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ABSTRACT

In 1989, Bakhtin introduced the notion of b-metric space (I. A. Bakhtin, The contraction principal in quasi-metric
spaces, Functional Analysis 30(1989), 26-37) as a generalization of metric space in which the triangle inequality was
relaxed. Further, in 1993, Czerwik first proved a contraction mapping theorem for this space (S. Czerwik, Contraction
mappings in b-metric spaces, Acta Math. Inform. Univ. Ostraviensis 1(1993), 5-11) which generalized the well known
Banach contraction mapping principal. In 2011, Azam et al. introduced the notion of complex-valued metric space (A.
Azam, B. Fisher and M. S. Khan, Common fixed point theorems in complex-valued metric spaces, Numerical
Functional Analysis & Optimization 32(3)(2011), 243-253) to obtained a common fixed point result for a pair of self-
mappings satisfying a rational inequality. Meanwhile, Jungck relaxed the concept of commutativity of a pair of
mappings by compatibility [9], and further by weakly compatibility [10]. In this paper, we will prove some common
fixed point theorems in complex-valued b-metric spaces for two pairs of self-mappings satisfying a set of rational
inequalities using the weakly compatible mappings. Our result generalizes many results in the existing literature.
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The novelty embodied in my work, or in the approach taken in my research: In this paper, | have unified the notions
of complex-valued metric space as well as of b-metric space. Since, every b-metric space is a metric spaces, my result
will automatically apply for ordinary metric space (X, d). Also, since, a complex-valued metric d is a function from a
set XxX into C, our theorem generalizes many quasi-contraction mapping on real-valued metric. This theorem also
relaxes the commutativity and compatibility of mapping-pair, as well. Further, our theorem generalizes well known
current results of complex-valued metric space like [1, 3, 4, 7, 11, 12, 16, 17, 19, 20, 21, 22, 25], results of b-metric
spaces of [8, 15], and theorems on complex-valued b-metric spaces in the existing literature, like [14, 18].

1. INTRODUCTION

Banach contraction principal [5] is a basic result in fixed point theory. This theorem has been generalized in many
ways. Bakhtin [6] introduced the notion of b-metric space as a generalization of metric space in which the triangle
inequality is relaxed. Czerwik [8] proved a contraction theorem in b-metric space which generalized the Banach
contraction principal. Malhotra and Bansal [15] proved some common coupled fixed point theorems for generalized
contraction in b-metric spaces. Azam et al. [2] introduced the notion of complex valued metric space as a
generalization of metric space. They established sufficient conditions for the existence of common fixed points of a pair
of mappings in this space satisfying a rational inequality. Jungck [9] introduced the notion of compatible mappings for
a pair of mappings. This notion was further generalized to weakly compatible mappings [10]. In this line, Shukla-Pagey
[20] and Verma-Pathak [24] proved some common fixed point theorems in complex valued metric spaces. More results
on complex-valued metric spaces can be found in [1], [2], [3], [4], [7], [11], [12], [13], [16], [17], [19], [20], [21], [22],
[23], [24], [25] etc. In 2014, Mukheimer [14] and Rao et al. [18] proved common fixed point theorems using complex
valued b-metric space. In this paper, we prove a common fixed point theorem for two pairs of weakly compatible
mappings in a complete complex valued b-metric space satisfying a set of contraction condition. Our theorem
generalizes many results in the literature.
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2. PRELIMINARIES

Let C be the set of complex numbers z=a+ib, where a, b are real numbers, a is called Re(z) and b is called Im(z). A
complex valued metric d is a function from a set XxX into C. Let z;, z, ¢ C. Define a partial order « on C as follows:
2, « Zp if and only if Re(z;) < Re(zy), Im(z1) < Im(zy). It follows that z; « z, if one of the following conditions satisfies:

(1) Re(zs) = Re(z), Im(z1) < Im(2y),

(i) Re(z1) <Re(z), Im(z1) = Im(2y),

(i) Re(z1) < Re(zo), Im(z1) < Im(2y),

(iv) Re(zy) = Re(z,), Im(zy) = Im(z,).

In (i), (ii) and (iii), we have |z;| <|zy]. In (iv), we have |z;| = |z;]. So, |z1| <|z] whenever z; « z,. We will write z; < z; if
only (iii) satisfy. Hence z; < z, implies |z| < |z,|.

Remark ([11]): We note that the following statements hold. Let z;, z,, z3 ¢ C.
(i) a,beRanda<bimplies az « bz,
(ii) 0 «z; not«z, implies |z;] < |z,
(lll) 21K Zy and 7y < 13 Implles 71 < Z3.
Azam et al. [2] defined complex-valued metric space (X, d) in the following way:

Definition 2.1 ([2]): Let X is a nonempty set. Suppose that the mapping d: XxX—C satisfies the following conditions:
(A1) 0 «d(x,y), and d(x, y) = 0 if and only if x=y, for all x, y € X;

(A2) d(x, y) = d(y, x), for all x, y € X;

(A3) d(x, y) « d(x, z) + d(z, y), forall X, y, z € X;

then d is called complex-valued metric, and (X, d) is called a complex-valued metric space.

Definition 2.2 ([15]): Let X is a nonempty set and let s > 1 be a real number. The mapping d: XxX—R is called b-
metric space if following three conditions satisfy:

(B1) 0 <d(x, y), and d(x, y) = 0 if and only if x=y, for all x, y € X,

(B2) d(x, y) =d(y, x), forall x, y € X,

(B3) d(x, y) <s[d(x, 2)+d(z, y)], forall x,y, ze X. The number s > [ is called the coefficient of b-metric space.

Example 2.3: Let X = {-1, 0, 1}. Define mapping d: XxX—R" by d(x, y) = d(y, x) for all x, y € X, d(x, X) = 0, X X and
d(-1, 0) = 4, d(-1, 1) =1, d(0, 1) = 2. Then (X, d) is a b-metric space, but not a metric space, since the triangle
inequality is not satisfied. Indeed, d(—1, 0)+d(0, 1)=4 +2=6>1=d(—1, 1) and d(-1, 1)+d(-1, 0) = 1+4 =5>2=d(1,
0) are both true; but d(—1, 1)+d(1, 0) = 1+2 =3 < 4 =d(—1, 0) is not true. So, (X, d) is b-metric space with s = 4/3.

Example 2.4: Let X = [0, 1] and d: XxX—/0, =) be defined by d(x, y) = (x — y)?, for all x, y € X. Clearly, (X, d) is a b-
metric space.

Example 2.5 ([15]): Let (X, d) be a metric space, d*(x, y) = (d(x, y))" with p>1, then (X, d*) is a b-metric space with
s=2"",

Remark 2.6 ([13]): In the b-metric space (X, d), the following assertions hold:
(i) A convergent sequence has a unique limit.
(if) Each convergent sequence is Cauchy sequence.
(iii) In general, a b-metric is not continuous (See Example in [13]).

On generalizing (A3), i.e., triangle inequality, the complex valued b-metric space is defined in the following way:

Definition 2.7 ([14], [15], [18]): Let X be a nonempty set and mapping d: XxX—C satisfy the following conditions:
(C1) O« d(x,y),and d(x,y) =0 ifand only if x =y, forall X, y € X,

(C2) d(x, y) = d(y, x), forall x, y € X,

(C3) d(x, y) « s[d(x, z)+d(z, y)], for all x,y, z € X, where s > 1 is a real number, then d is called complex valued b-
metric in X, and (X, d) is called complex valued b-metric space.

Example 2.8 ([18]): Let X = [0, 1]. Define a complex-valued metric d: XxX—C by: d(x, y) = |x—y|* + i|x—y|?, for all
X, ¥ € X, then (X, d) is a complex valued b-metric space with s=2.

Remark 2.9: If s=1, then the complex-valued b-metric space always reduces to a complex-valued metric space. Thus

every complex-valued metric space is a complex valued b-metric space, but not conversely. This generalizes the notion
of a complex valued b-metric space over complex-valued metric space.
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Definitions of interior point, limit point, open and closed sets, Hausdorff topology on X, the convergent sequence,
Cauchy sequence and complete complex-valued metric space, can be seen from Rao et.al. [18]. Following lemmas are
useful in our paper. Let us define weakly compatibility in the complex-valued b-metric space, below:

Lemma 2.10 ([18]): Let {x,}.>; be a sequence of a complex-valued b-metric space (X, d), then {x,}.-; converges to x if
and only if lim,_.,|d(x,, X)|=0.

Lemma 2.11 ([18]): Let {X.}.=; be a sequence of a complex-valued b-metric space (X, d), then {x,}n>; is a Cauchy
sequence if and only if lim,_,|d(X,, Xh+m)|=0, where m ¢ N.

Definition 2.12 ([10]): Let (X, d) be a complex-valued metric space. A pair of self-mappings A, S: X— X is called
weakly compatible if they commute at their coincidence points. That is, ASu=SAu, whenever Au=Su, for some u ¢ X.

Example 2.13: Let X = R. Define complex valued b-metric d: XxX—C by d(x, y) = |x=y|* + i|jx—y|? for all x, y € X.
Define mappings f, g: X—X, by f(x) = x/4, g(x) = x/5, for all x ¢ X. Then f and g have coincidence point at x = 0. Now
at this point, fg(0) = gf(0). Thus (f, g) is weakly compatible at x=0.

In 2011, Azam et al. ([2]) proved the following result in complex valued metric space:

Theorem 2.14 ([2]): Let (X, d) be a complete complex-valued metric space and let 4, u be non-negative real numbers
such that A+u< 1. Suppose that S, T: X— X are mappings satisfying

d(Sx, Ty) « 2.d(x, y)+ w.d(x, SX)d(y, Ty){1+d(x, y)} (2.1)
for all x, y € X. Then Sand T have a unique common fixed point in X.

This result was generalized by Mukheimer ([14]) for a complex valued b-metric space in the following way:

Theorem 2.15 ([14]): Let (X, d) be a complete complex-valued b-metric space with parameter s>1. Suppose that S, T:
X— X are mappings satisfying:

d(Sx, Ty) « A.d(x, y)+{u.d(x, Sx)d(y, Ty)/[1+d(x, y)]}, for all X,y € X (2.2)
where A, u are non-negative real numbers with sA+u< 1. Then S and T have a unique common fixed point in X.

Mukheimer [14] also proved the following result, to generalize the main theorem of Bhatt et al.[3]:

Theorem 2.16 ([14]): Let (X, d) be a complete complex valued b-metric space with coefficient s>1 and let S, T: X—X
be mappings satisfying:

d(Sx, Ty) « [a{d(x, Sx)d(x, Ty)+d(y, Ty)d(y, Sx)} 1/[d(x, Ty)+ d(y, SX)1} (2.3)
for all x, y € X, where sa ¢ [0, 1). Then S and T have a unique common fixed point in X.

Other results in this line can be obtained in Ahmad et.al. [1] and Bhatt et.al. [3] for complex-valued metric space, and
Mukheimer [14] for complex-valued b-metric space. In this paper, we prove some common fixed point theorems for
two pairs of weakly compatible mappings satisfying a set of rational inequalities in complex valued b-metric space.

3. MAIN RESULTS

Theorem 3.1: Let A, B, S, T: X—X be self-mappings of a complete complex valued b-metric space (X, d), with metric
parameter s > 1. Suppose that the set B(X) is closed. If the following conditions satisfy:
(i) A(X) subseteq T(X), B(X) subseteq S(X),
(ii) Let the set of inequalities is:

d(Ax,By) « qU,, (A, B, S, T), forall x, y € X (3.1)
where q is a non-negative real number such that 0< g<1/(s?+s) , and

Uy (AB, S, T) e {d(Sx,Ty), d(Ax, SX)d(By,Ty)/[d(Sx, Ty)+d(Ax,By)] , d(By,Sx)d(Ax,Ty)/[d(Sx,Ty)+d(Ax,By)] ,
d(Ax,Sx)d(By,Sx)/[d(AXx, By)+d(Sx,Ty)], d(Ax, Ty)d(By,Ty)/[1+d(Sx,Ty)], d(Ax,Sx)d(By,Ty)/[d(Sx,Ty)+d(Ax,By)],
d(Sx, Ty)d(Ax,By)/[ d(Sx,Ty)+d(Ax, By)], d(By,Sx)d(Sx,Ty)/[ d(Ax, By)+d(Sx,Ty)],

d(Ax,Sx)d(Sx, Ty)/[d(Ax,Sx)+d(Sx,Ty)], ¥2s.d(Sx, Ty)d(By, Ty)/[d(Ax,By)+d(Sx,Ty)1},

where Uy, (A,B, S, T) denotes the “selection of one co-ordinate amongst these options”

(iii) the pairs (A, S) and (B, T) are weakly compatible,

then A,B, S and T have unique common fixed point in X.

Proof: Since s>/ so that 1/(s?+s) < %, and 0<q < 1/(s’+s), s0, 0<gs<I/(s+1) <%<I, and 1-qs>1-1/(s+1). Also, we
have 0<g<’. Let x, be an arbitrary point of X. Define a sequence {x,} in X, such that
AXon=TXanr1=Yan  @Nd  BXons1=SXans2=Yans+1, foralln =0, 1,2, 3 3.2)
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We will show that {y,} is a Cauchy sequence. If X, #x20+1 then putting x=x,, and y=X,,+; in condition (ii), and denoting
dn:d(yn+ly yn), we haVe
don = d(Yone1,Yon) = Ad(AXon,BXons1) « q.Ux2n,x2n+1 (A, B, S, T) (3.3)

where UXonXone1 (A, B, S, T) € {don-s, dan-sGan/[don—;+02n], O, don—;d(Yan-1,Yan1)/[dant0on—1], O, dan-jdan/[don.1+020],
Oan- /Gon/[02n-;+d2n], A(Yon-1,Y2n+1)d2na/[Aan+0an- 1], Ao Aan- 1/ [don—;+02q-/], ¥2SUaq- ;don/ [don+dan- 1}

i.e., UXan, Xon+1(A,B,S,T) e{dan-1,d2n-1Gan/[d2n—1+02n],0,5020- s [Aan- 1 +02n]/[d2n+dan-11,0,d2n- 020/ [an-+d20], )
Oan-s0on /[ don—j+dan], S.[dan-4don] .Oon /[ don+don— 71,020 18on— /20201, ¥25Uon— Aon/[don+02n-,]}  (using (C3))

We have following cases to consider:
Case-1: If Uxyn, Xons1(A, B, S, T) = dy_;, then from (3.1), we have da, « 0.0y, implies [dan| < qdan-a].

Case-2: If Uxon, Xon+1(A, B, S, T) = dan 102 /(dan- 1 +d5n), then from (3.1), dan « 0.0z G20 /(dan- 1 +02n),
i.€., O « ~(1-0).daq-;, Whence |dazn| < (7-0)|d2n4].

Case-3: If Uxon, Xons1(A, B, S, T) = 0, then from (3.1), da, « .0 implies |dan| < 0.
Case-4: If Uxon, Xon+1(A, B, S, T) = S.0an-;(don-;+02n)/(dan+d2n-;), then from (3.1), dap « 0S.02n-; implies |dan|< gs|dan- |-
Case-5: If Uxy, , Xon41(A,B, S, T) = 0, then from (3.1), dy, « 0.0 implies |da,| < 0.

Case-6: If UXZn y X2n+1(A,B, S, T) = d2n71d2n/( d2|’1*1+d2|’1)1 then from (31), d2n « q-d2n*1d2l’1/( d2n71+d2n) Implles
Uon< -(1-0)dzn-; 1e., |don| < (1-0)[d2n-].

Case-7: If Uxzn , Xzn+a(A, B, S, T)=aq;.020/[ d2n;+0z0], then dan« -(1-0)dzq-;, Which implies [dzq| < (1-0).|d2n .
Case-8: If Uxan, Xon+1(A, B, S, T)=5.[don;+02n].02n— /[ dantdan- ], then dan« g8.dan-4, i€, [don| < @s.|d2n-,], Where gs<1.
Case-9: If Uxan, Xone1(A, B, S, T)=0.0dzn 00— 1/2d2n;, then from (3.1), don« Y2000, i.€., [don|< ¥20.|dan- ]

Case-10: If Uxzn, Xon+1(A, B, S, T)=%48.0zn /Uan/[d2ntdzn 1], then from (3.1), dan« %208.dn ;an/[d2ntdan ],
or, dan« ~(1-20).02n—;, implies |daq|< (1-Y2G8)|dn.4].

Hence in all cases, we obtain  |dyn|< 4.|dan.1| (3.4),
where A=max{q, 1-q, 0, 0, %0, 1-%qs}<1, as qs<% and 0<g<1/(s*+s) </4.

Similarly, by putting X=X,n+» and y=X»,+1 in condition (ii), we have:
d(AXons+2,BXons1) = ans1 €« QUxXons2,Xons1 (A, B, S, T), where 0<q ¢ R such that 0 < ¢ < 1/(s*+s), and

Ux, y(AB, S, T) € {d(Yan+1, Yon )s d(Yansz, Yon+1)d(Yane1, Yoo Y [A(Yaneas Yon )FA(Vone2s Yone)] o d(Yane1s Yone2)d(Yans2, Yon)
ITd(Yane1, Yon)+d(Yans2, Yone1)] o A(Vanezs Yone1)d(Voness Yonrr)/ [A(Vans2, Yone1)+AVaness Yon )]s d(Yanse2s Yon )-0(YVane1s Yon )
IT1+d(Yan+1, Yon )]s d(Vanez, Yone1)d(Vaness Yon Y [A(Yanes Yon )+A(Vane2s Yane1)]s d(Vanets Yoo )dV2ne2, Yoner)/[ d(Vansss Yoo
)+Hd(Yansz, Yoner)] d(Vone1s Yone1)d(Yones, Yoo ML d(Vane2r Yons1)Fd(Vones, Yoo )], d(Vonez, Yons)d(Yonss, Yoo )
Td(Yzn+2,Y2ne1)+d(Vane1, Yon )1, A(Y2ne1, Y20)d(Yanets Yon Y [A(Vane2, Yoner)+d(Vane, Yon )13

« {dan, dane1lon/(don+dzne), O, O, (danes+day ).Oon/(1+dz, ), donsadon/(dontdanss), don .G2nea/(dontdans),
0, o100/ (dne1+02n), . Gon/(d2n+1+020)},

We have the following cases to consider:
Case-1: If Uxyn, Xon+1(A, B, S, T) = dsp, then from (3.1), we have day+q « 0.y, implies |dages | < gldan|.

Case-2: If UXan X2n+1(A, B, S, T) = d2n+1d2n/(d2n+d2n+1), then from (31), d2n+1 « q.d2n+1d2n/(d2n+d2n+1),
i.e., dane1 «-(1-0).d2n, Whence |dae| < (7-0)|da]-

Case-3: If Uxyn, Xons1(A, B, S, T) = 0, then from (3.1), dyns1 « §.0 implies |dypes| < 0.
Case-4: If Uxon, Xons1(A, B, S, T) = 0, then from (3.1), don+1 « 4.0 implies |danes| < 0.

Case-5: If Uxan , Xon1(A,B, S, T) = (dane1+02n ).don/(1+d5, ), then from (3.1), dan « Q-dznz-
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Case-6: If UXZn y X2n+1(A,B, S, T) = d2n+1d2n/(d2n+d2n+1), then from (31), d2|’1+1 «(. d2n+1d2n/(d2n+d2n+1), Implles
done1 =(1-0)d2n €., |donat | < (7-G)]dan.

Case-7: If Uxon , Xons1(A, B, S, T)=0n+102n/(dans1+d2n), then dane1« -(1-0)dan, Whence [danea| < (7-0)|dan.
Case-8: If UXZny X2n+1(A, B, S, T)=O, then d2n+1« qO, ie., |d2n+1| <0.
Case-9: If Uxan, Xon+1(A, B, S, T)=0ans102n/(dansa+dzn), then from (3.1), dansa« -(1-0).0an, i€, [donse1|< (1-0)|dan|

Case-10: If UXan X2n+1(A, B, S, T): d2|’12/(d2|’1+1+d2n)1 then from (31), d2n+1« ]/qu.d2nd2n/(d2n+1+d2n),
i.€., Oonsa 2+ Oon.Oons1« Y205 don?, which implies (dans1t Y20on)? « (Y2qs+1/4) dpn?,

So that o1 «[-YoxN(Y5gs+1/4)]dyy , Whence |dagt|<|-YoxN(%gs+1/4)| |dan|, Where |-YatN(%gs+1/4)|<1, as 0<gs</4.

Hence in all cases, we obtain  |don.1|< ge. |don| (3.5)
where p=max{q, 1-q, 0, |-Yex\(%qs+1/4)|}<I.

If we write  k=max{), uj=max{q, 1-q, 0, gs, %q,1-Y4qs, |-Yex\(%qs+1/4)|}<1, (3.6)
then for each k ¢ N, we have
|dn+1|< K|dy], where k<1 3.7)

From (3.7) we have
|da| < kldna|< K| dral < KJdna] < ... <K™|d| < &7|clo] (3.8)

In order to prove the Cauchy condition, let m, n € N, with m>n, we have on using (C3):
1dQm, Yol = s(1d(vn, Y1) +dnea, Yn)|=S]cal +S]d (Y1, Ym)] ,
< S‘dn|+S§:s|d(yn+la2yn+2)+d(yn+2a Ym)|}= s|dq|+s7|dpea|+S |2d(Yn+2a )ém)l s
< s|dn|+57|dns1|+5{s]d(Yn+2: Ynea) Fd(Ynss Ym)[}= S|da| 5% dnsa]+5°dnv2l +5°(Vnrs, Ym)l}

Using (3.8), it yields
|d Y, Yol < s&"|do|+8°K™ | do|+8°k™?|do|+ - oo . + 5™ do |+ s™ K™ 2| do| + ™K™Yl
— zi:ll=m-ns.lkl+n-_:|.|d0|
< zi:1l=m—ns|+n-lk|+n-1|dol
= Y sk o]
< Y= 5k dol
= [(sk)'/(1-sk)].|dol,

This tends to zero as m, n— co. It shows that {y,} is a Cauchy sequence in X. Further, since X is complete, there exists a
point z in X such that lim,_..y,=z.

Now, since B(X) is closed, let z € B(X). Since, B(X) subseteq S(X), there exist u ¢ X such that z=Su. We claim that Au=z.
If not, then putting x=u, y=X,,+ in condition (ii), and using (3.1), we have

d(AU, YZn+1):d(AU, BX2n+l) « qUUl )<2n+1(Av B, S, T) (39)
where
Uy, o(AB, S, T) € {d(Su,TXzn+1), d(Au, SU)(B Xan+1, TX2n+1)/[A(SU, TXon+1)+d(AU,BXzn+1)] , d(BXansa,
Su)d(AU, TXzn+1)/[d(SU, TXon+1) (AU, BXan+1)] , d(Au, Su)d(BXan+1,SU)/[d(Au, BXan+1)+d(SU, TXon+1)], d(Au,
TXon+1)d(BXan+1, TXon+1)/[1+0(SU, TXzn41)], (AU, SU)A(BXan+1, TXon+1)/[A(SU, TXzn+1)+d(AU,BXzn+1)], d(SU, TXzn41)d(Au,
BXon+1)/[ d(SuU, TXzn+1)+d(AU, BXon+1)], d(BXan+1, SUYA(SU, TXon+1)/[ (AU, BXan+1)+d(SU, TXzn+1)], d(Au, Su)d(Su,
TXzn+1)/[d(AU, Su)+d(Su,TXzn+1)], ¥25.d(SU, TX2n+1)d(BXan+1, T Xan+1)/[A(AU, BXzn+1)+d(SU, TXzn+1)]1},

={d(z,y2n), d(Au, Su)d(Yzn+1,Y20)/[A(Z, Y2)+A(AU,Y20+1)] , A(Yan+1,2)d(AU,Y20)/[A(Z,Y20)+d(AU, Yone1)] , d(AU, Z)d(Yane,
2)/[d(AU, Y2n+1)+d(Z,Y20)], d(AUY20)d(Yan+1,Y20) [1+0(Z,Y20)], (AU, 2)d(Y2n+1,Y20)/[A(Z,Y20) +A(AU, Yone1)],
d(z,Y20)d(AUY20+1)/[A(Z,Y20) +A(AU, Yan+1)], d(Yane1, 2)A(Z, Yan) [A(AU, Yone1)+d(Z, Yan)], (AU, 2)d(z, y2n)/[d(Au, 2)+d(z,
Yon)l, ¥28.0(Z, Y2n)d(Yan+1,Y2n) [A(AU, Yone1)+d(Z, Yan)]} (using (3.2))

We will take following cases, as follows:

Case-1: If Uy, yon+12(A, B, S, T) = d(z,y2n), then we have d(Au, Yan+1) « g. d(z, Yan), implies |d(AU, Yone1)| < ¢ld(Z, Yan)]-
Taking n—oo, it yields [d(Au, z)| < g|d(z, z)|=0. Thus Au=z.
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Case-2: If Uy, xons1(A, B, S, T) = d(Au, Su)d(Yans1,Y2n)/[A(Z, Y2n)+d(AU,Y2n+1)], then we have
d(AU, Yan+1) « . d(AU, SU)d(Y2n+1,Y2n)/[A(Z, Y2n) +d(AUY20+1)],

i.e., [d(AU, Yonea)| < gld(Au, Su)d(yon+1,Yon)l/| d(z, Yon)+d(AUY20.1)|
Taking n—oo, it yields |d(Au, z)| < ¢.|d(Au, 2)|.0/|d(Au, z)]=0. Thus Au=z.

Case-3: If Uy, xons1(A, B, S, T) = d(BXon+1,2)d(AU, TXon+1)/[A(Z, TXons1)+d(AU, BXans1)], then we have
d(AUa y2n+1) «q. d(y2n+1,2)d(AU,YZn)/[d(Z,YZn)de(AU, YZn+1)]y

ie., [d(AU, Y2n+1)|< q] d(Von+1,2)d(AUY20) |/] A(Z,Y20)+d(AU, Yanea) |-
Taking n—o, it yields [d(Au, z)| <q.0.d(Au, z)/|d(Au, 2)|=0, or, |d(Au, z)| <0. Thus Au=z.

Case-4: If Uy, ons1(A, B, S, T) = d(Au, 2)d(Yans1, Z)/[A(AU, Yone1)+d(z,y2)], then we have
g(AU, Yon+1) « Q. d(Au, 2)d(Yans+1, Z)/[A(AU, Yon+1)+d(zZ,Y20)]
1€, [d(AU, Yan+1)< qld(AU, 2)d(Yan+1, D)I/[A(AU, Yore1)+d(Z, Yon) |-
Taking n—oo, it yields [d(Au, z)| <q.d(Au, z).0/d(Au, 2)]=0, i.e., |d(Au, z)| £0. Thus Au=z.

Case-5: If Uy, xon+1(AB, S, T) = d(Au,y2n)d(Yan+1,Y2n)/[1+d(z.Y20)], then we have
d(Au, Yon+1) « . d(AU,Y2n)d(Yans1,Y2n) [1+d(z,Y20)]

i.e., |d(AU, Yons1)| < Q. [d(AUY20)d(Y2ne1,Yon) /| 1+d(Z,Y20)].
Taking n—oo, it yields |d(Au, z)| <q.|d(Au, 2)|.0/(1+0)=0, i.e., |d(Au, z)| <0. Thus Au=z.

Case-6: If Uy, yons1(A, B, S, T) = d(Au, 2)d(Yan+1,Y2n)/[A(Z, Yon)+d(AU, You+1)], then we have
d(AU, Yan+1) « 0. d(AU, 2)d(Yzn+1,Y20)/[A(Z, Y2n) +d(AU, Yors1)],

i.e., [d(AU, Yana)| < gld(Au, 2)d(yan1,Yan)l/|d(z, Y2n)+d(AU, Yonei)|,
Taking n—oo, it yields |d(Au, z)| < q.|d(4u, z)|.0/|d(Au, z)|=0. Thus Au=z.

Case-7: If Uy, yons1(A, B, S, T)= d(z,y2n)d(AU,Y2n+1)/[d(z,Y2n) +A(AU, Y2n+1)], then we have
d(AU, Yon+1) « Q. d(Z,Y20)d(AU,Y2n+1)/[A(Z,Y20) +d(AU, Y2n+1)],
i.e., [d(AU, Yan+1)| < ¢l d(z,y20)d(AU,Y2n+1 |/[d(Z,Y20)+d(AU, Yons1)l,
Taking n—oo, it yields [d(Au, z)| <¢.0.|d(Au, 2)|/|d(Au, z)|=0. Thus Au=z.

Case-8: If Uy, Xon+1(A, B, S, T) = d(Yan+1, 2)d(z, Y2n)/[d(AU, Yore1)+d(z, Yan)], then we have
d(AU, Yan+1) « 0. d(Yan+1, 2)d(Z, Y20)/[A(AU, Yon+1)+d(Z, Y2n)],

i.e., |d(AU, Yone1)| < qld(yane1, 2)d(z, Y2n)l/|d(AU, Yoni1)+d(Z, Yan)l,
Taking n—oo, it yields |[d(Au, z)| < q.0.0/|d(Au, z)|=0. Thus Au=z.

Case-9: If Uy, Xon41(A, B, S, T) = d(Au, 2)d(z, Yon)/[d(Au, 2)+d(z, Y-,)], then we have
d(AU, Yan+1) « . d(AU, 2)d(z, Yan)/[d(AU, 2)+d(z, Y2n)],
e, |d(AU, Yanes)| < qld(Au, 2)d(z, y2n)l/|d(AU, 2)+d(z, y20),
Taking n—oo, it yields |d(Au, z)| < g.|d(Au, z)|.0/|d(Au, z)|=0. Thus Au=z.

Case-10: If Uy, Xan41(A, B, S, T) = %5.d(Z, Y20)d(Y2n+1,Y20)/[A(AU, Y20+1)+d(z, Y2n)], then we have
d(Au, Yan+1) « ¥208.d(Z, Y2n)d(Yan+1,Y2n) [A(AU, Yoq+1)+d(Z, Yon)]

ie., |d(AU, Yan+1)|< %208]d(Z, Y2n)d(Yan+1,Yon)//|d(AU, Yon41)+d(Z, Yan)|
Taking n—oo, it yields |[d(Au, z)| < %¢s.0.0/|d(Au, z)|=0, or, |d(Au, z)| <0. Thus Au=z.

Hence in all cases Au=z=Su, i.e., u € X is a coincidence point of (A, S). Further, since z=Au and AX subseteq TX, there
exists v € X such that Au=Tv. We claim that Bv=z. If not, then putting x=u, y=v in condition (ii), and using
Au=Su =Tv =z, we have

d(z, Bv)=d(Au, Bv) « q.U,, , (A, B, S, T) (3.10)

where Uy, , (A, B, S, T) € {d(Su,Tv), d(Au,Su)d(Bv,Tv)/[d(Su,Tv)+d(Au,Bv)], d(Bv,Su)d(Au,Tv)/[d(Su,Tv)+d(Au,Bv)] ,
d(Au,Su)d(Bv,Su)/[d(Au, Bv)+d(Su,Tv)], d(Au,Tv)d(Bv, Tv)/[1+d(Su,TV)], d(Au,Su)d(Bv, Tv)/[d(Su,Tv)+d(Au, Bv)],

d(Su,Tv)d(Au,Bv)/[d(Su,Tv)+d(Au, Bv)], d(Bv,Su)d(Su,Tv)/[d(Au, Bv)+d(Su,Tv)],
d(Au,Su)d(Su,Tv)/[d(Au,Su)+d(Su,Tv)], Y2sd(Su,Tv)d(Bv,Tv)/[d(Au,Bv)+d(Su,Tv)]},

={0,0,0,0,0,0, 0,0, d(z,2)d(z,z)/2d(z,z), ¥s.d(z,2)d(Bv,z)/[d(z,Bv)+d(z,2)]= {0, ¥2d(z,2)}=O0.
Thus Au=Su=z=Bv =Ty, i.e, uand v are coincidence points of (A, S) and (B, T) respectively. These two pairs are
weakly compatible therefore, from condition (iii), we have ASu=SAu=Az=Sz and BTv=TBv=Bz=Tz. We now claim
that Az=Bz. If not, then putting x=z, y=z in condition (ii), we have

d(Az,Bz) « qUzz (A, B,S, T) (3.11)
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where U,,,(A,B, S, T) € {d(Sz,Tz), d(Az, Sz)d(Bz,Tz)/[d(Sz,Tz)+d(Az,Bz)], d(Bz,Sz)d(Az,Tz)/[d(Sz,Tz)+d(Az,Bz)],
d(Az,Sz)d(Bz,Sz)/[d(Az, Bz)+d(Sz,Tz)], d(Az,Tz)d(Bz,Tz)/[1+d(Sz,TZ)], d(Az,Sz)d(Bz,Tz)/[d(Sz,Tz)+d(Az,B2)],
d(Sz,Tz)d(Az,Bz)/[d(Sz,Tz)+d(Az, B2)], d(Bz,Sz)d(Sz,Tz)/[ d(Az, Bz)+d(Sz,T2)], d(Az,Sz)d(Sz,Tz)/[d(Az,Sz)+d(Sz,TZ)],
1s.d(Sz,Tz)d(Bz,Tz)/[d(Az,Bz)+d(Sz,T2)]},

= {0, %d(Az,Bz), 0, 0,0, %:d(Az,Bz),% d(Az, Bz), 0, 0}.

If 0 is chosen then d(Az, Bz) « q.0 yields Az=Bz. Also, if %d(Az, Bz) is chosen then (3.11) implies d(Az,Bz) « %4q d(Az,
Bz), i.e., |d(Az,Bz)|< %gq.|d(Az, Bz)|, a contradiction. Thus Az=Bz. Therefore z is a coincidence point of A, B, Sand T.

We now claim that z is a common fixed point of these four mappings. For, putting x=u, y=z in condition (ii), and using
Au=Su=z, Bz=Tz, we have
d(z, Bz)=d(Au,Bz) « qUz,z (A, B, S, T), (3.12)

where Uu,z(A,B, S, T) € {d(Su,Tz), d(Au, Su)d(Bz,Tz)/[d(Su,Tz)+d(Au,Bz)], d(Bz,Su)d(Au,Tz)/[d(Su,Tz)+d(Au,Bz)],
d(Au,Su)d(Bz,Su)/[d(Au, Bz)+d(Su,Tz)], d(Au,Tz)d(Bz,Tz)/[1+d(Su,Tz)], d(Au,Su)d(Bz,Tz)/[d(Su,Tz)+d(Au,B2)],
d(Su,Tz)d(Au,Bz)/[d(Su,Tz)+d(Au, Bz)], d(Bz,Su)d(Su,Tz)/[d(Au, Bz)+d(Su,Tz)],

d(Au,Su)d(Su, Tz)/[d(Au,Su)+d(Su,Tz)], ¥2sd(Su,Tz)d(Bz, Tz)/[d(Au,Bz)+d(Su,T2)]},

={d(z,Bz), 0, ¥2d(Bz,2), 0, 0,0, ¥2d(z,Bz),%2.d(Bz,2), 0, ¥2s.d(z,Bz)}={ d(z,Bz), 0, ¥25.d(z,B2)}.

If d(z, Bz) is chosen, then d(z, Bz) « q. d(z, Bz) implies |d(z, Bz)|< q.|d(z, Bz)|, a contradiction, thus Bz=z. If %d(z, Bz)
is chosen, then d(z, Bz) « %2qd(z, Bz) implies |d(z, Bz)|< %4q|d(z, Bz)|, a contradiction, thus Bz=z. If 0 is chosen then
also, Bz=z. Therefore z is a common fixed point of A, B, S and T. This common fixed point is unique. If not, then
assume w ¢ X be another common fixed point such that z#w. Now, by putting x=z and y=w in condition (ii) and using
Az=Sz=z, Bw=Tw=w, we get a contradiction. Thus z is the unique common fixed point of A, B, S and T. This completes
the proof.

If A=B=f and S=T=g then Theorem 3.1 reduces to following corollary:

Corollary 3.2: Let (X, d) be a complete complex valued b-metric space with metric parameter s > 7 and f, g: X—X be
self-mappings on X. Suppose that the set f(X) is closed, and f(X) subseteq g(X). If the following conditions satisfy:

d(fx, fy)«q.Ux, y (f, ), for all x, y € X, where q is a non-negative real number such that 0 < g<1/(s*+s) (3.12)
where U, (f,9) € {d(gx,gy), d(fx, gx)d(fy.gy)/[d(gx.9y)+d(fx.fy)] , d(fy,gx)d(fx,gy)/[d(gx,gy)+d(fx.fy)] ,
d(fx,9x)d(fy,gx)/[d(Fx, fy)+d(gx,ay)]. d(fx,gy)d(fy.gy)/[1+d(gx,gy)]. d(fx,gx)d(fy.ay)/[d(gx.9y)+d(fx.fy)],
d(gx,gy)d(fx.fy)/[d(gx,qy)+d(fx, fy)], d(fy,gx)d(gx,gy)/[d(fx, fy)+d(gx,gy)]. d(fx,gx)d(gx,9y)/[d(fx,gx)+d(gx,gy)],
Yesd(gx,gy)d(fy.gy)/[d(fx,fy)+d(gx,gy)]}.

If the pair (f, g) is weakly compatible, then A, B, S and T have unique common fixed point in X.

If we put S=T=I, the identity mapping, then condition (i) of Theorem 3.1 reduces to A(X) subseteq X, B(X) subseteq X,
which is always true. Further, the weakly compatibility reduces to Alx=IAx, and BIx=IBx, where Ix=x; thus weakly
compatibility condition always hold. Therefore, Theorem 3.1 reduces to following corollary:

Corollary 3.2: Let (X, d) be a complete complex valued b-metric space and A, B: X—.X be self~mappings of (X, d) with
metric parameter s > 1. Suppose that the set B(X) is closed. If the following inequality:

d(Ax, By)« qUy ,(A, B), for all X, y € X, where q is a non-negative real number such that 0 < q<1/(s’+s) (3.13)
where Uy, (A,B) € {d(x.y), d(Ax, X)d(By,y)/[d(x,y)+d(Ax,By)] , d(By,x)d(Ax,y)/[d(x,y)+d(Ax,By)] , d(Ax,x)d(By,x)/[d(AX,
By)+d(x.y)], d(Ax,y)d(By.y)/[1+d(x.y)], d(Ax,x)d(By.y)/[d(x,y)+d(Ax,By)], d(x.y)d(Ax,By)/[d(x.y)+d(Ax, By)],
d(By.x)d(x,y)/[d(Ax, By)+d(x,y)], d(Ax,x)d(x,y)/[d(Ax,x)+d(x.y)], 2s.d(x,y)d(By.y)/[d(Ax,By)+d(x,y)]},
then A,B, S and T have unique common fixed point in X.

Remark 3.3: Corollary 3.2 generalizes Banach contraction mapping principal [5] in complex-valued b-metric space, if
only first co-ordinate is chosen. Also, since <, the sum of product of first co-ordinate with A and product of fifth co-
ordinate with ., will produce the inequality of Azam et al. [2] with A+u<1. Hence we have generalized [2] in complex-
valued b-metric spaces.
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