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ABSTRACT

We have defined color Laplacian energy of graphs and proved many results about color Laplacian energy and
established relationships between color eigenvalues, color Laplacian eigenvalues of a graphs in [5]. In this paper we
obtained new lower bonds for color energy and color Laplacian energy of graphs and obtained various bounds for
color eigenvalues and color Laplacian eigenvalues of G. We also obtained a bound for i.e., |LEX (G—e)-LE, @) <4
and 4 is the best possible bound.

AMS Subject Classifications: (05C50).
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1.0 INTRODUCTION

Recently C. Adiga and et.al., have introduced and investigated many properties and also found many results on color
energy and color eigenvalues of a graph in [1]. A coloring of graph G is a coloring of its vertices such that no two
adjacent vertices receive the same color. The minimum number of colors needed for coloring of a graph G is called
chromatic number and is denoted by x(G). They noticed that, in general optimal coloring with x(G) colors is not
unique so the color energy E, (G) may be different for different optimal colorings. On the other hand, there do exist
some uniquely colorable graphs, for example, the unitary Cayley graph X,, has a unique optimal coloring, thus its color
energy with respect to minimum color is unique. They also established explicit formulae for color energy of unitary
Cayley graph X,, and its complements.

Motivated by [1], we have defined color Laplacian energy in [5] and studied some results and bounds for the color
Laplacian eigenvalues and color Laplacian energy of graphs. P.G Bhat and Sabitha D’Souza are also defined the same
concept of color Laplacian energy of graphs independently see [4]. In this paper we will find further bounds for color
energy and color Laplacian energy of graphs, in terms of color eigenvalues and color Laplacian eigenvalues. We used
Polya-Szego Inequality and Ozekis Inequality to obtain some new lower bonds for color energy and color Laplacian
energy of graphs and obtained various bounds for color eigenvalues and color Laplacian eigenvalues. We also obtained
abound for i.e., |LE, (G — e) — LE, (G)| < 4 and 4 is the best possible bound.

This paper is organized as follows, in 1.0 we present short introduction of necessary definitions and basic results and in
1.1 we prove some theorems regarding color Laplacian eigenvalues. In 1.2, we present new bounds for color energy
and color Laplacian energy in terms of color eigenvalues and color Laplacian eigenvalues of graphs.

Definition 1 [1]: (Color Matrix): The color matrix A.(G) = [a;; ] of G is a square matrix of order whose (i, j)-entries
are as follows

1, if v; and vyare adjacent with c(v;) # C(Uj)
lay]=19-1, if v; and v;are not adjacent with c(v;) = c(vj)
0, otherwise
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In the case that, G is simple graph of order n and m, the color matrix A.(G) will be (—1, 0, 1) matrix with respect to a
given coloring. Suppose that
P.(G,2) = det(Al — A, (G)) = apA™ + ay A" + @ A" 2 + @z A" 3 + - +ag

is the characteristic polynomial of A.(G). Let A; = 1, = --- = 4,, be the color eigenvalues of G, i.e., the roots of
P.(G, 1). The color spectrum of G is defined as the set of color eigenvalues of A.(G) together with their multiplicities.
If the graph G is colored with y(G) colors, then the color energy of a graph with respect y(G) is denoted by E , (G).
This is called chromatic energy of G. The color energy of G is the sum of the absolute values of its color eigenvalues.

Definition 2 [5]: (Color Laplacian Matrix): Let G be a simple colored graph. We denote the diagonal matrix with the
degrees as diagonal elements byD (G), A.(G) is color matrix of graph G. The color Laplacian matrix is L.(G) = D(G) —
A.(G), we can also write Color Laplacian Matrix as

(dw),  ifvi=vy
L.(6) = [l;] = J -1, if v; and v;are adjacent with c(v;) # c(vj)
1, if v; and v;are not adjacent with c(v;) = C(vj)
0, otherwise
Suppose that
P.(G,u) =det(ul — L.(G)) = apu™ + a;p™ 4+ a0 + azp™ 3 + . +ag
is the characteristic polynomial of L.(G). Let uy, s, ..., i, be the color eigenvalues of G, i.e., the roots of P.(G, 1). The
color Laplacian spectrum of G is defined as the set of color Laplacian eigenvalues of L.(G) together with their
multiplicities. If the graph G is colored with y(G) colors, then the color Laplacian matrix of a graph with respect y(G) is
denoted by L, (G). This is called chromatic energy of G. We noticed an important property of color Laplacian
matrix L, (G) is not positive semi-definite matrix in general, but some special class of graphs whose color Laplacian
matrix L, (G) is positive semi-definite matrix, viz., K, K, ., S», W, and C,,.

Now we define color Laplacian energy of G.

Definition 3 [5]: (Color Laplacian Energy): If G is an (n,m)- graph and its color Laplacian eigenvalues are

2m

U1, Mg, .. .., My, then the color Laplacian energy of G denoted by LE.(G) = X7 |y;|, where y; = u; ——.

n
2m

e, LE.(6) = Xy | — 2=

n

If G colored with x(G) colors, then chromatic Laplacian matrix of G, is denoted by L , (G) and the energy of graph with
respect y(G) is called chromatic Laplacian energy and is denoted by LE , (G).

We have established some properties of color Laplacian eigenvalues and color Laplacian energy in [5]. The color
eigenvalues and color Laplacian eigenvalues obey the following well-known relations respectively.
?=1 2'12= O; ?:1 ALZ = Z(m + mc)v 5 ?zl Hi = 2m;
mli =2My Yy =0; i—1Yi =2M,
’ 1 ' 1
Where M; = [(m +m;) + 330, d?], My = [(m+m;) +5 (T, d? -
adjacent vertices receiving the same color in G.

Z [ -
am )] and m, is the number of pairs of non

“n
Further if G is regular of degree k then we have proved the theorem in [5].
Theorem 4 [1]: If the graph is k — color regular graph, then LE, (G) = E, (G).

1.1 MAIN RESULTS

In this section we prove some new theorems, before proving Theorem 5 we note that the interlacing theorem for the
color Laplacian matrix cannot be true. This fact is similar to the case of Laplacian eigenvalues and normalized
Laplacian eigenvalues of graphs, i.e., when we delete a colored vertex in G, it affects its neighbor colored vertices in G.

Nevertheless, we can state another interlacing theorem for the color Laplacian eigenvalues.

Theorem 5: Let G be a graph and e € E(G). Let (G — e) be the graph obtained by deleting e with y(G) = (G —e). If
U1 < pp < pg < -+ < pu, be the color Laplacian eigenvalues G. Then

m(G) S (G —e) S up(G) < (G —e) < - ppq(G —e) < pup(G)
Theorem 6: Let G be a colored graph of order n and (G — e) is graph obtained by deleting an edge. Then p; — u; > 0
and ¥ [u; — ;'] = 2. Where y; are the color Laplacian eigenvalues of G and y; are the color Laplacian eigenvalues
of (G —e).
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Proof: First part of the proof is straightforward by interlacing property of color Laplacian eigenvalues or by Theorem
5. Second part of the proof is follows from the fact that, Y7, u; = 2mand Y, u; = 2(m — 1). Therefore, Y™, [u; —
wui'=2.

Now we have an immediate theorem, which gives the best bound for the difference of color Laplacian energy of G and
color Laplacian energy of G (G — e) follows from Theorem 6 above.

Theorem 7: Suppose G is a colored graph with y(G). Then |LEX (G —e)—LE, (6)| < 4 and 4 is the best possible
bound.

Proof: Define u;" = u; (G — ) with (G — e) = y(G). We noticed that u; —u; > 0 and ¥, [u; — ;1 = 2. So, there
existi,1 < i < n, such that ; > ;. This implies that
n n

.2 g2
Z|#i — W _E| <Z|ﬂi — 1| tn
i=1 i=1

and we have
- 1
m , m —
|LE, (G — ) — LE,(&)| = Z'”"_Zz|_|#i —2 n |
ln— .
m—
=2 [l =23l = [ -2
i=1
n
Y
<2 |I# e Bl U -

=Yz [:“i _lii’+%] = 4.

To complete the argument we construct a sequence of {G, },>, of colored graphs such that |LEX (G —e)—LE, @)~
4 . Define G, =K, +e with y(G) =n. Then LE,(G,) =4 —% and LE,(G, —e) =0 and so |LEX (G—e)—
LEyG=4—4n— 4. This completes the argument.

1.1 BONDS FOR COLOR ENERGY AND COLOR LAPLACIAN ENERGY OF GRAPHS

In this section we obtain some bounds for the color energy and color Laplacian energy in terms of color eigenvalues
and color Laplacian eigenvalues of graphs. In order to obtain these bounds we require the smallest color eigenvalue and
smallest color Laplacian eigenvalue are both must be non zeros. So we assume that |A,,| and |u, | are smallest color
eigenvalue and smallest color Laplacian eigenvalue of G.

For the sake of completeness we mention below two preparatory results which are help us to prove following bounds.

Theorem 8 [2]: (Polya-Szego Inequality): Suppose a; and b;, 1 < i < n are positive real numbers, then

n 2

n
1 P, P.
z afz b <o [Af2, [PaP2
o — 4\ \|pip2 PP,
i=1 i=1

Where P; = maxq <, @;; P, = maX;4<, b; and p; = min, <, a;; p, = min <, b;

Theorem 9 [3]: (Ozekis Inequality): If a; and b;, 1 < i < n are non negative real numbers, then

n

n n 2 2
Z 3122 bf — Z a; b; ST(Pﬂpz — p1p2)*
im1

i=1 = i=1
Where P; and p; are defined similar to theorem (8).

At first we apply Polya-Szego Inequality to obtain a simple inequality on the color eigenvalues and color energy of
graphs. By theorem (8) we have the following theorem.
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Theorem 10: Let G be a colored graph with 1,, and A, are the smallest and largest color eigenvalues of G respectively.
Then

LE(G) = E,(G) > m\/Zn(m +m)y (A 112,1)

Proof: Suppose 4; = 1, > --- = 4,, are the color eigenvalues of 4, (G). We also assume that a; = [4;| and b; = 1
fori = 1,2,...n. Then by applying theorem (8), we have

n n 2 n 2
1 [ i)

,L.ZZ LI I L L L Zai

;' "2 = it ) (2
2 )
1 [ il

oS e ) (50
2, k=gl i (i) (20

Since "R =4 =2(m+m) and X4 = E, (G) therefore we have,

, 1 4] |/1 | 211 |2
2n(m+mc)sZ |/1I I/11 /IA ’IA (E, (G))
A
8n(m+m,) < (IAHI i, | >(E (G))
(I AP+ 2144012, 2
8n(m +m,) < ( L] ) (E,(®)
8n(m + m) (I 114,0) < (4] + 14,12 (E, (&)’
8n(m +m.) (11114, 1)
RCAET N (£,(6)

J2nlm + mO (A I2D < E, (6).

I/11I+I/1 |
To obtain next inequality, we need to apply theorem (9) we get

Theorem 11: Let G be a colored graph with 1,, and A, are the smallest and largest color eigenvalues of G respectively.
Then

(|4l = 14,1)?

LE(G) = E,(G) = \/Zn(m +m,) — 2

Proof: Suppose 4y = 4, = --- = 4,, are the color eigenvalues of A, (G). We also assume that a; = [4;| and b; = 1

fori =1,2,...n. Then by applying Theorem 9, we have
2

i 2
Z 1A |ZZ 2—(Z|xi|> < T (hl = 12,0
Z A - (£, @) = ] - 1)

Since 412 =22 = Z(m +m,) and Y7, |4;| = E, (G) therefore we have,

2n(m +m,) - Z(IMI — 1.0 < (E,()°

J2nlm+m) = (1] = D2 < B, )

Further to prove second part in theorem 10 and theorem 11, by theorem 4, E, (G) = LE, (G) for k —regular colored
graphs.

Next we discuss same bounds for some non regular colored graphs using theorems (8) and (9).

Theorem 12: Let G be a colored graph with u; and u, are the smallest and largest color Laplacian eigenvalues
respectively. Then
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M
[ A vy
|l’l1| |.un| Ml + (m + mc)
Proof: Suppose uq,uy, ... .., iy are the color Laplacian eigenvalues of L, (G). We also assume thata; =1 and
b; = |u;| fori =1,2,...,n. Then by applying theorem (8), we have

Lo 1 /| | /l AW
#n ,Lt1
E 122 il 2 < — + (EImI)
L L 4\ |l |t | £
: 1 il /| |2 - 2
HUn H1
nE e e §|-|
e AN IR TR R Vty
i=1
Iun |ty |

2n(m+m)+§d2_ EI [ ] o *

‘ Iu1 |14 H )

From (*) we have

(Zlﬂil)2:<ilﬂil) i'“fl
Zlullz+2 z |

i<j=1
n

= Z#iz +2 Z Hilj
i=1

i#i=1
n

> 2(m+m;)+z:di2 +2(m+m))
i=1
Therefore (*) becomes

1 lpal | [l
2n(m+m)+Zd - M+(m+m)
‘ T4 1/'.“1 Jlﬂn ! )

Zn(m + mc) + Z =1 dz l |l’ln |l’l1
2(M1 + (m+ mc)) 4 |Il1 |Iln

2nM, l | |41
2(M, +(m+m')) 4 | 1| |1 |
( nM |Mn| |1 |
(Ml + (m + mc)) |,Ll1 |,un
) ( nM lial [l
(M + (m +m )) il il

This completes the proof.

Theorem 13: Let G be a colored graph with u; and u, are the smallest and largest color Laplacian eigenvalues
respectively. Then

2
il = 1| 2 —V/2[(n = 1) My - (m 4 m))]

Proof: Let u;,uy, ... u, are the color Laplacian eigenvalues of G. Suppose a; = 1 and b; = |y;| fori=1,2,...,n
Then by applying theorem (9), we have

me (Zml) <l =l
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n n n 2
n
nY =y =2 ) lully] <5 Gl = ?
i=1 i=1

i<j=1
n n 2
2 n 2
mn—-1 ) p*-2 Bt | < Z(Iunl = D)
i=1 i#j=1

(n—D20m+m) + ) df]—2(m+m,) < %(l#nl = lm)?

n 2
i=1

2

200 — DMy — 2m +m.) < 7 (] = e )
2

2[(n = DM, — (m + 1)) < - (il = la)?

2 V2l =DMy = (n+ mD] < [l = .

This completes the proof.
CONCLUSION

In this paper we obtained some new lower bonds for color energy and color Laplacian energy of graphs and obtained
various bounds for color eigenvalues and color Laplacian eigenvalues. We also obtained a bound for
i.e., |LE,(G —e) — LE,(G)| < 4 and 4 is the best possible bound.
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