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ABSTRACT
LetG = (V, E) be a graph. A bijection f: V(G)—{0, I, ..., p-1} is said to be a mean square sum labeling if the induced

function f*:E(G)—N given by t*(uv) = l[f(u)]zz[f(v)]zj or [V(“>]2;V(”)]Z] for every uv €E(G) is injective. A graph
which admits a mean square sum labeling is called a mean square sum graph. The concept of mean square sum
labeling was introduced by C. Jayasekaran, S. Robinson Chellathurai and M. Jaslin Melbha and they investigated the
mean square sum labeling of several standard graphs and some cycle related graphs. In this paper, we prove that
composition of paths Py, and P,, P?, P2, Dy(P,), Splitting graph of path P,,, Switching of a pendant vertex in path Py, T,
DT,, Coconut tree and the graph obtained from P, by attaching Csin both the end edges of P,, are mean square sum
graph.

Key words: labeling, mean square sum labeling, mean square sum graph.

1. INTRODUCTION

We begin with simple, finite, connected and undirected graph. For standard terminology and notations we follow
Harary [1]. A graph labeling is an assignment of integers to the vertices or edges or both subject to certain condition(s).
If the domain of the mapping is the set of vertices (edges) then the labeling is called a vertex labeling (an edge
labeling). Several types of graph labeling and a detailed survey is available in [2].

S. Somasundaram and R. Ponraj [5] have introduced the notion of mean labeling of graphs. A graph G with p vertices
and g edges is called mean graph if there is an injective function f from the vertices of G to {0, 1, ..., g} such that when

each edge uv is labeled with f(u)Z;f(”) if f(u)+f(v) is even and with f(")z;(”)“ if f(u)+f(v) is odd, then the resulting edge

labels are distinct.

V. Ajitha, S. Arumugam and K. A. Germina [6] have introduced the notion of square sum labeling. A (p, q) graph G is
said to be square sum, if there exists a bijection f : V(G) —{0, I, ..., p-1} such that the induced function f*: E(G)}»>N
defined by f*(uv) = [f(w)]? + [f (v)]? for every uv € E(G) is injective.

The concept of mean square sum labeling was introduced by C. Jayasekaran, S. Robinson Chellathurai and M. Jaslin
Melbha [3] and they investigated the mean square sum labeling of several standard graphs. Not every graph is mean
square sum. For example, any complete graph K,, where n > 6 is not mean square sum. Also they investigated the mean
square sum labeling of some cycle related graphs [4]. We are interested to study different classes of graphs, which are
mean square sum.

A brief summary of definitions and other information which are necessary for the present investigation are given
below.
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Definition 1.1: Let G = (V(G), E(G)) be a graph. A bijection f :V(6)—{0, 1, ..., p-1} G is said to be a mean square
R ; o e . x _ PP+ w))? [f @]+ @)

sum labeling if the induced function f*: E(G}>N given by f*(uv) = l . J or [ .

uv € E(G) is injective.

]2
] for every

Definition 1.2: A graph which admits a mean square sum labeling is called a mean square sum graph.

Definition 1.3: The composition of two graphs G; and G, denoted by G=G4[G,] has vertex set
V(G4[Gg]) =V(Gy) x V(Gy) and edge set E(G4[Gy]) = {(u1, v1)(uz, V2) / usu, € E(Gy) or uy = Uz and vyv, € E(Gy)}-

Definition 1.4: Square of a graph G denoted by G? has the same vertex set as of G and two vertices are adjacent in G?
if they are at a distance of 1 or 2 apart in G.

Definition 1.5: Cube of a graph G denoted by G* has the same vertex set as of G and two vertices are adjacent in G* if
they are at a distance at most 3 apart in G.

Definition 1.6: For a connected graph G, let G' be the copy of G. The shadow graph D,(G) is obtained by joining each
vertex U in G to the neighbours of the corresponding vertex u'in G'.

Definition 1.7: Let G be a graph. For each point v of a graph G, take a new point v'. Join V' to those points of G
adjacent to v . The graph thus obtained is called the splitting graph of G. We denote it by S'(G).

Definition 1.8: A vertex switching of a graph G by a vertex of G is the graph G" which is obtained by removing all the
edges incident with v and adding all non adjacent edges as edges incident with v.

Definition 1.9: A triangular snake T, is obtained from a path v;v,...v, by joining v; and vi,; to a new vertex w; for
1<1<n-1 Thatis, every edge of the path is replaced by a triangle Cs.

Definition 1.10: A double triangular snake consists of two triangular snakes that have a common path. That is, a double
triangular snake DT, is a graph obtained from a path u;u,...u, by joining u; and uj.; to two new vertices v; and w; for
1<i<n-1

2. MAIN RESULTS
Theorem 2.1: The composition of paths P,,, and P, denoted as P, [P,] is a mean square sum graph.

Proof: Let uy U, ..., Uy be the vertices of path P and v;, v, be the vertices of path P,. The composition Py, [P,] consists
of 2m vertices, can be partitioned into two sets V= {(u;, vi) /i =1, 2, ..., m}and V, = {(u;, v») [i =1, 2, ..., m}. The
edge set is E = {[(ui, V1) (Uivt, V1)1, [(Uis V2) (Uiss, V2)I, [QUi, V1) (Uisa, V2)T, [(U3, V2) (Uier, V)], [(U5, V1) (U, V2)] / 1< j<n, 1<
i<n-1}. Let G = P, [P,]. Define f:V(G)—{0, 1, ..., 2m-1} by f(u;, v1) = 2i-2, f(u;, vo) = 2i-1, for 1< i< n. The induced
function f*:E(G)—N is defined by F*[(U;, V1) (Uis, V1)] = 4i%-4i+2, F¥[(u;, V2) Uiz, V2)] = 4%+, F¥[(U;, V1) (Uis1,V2)] = 4i%-
2i+2, F¥[(u;,V2) (Uis1,v1)] = 4i%-2i+1, for 1<i<n-1 and F[(u;,v4) (U;,v2)] = 4i%-6i+3, 1< i< n is injective. Hence Py, [P,] is a
mean square sum graph.

Example 2.2: A mean square sum labeling of P; [P,] is given in figure 1.

{7 3 () 5 (52 7 () Flug) 1) {uzw2)
Figure-1: P;[P]
Theorem 2.3: PZ is a mean square sum graph.
Proof: Let u;U,...u, be the path P,. Let G = P2. Then V(G) = {uy, Uy, ..., U.} and E(G)= {uUj.1, Uljr2 /1< i< n-1, 1<5<
n-2}. Clearly, G has n vertices and 2n-3 edges. Define f: V(G)—{0, 1, ..., n-1} as follows f(u;) = i-1, 1< i< n. The

induced function f*: E(G)—N is defined by f*(Uili1) = i%-i+1, 1< i< n-1 and f*(uiuiyp) = i°+1, 1< i< n-2 is injective.
Hence P? is a mean square sum graph.
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Example 2.4: A mean square sum labeling of P? is given in figure 2.

Figure-2: P?

Theorem 2.5: P3 is a mean square sum graph.

Proof: Let u;U,...u, be the path P,. Let G = P3. Then V(G) = {uy, Uy, ..., u,} and E(G) = {ujUjs1, UjUjs2, Ulis3 /1< i< n-1,
1< j<n-2, 1< k< n-3}. Clearly, G has n vertices and 3n-6 edges. Define f: V(G)—{0, 1, ..., n-1} as follows f(u;) = i-1,
1< i< n. The induced function f*: E(G)—N is defined by f*(Uiti.1) = i%i+1, 1< i< n-1; F*(Uuip) = i°+1, 1<i<n-2;
*(UjUi3) = iI2+i+2, 1<i<n-3 is injective. Hence B2 is a mean square sum graph.

Example 2.6: A mean square sum labeling of P3 is given in figure 3.

Figure-3: P2
Theorem 2.7: The graph D,(P,) is a mean square sum graph.

Proof: Let uyu,...u, be a of path P, and v,v,...v, be another path P',. Join u;Vi.1, ViUi:1; 1<i<n-1. The resultant graph is
Dy(P,). Let G = D,(P,). Then V(G) = {uy, Uy, ..., Un, V1, Vo, ..., Vp} and E(G) = {UiUi+1, ViVis1, UVis1, Vilisr [1<i<n-1}.
Clearly G has 2n vertices and 4(n-1) edges. Define f:V(G)—{0, 1, ..., 2n-1} as follows f(u;) = 2i-2, and f(v;) = 2i-1, for
1< i< n. The induced function f*: E(G}>N is defined by f*(UiUi;) = 4i%-4i+2, F*(Viviy) = 4i%+1, FX(Uviey) = 4i%-2i+2,
f*(vilis) = 4i%-2i+1, for 1<i<n-1 is injective. Hence D,(P,) is a mean square sum graph.

Example 2.8: A mean square sum labeling of D,(Ps) is given in figure 4.

; 26 4 1

Vl 5 Vj 1? ":‘.r3 3? 1‘.'+ ES Vj
Figure-4: Dy(Ps)
Theorem 2.9: The splitting graph of path P,, is a mean square sum graph.
Proof: Let u;u,...u, be the vertices of path P, and vyv,...v, be the newly added vertices to form the splitting graph of
Pn. Let G = S'(Py,). Then V(G) = {u;, vi/1< i< n} and E(G) = {UjUis1, UiVis1, Viliz1 /1< i< n-1}. Also G has 2n vertices and
3n-3 edges. Define f: V(G) —{0, 1, ..., 2n-1} as follows f(u;) = 2i-2, and f(v;) = 2i-1, for 1< i< n. The induced function

f*: E(G)-N is defined by f*(Uiuisy) = 4i%-4i+2, FX(Uvisy) = 4i%-2i+2, F*(viliyy) = 4i%-2i+1, for 1<i<n-1 is injective.
Hence S'(P,) is a mean square sum graph.
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Example 2.10: A mean square sum labeling of S'(Pg) is given in figure 5.

L] 2 13 10 13 26 1 50 s B2 b

Figure-5: S'(P¢)
Theorem 2.11: Switching of a pendant vertex in path P, is a mean square sum graph.

Proof: Let u;u,...u, be the vertices of path P, and G" denotes the graph obtained by switching of a pendant vertex v of
G = P,. Without loss of generality let the switching vertex be v = u;. Clearly V(G") = {u;, uy ..., u,} and
E(G") = {uili.1, U/ 2< i< n-1, 3< j< n}. Hence G has n vertices and 2n-4 edges. Define f: V(G)—{0, 1, ..., p-1} as
follows f(u;) = 0 and f(u;) = i-1, 2< i< n. The induced function f*: E(G)—AN is defined by f*(ujui;) = i%-i+1, 2< i< n-1;

i—1)2
*(uu;) = l(l 21) , 3<i< nis injective. Hence G is a mean square sum graph.

Example 2.12: A mean square sum labeling of G' when n = 5 is given in figure 6.

Figure-6

Theorem 2.13: Let P, be the path and G be the graph obtained from P, by attaching Csin both end edges of P,,. Then G
is a mean square sum graph.

Proof: Let P, the path uyu,...u,. Add two new vertices v; and V. Join viU;, ViU,, VoUyg, and V,u,. The resultant graph is
G with V(G)= {uy, Uy, ..., Uy, V1, Vo} and E(G)= {UjUj+1, U1V1, UpVy, Un 1V, UaVo/1<i<n-1}. Then G has n+2 vertices and
n+3 edges. Define f :V(G)— {0, 1, ..., n+1} as follows f(u;)) = i, I<i<n; f(v{)=0; f(vy) = n+1. The induced function
*:E(G)— N is defined by f*(Ujuis1) = i*+i+1, 1<i<n-1; f¥(uvy) = 1; £5(Upvy) = 2; F*(UnaV2) = N2+1; F*(Uav,) = n*+n+1 is
injective. Hence G is a mean square sum graph.

Example 2.14: A mean square sum labeling of G when n = 8 is given in figure 7.
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Figure-7
Theorem 2.15: A Triangular snake T, is a mean square sum graph for n > 3.

Proof: Let uy, u,, ..., U, be the vertices of P,,. For 1<i<n-1, add new vertex v; which is joined to the vertices u; and Uj.;
of path P,.. The resultant graph G = T, with V(G) = {uy, Uy, ..., Un, V1, Vo, ..., Voi} and E(G) = {UiUi+1, UiVi, UiV /1< 1 <
n-1}. Then G has 2n-1 vertices and 3n-3 edges. Define f :V(G)—{0, 1, ..., 2n-2} by f(u;)) = 2i-2, 1< i <n; f(v;) = 2i-1,
1<i<n-1. The induced function f*: E(G)—N is defined by f*(uyvi) = 4i’>-6i+3, f*(uiv) = 4i%-2i+1, and
*(Uu;s1) = 4i%-4i+2, for 1<i<n-1 is injective. Hence a triangular snake T, is a mean square sum graph.
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Example 2.16: A mean square sum labeling of T is given in figure 8.

1y 2 15 m w24 w50 g2 w132 uy

Figure-8: T,
Theorem 2.17: A double triangular snake DT, is a mean square sum graph.

Proof: Consider a path uju,...u,. Join u; and u;,; to two new vertices v; and w;, 1< i< n-1. The resultant graph G = DT,
with V(G) = {u;, vi, w;/1< i< n} and E(G) = {Ujlis1, UV, Uis1Vi, UietWi, UW; /1< i <n-1}. Then G has 3n-2 vertices and
5n-5 edges. Define f :V(G)— {0, 1, ..., 3n-3} by f(uy) = 0; f(u;) = 3i-5, 2<i <n; f(v;) = 3i-1, 1< i< n-1; f(w;) = 3i, 1< i<
n-1. The induced function f*: E(G)—N is defined by f*(uiu,) = 1; X (Uilis1) = 9i%-21i+14, 2< i< n-1; F*(uvy) = 2;
f*(uv;) = 9i%-18i+13, 2< i< n-1; f*(Uiyv) = 9i%-9i+3, 1< i< n-1; f*(uwy) = 4; fFX(uw;) = 9i%-15i+12, 2< i< n-1;
* (Ui W;) = 9i%-6i+2, 1< i< n-1 is injective. Hence the double triangular snake DT, is a mean square sum graph.

Example 2.18: A mean square sum labeling of DT is given in figure 9.
2 5 8 11 14
X

Figure-9: DTg
Theorem 2.19: The coconut tree is a mean square sum graph.

Proof: Let u;u,...u, be the vertices of path P, and vyv,...v,, be the pendent vertices being adjacent with the vertex u,.
The resultant graph G is a coconut tree with V(G) = {uy, Uy, ..., Uy, V1, Vo, ..., Vi} and E(G) = {ujlisy, UpV;/1<i<n-1,
1<j<m}. Then G has n+m vertices and m+n-1 edges. Define f :V(G)—{0, 1, ..., m+n-1} as follows f(u;) = i-1, 1<i<n
and f(v;) = n-1+i, 1< i< m. The induced function f*: E(G}>N is defined by f*(uiu,) = i%i+1, 1< i< n-1;

- [ 2 - - - - - -
f*(uv)) = (o147 , I<i<mis injective. Hence the coconut tree is a mean square sum graph.
2

Example 2.20: A mean square sum labeling of G when n =5, m =6 is given in figure 10.

Figure-10
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Theorem 2.21: Let G be a graph obtained by attaching each vertex of P, to the central vertex of K, ,. Then G is a mean
square sum graph.

Proof: Let uy, Uy, ...., U, be the path P, and v;, w;, x; be the vertices of K, , such that the central vertex x;is considered
with u;, 1<i<n. The resultant graph is G with V(G) ={u;, vi, w;i/1< i< n} and E(G) = {uvi, Viw;, UjUj:2/1<i<n, 1<j<n-1}.
Then G has 3n vertices and 3n-1 edges. Define f: V(G)~{0, 1, ..., 3n-2} by f(u;) = 3i-3, 1<i<n; f(v;) = 3i-2, I<i<n;
f(w;) = 3i-1, 1<i<n. The induced function f*: E(G)—N is defined by f*(ujw;) = 9i*-12i+5, 1<i<n; f*(u;v;) = 9i*-15i+7,
1<i<n; P*(ujU;sy) = 9i%-9i+5, 1<i<n-1 is injective. Hence G is a mean square sum graph.

Example 2.22: A mean square sum labeling of G when n =4 is given in figure 11.

0 3 [ 9
! 5 1z 23 1 59 N
1 2 1 17 4 =0 a1 101
T r
1 2 Yy e - ik ) 1

Figure-11

Theorem 2.23: Let G be a graph obtained by attaching each vertex of Pn to the central vertex of K1, 3. Then G is a
mean square sum graph.

Proof: Let uy, Uy, ...., U, be the path P, and vi, w;, i, X; be the vertices of K; 3 such that the central vertex X; is
considered with u;, 1<i<n. The resultant graph is G with V(G) ={u;, vi, w;, y; /1< i< n} and E(G)= {u;v;, Viwi, Ui,
UjUj+2/1<i<n, 1<j<n-1}. Then G has 4n vertices and 4n-1 edges. Define f: V(G)—{0, 1, ..., 4n-1} by f(u;)= 4i-4, 1<i<n;
f(v)) = 4i-3, 1 < I < n; f(wy))=4i-2, 1 <1 < n; f(y;) = 4i-1, 1 < | < n. The induced function f*: E(G)—N is defined by
f*(uvy) = 16i%-28i+13, 1 < | <n; F*(uw;) = 6i%-24i+10, 1 < | < n; F(uy;) = 16i%-20i+9, 1 < | < n; F*(UjUi1)= 16i°-16i+8,
1 <I<n-1lisinjective. Hence G is a mean square sum graph.

Example 2.24: A mean square sum labeling of G when n = 4 is given in figure 12.

o 8 4 40 B 14 2
L T 1 [
W W k] Ky
1 o LGS ev; 97t g 0’ 11 R A
Figure-12
REFERENCES
1. F. Harary, 1988, Graph theory, Narosa Publishing House, New Delhi.

N

J. A. Gallian, A Dynamic Survey of Graph Labeling, The Electronics Journal of Combinatorics, Vol. 17,

(#DS6), 2014. URL.: http://www.combinatorics.org/Surveys/ds6.pdf

3. C. Jayasekaran, S. Robinson Chellathurai and M. Jaslin Melbha, Mean Square Sum labeling of some graphs,
Mathematical Sciences International Research Journal, Vol. 4, (2), 2015, 238-242.

4. C. Jayasekaran, S. Robinson Chellathurai and M. Jaslin Melbha, Mean Square Sum labeling of some cycle
related graphs, Mathematical Sciences International Research Journal, Vol. 4, (2), 2015, 257-262.

5. S. Somasundaram and R. Ponraj, Mean labeling of graphs, National Academy of Science Letters, VVol.26, (1),
2003, 210-213.

6. V. Ajitha, S. Arumugam and K.A. Germina, On Square sum graphs, AKCE J. Graphs Combin., Vol.6, (1),

2009, 1- 10.

Source of support: Nil, Conflict of interest: None Declared
[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal

of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2016, IJMA. All Rights Reserved 127



