M (ABx,, , Mz,t), M (ABx,,,STz,t), } .

M (Lx, , Mz, kt), mi
(L, Mz )mm{ M (ABX,,, LX,,,t),M(STz,Mz,t)

Letting n — co; we have

M (z, Mz, kt),min{M (z,Mz,t),M(z,2,t), M (z,2,t), M (z,Mz,t)} > 0

M (z,Mz,kt) > M (z,Mz,t)

Therefore
z=Mz=STz.

Step 5: Putting X = Xo,, Y = Tz with a = 1 in (4), we have
M (ABX,,,M (Tz),t), M (ABx,,,ST(Tz),t) }

M (Lx,,, M (Tz) kt), mi”{ M (ABX,,, LX,,,t), M(ST (Tz), M (Tz),t)

Since MT = TM, ST = TS therefore M(Tz) = T(Mz) =Tz, ST(Tz) = T(STz) = Tz,

Letting n — co; we have

M (z,Tz,kt), min{M(z,7z,t),M(z,z,t),M(z,z,t) M (Tz,Tz,t)}> 0

i.e.

M(z,Tz,kt)> M(z,Tz,t)
Therefore

z=Tz=Sz=Mz.
Hence

z=Az=Bz=Lz=Sz=Mz =Tz
Uniqueness: Let w be another fixed point of A, B, L, S, M and T. Then putting x =u, y =w with a = 1 in (4) we have
M (ABu, Mw, t), M (ABu, STw, t), g
M (ABu, Lu,t),M (STw, Mw,t)| —
min{M (u,w,t), M (u,w,t), M (u,u,t), M (w,w,t)} >0

M (Lu, Mw, kt), min{

Therefore
M (u, w, kt)> M (u, w,t)

Hence
Z=W.

Corollary 3.2: Let A, B, S, T, L and M be a complete e-chainable fuzzy metric space (X,M,*) with continuous t-norm
satisfying the conditions (1) to (3) of theorem 3.1 and ; (5) there exists K (O,l) such that

min{M (Lo My kt),{M (ABx, My, 2t),M ( ABx, STy, t), H

>0
M (ABX, Lx,t),M (STy,My,t),M (STy, Lx, 2t)

Foreveryx,y €X, a¢(0,2)and t>0. If L, AB is reciprocally continuous, semi-compatible maps. Then A, b, S, T, L
and M have a unique common fixed point in X.
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