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ABSTRACT 
The purpose of this paper is to introduce the concept of fuzzy biclosure space as a natural generalization of fuzzy 
closure space defined in [5] and also introduce and study the separation axioms viz. FP 𝑇𝑇0 and FP 𝑇𝑇1 in it. The notion 
of subspace of fuzzy biclosure space, sum of family of pairwise disjoint fuzzy biclosure spaces and product of a family 
of a fuzzy biclosure space are also introduced and studied the concept of 𝑇𝑇0 -fuzzy biclosure space and 𝑇𝑇1 -fuzzy 
biclosure space. We obtain some important results which establish the appropriateness of definition. In particular, we 
find that 𝑇𝑇0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑇𝑇1  satisfy the hereditary, productive and projective properties. Both 𝑇𝑇0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑇𝑇1  fuzzy biclosure space 
are “good extensions” of the corresponding concepts in a biclosure spaces. 
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1. INTRODUCTION 
 
The concepts of closure spaces were introduced by Birkhoff and Cech independently. Later on Boonpok [2] introduced 
the notion of biclosure spaces. Such spaces are equipped with two arbitrary closure operator .Further the concept of 
fuzzy closure spaces has been introduced by Mahhour and Ghanim [5] and Srivastava et al [7]. Mahhour and Ghanim 
generalizes the concept of Cech closure spaces while Srivastava et al generalizes the concept of Birkhoff closure 
spaces. Later on Tapi and Navalakhe [8] introduced and studied the concept of fuzzy biclosure spaces. 
 
In this paper we have introduced the concept of fuzzy biclosure space as generalization of Srivastava et al [6, 7]. We 
have introduced 𝑇𝑇0 and 𝑇𝑇1  fuzzy biclosure spaces. We have studied 𝑇𝑇0 and 𝑇𝑇1  separation axioms in fuzzy biclosure 
spaces, in detail. Several important results have been obtain e.g. it has been observed that 𝑇𝑇0 axioms and 𝑇𝑇1 axioms in a 
fuzzy biclosure space satisfy the hereditary, productive and projective properties. Also both are “good extensions” of 
the corresponding concepts in closure spaces. 

 
2. PRELIMINARIES 
 
Here I and I0 will denote the intervals [0, 1] and (0, 1] respectively. For a set X, Ix denotes the set of all functions from 
X to I. A constant fuzzy set taking value α ∈ [0, 1] will be denoted by α. If A ⊆ X, 𝟏𝟏Adenotes the characteristic function 
of A, by A itself. Any fuzzy set u in A ⊆ X will be identified with the fuzzy set in X, which takes the same value as u 
for x ɛ A and 0 for x ∈ X - A. Now, we recall the definition of closure operations on a set X. 
 
Definition 2.1 [3]: A function C: 2x  → 2x  is called a closure operation on X if it satisfies the following condition: 
(C1)    C (φ) = φ  
(C2)    A ⊆ C(A)    ∀ A ∈  2x   

(C3)    C (A∪ B) = C(A) ∪ C(B)     ∀ A, B ∈  2x  
 
The pair (X, C) is called a closure space. 
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Definition 2.2[1]: A map C: 2x  → 2x  is said to be a closure operation on X if the following conditions hold for any A, 
B ∈ 2x  
(c1)    C (φ) = φ  
(c2)    A ⊆ C (A) 
(c3)    A ⊆ B⇒ C (A) ⊆ C (B) 
(c4)    C(C (A)) = C (A) 
 
Definition 2.3 [7]: A function c: Ix   → Ix is called a fuzzy closure operation on X if it satisfies the following conditions: 
(c1)  c (α) = α,

i. ∀  x, y ∈X, x≠ y,∃ Ci- closed set U s.t x ∈  U, y∉  U or x ∉ U, y ∈ U. 

    α ∈  [0, 1] 

(c2)  A ⊆ c (A)    ∀ A ∈ Ix 

(c3)  A ⊆ B  ⇒  c (A) ⊆ c (B)    ∀ A, B ∈ Ix  
(c4)  c(c (A)) = c(A) 
 
The pair (X, c) is called a fuzzy closure space. It is called fuzzy closure operation on X. This definition is obviously an 
analogue of Birkhoff closure operator. 
 
Definition 2.4 [3]: A map C: P(X)→ P(X) defined on the power set P(X) of a set X is called a closure operator on X 
and the pair (X, C) is called a closure space if the following axioms are satisfied: 
(C1)   C(φ) = φ  
(C2)   A ⊆ C(A)         ∀   A ⊆X 
(C3)   A ⊆ B ⇒ C(A) ⊆ C(B)      ∀  A, B ⊆X  
 
Now we define fuzzy biclosure space which is parrallel line as in [7] 
 
Definition 2.5: A function ci: Ix   → Ix, i=1, 2 is called a fuzzy biclosure operation on X if the following axioms are 
satisfied:  
(c1)    ci (α) = α,   α ∈ [0, 1], i= 0, 1 

(c2)    A ⊆ ci (A),  ∀ A ∈ Ix  

(c3)    A ⊆ B  ⇒  ci(A) ⊆ ci(B),  ∀ A, B ∈  Ix  

(c4)    ci(ci(A)) = ci(A),  ∀ A, B ∈  Ix  
 
Definition 2.6: A subset A of a fuzzy biclosure space (X, c1, c2) is said to be fuzzy closed if: c1 (c2 (A)) =A 
 
The complement of fuzzy closed set is known as fuzzy open set. 
 
Definition 2.7: We say that the property “FP” in a fuzzy biclosure space is a good extension of the corresponding 
property ‘P’ in a biclosure space if (X, C1, C2) satisfies ‘P’ iff (X, ωC1, ωC2) satisfies “FP”.  
 
Proposition 2.1: Let (X, C1, C2) be a fuzzy biclosure space. Then for all𝐴𝐴 ⊆ 𝑋𝑋. A is Ci- closed iff 1A is ωC-closed. 
 
Definition 2.8: A biclosure spaces (X, C1, C2) is 𝑇𝑇0if it satisfied the following condition: 

Ci ({x}) = Ci ({y}) ⇒ x=y 
 
Proposition 2.2: Let (X, C1, C2) be a closure space. Then the following two statements are equivalent. 

ii. (X, C1, C2) is 𝑇𝑇0. 
 
Proof (i) ⇒(ii):  Let x, y ∈ X, x≠ y, Then due to (i), ∃ Ci- closed set U s.t x ∈  U, y∉ U or x ∉ U, y ∈  U. 
 
Let us suppose that x ɛ U, y ∉ U. Then {x}⊆ U any hence Ci ({x})⊆  Ci (U) =U, but y∉ U so,  y∉ Ci ({x}). 
Showing that Ci ({x}) ≠ Ci ({y}). 
 
(ii) ⇒(i): Let x, y ∈ X, x ≠y, from (ii) we have Ci ({x}) ≠ Ci ({y}) which implies that either x ∉Ci ({y}) or y ∉ Ci ({x}).  
[Since otherwise {x}⊆ Ci ({y}) and {y}⊆ Ci ({x}), which gives Ci ({x}) ⊆ Ci ({y}) and Ci ({y})⊆ Ci ({x}), thus           
Ci ({x}) = Ci ({y}), a contradiction]. 
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Let us assume that x ∉ Ci ({y}). Then we have got a Ci- closed set viz Ci ({y}) such that x ∉ Ci ({y}) but y ∈Ci ({y}).  
 
Definition 2.9: A biclosure space (X, C1, C2) is called  𝑇𝑇1 if {x} is Ci- closed ∀ x ∈ X. 
 
1. Relative, sum and product fuzzy closure operations 
 
Here  we  define relative fuzzy closure operation on a subset  A of  an fbcs X, sum fuzzy closure operation  on X =∪Xt 
for a family{( Xt ,c1t,c2t): t ∈  j} of pairwise disjoint fuzzy biclosure space and product fuzzy biclosure operation for a 
family of fuzzy biclosure space. 
 
The definition of relative fuzzy biclosure operation and the sum fuzzy biclosure operation are defined as.  
 
Proposition 3.1: Let (X, c1, c2) be an fuzzy biclosure space and A ⊆ X. Then the function ciA: IA → IA given by             
ciA (B)=A∩ci(B) is a fuzzy closure operation on A. 
 
Proof: Conditions (1)-(3) can be easily verified 
 
For condition (c4)  we proceed as follows: 

 ciA (ciA(B)) =  ciA (A∩ c(B)) 
= A∩ c(A ∩ c(B)) 
⊆ A∩ c(A) ∩ c(c(B)) 
= A∩ c(A) ∩ c(B) 
= A∩ c(B)    (since A∩ c(A) =A) 
= ciA (B) 

 
Definition 3.1: Let (X, c1, c2) be a fuzzy biclosure space and A ⊆ X .Then the fuzzy closure operation ciA defined above 
is called the relative fuzzy closure operation on A and the fuzzy biclosure space (A, c1A, c2A) is called a fuzzy closure 
subspace of (X, c1, c2). 
 
Proposition 3.2: If u is a ci -closed fuzzy set in an fuzzy biclosure space (X, c1, c2) then u/A is ciA -closed in (A,c1A, c2A). 
 
Proof: Let u is a ci -closed fuzzy set in X. Now consider u/A.  
 
Then ciA (u/A) = A∩ ci (u∩A) ⊆ A∩ ci (u) = A∩ ci (u) = A∩u.Thus ciA (u/A) ⊆ u/A. 
 
Further, using (2), we have u/A ⊆ ciA (u/A) and hence u/A is ciA -closed 
 
Proposition 3.3: Let F = {(Xt , c1t c2t)): t ∈  F} be a family of pair wise disjoint fuzzy biclosure spaces and X=∪Xt . 
Then the function ⊕cit: Ix →Ix defined by ⊕ cit(A)= ∪t ct(Xt ∩ A) is a fuzzy closure operation on X. 
 
Proof: Here also, conditions (c1) – (c2) can be easily verified 
 
We check now the condition (c4) as follows: 

⊕cit (⊕cit (A)) =⊕Cit (∪cit (Xt∩A)) 
= ∪cit (Xt∩ (∪cit (Xt∩A)) 
= ∪cit (cit (Xt∩A))              (Since Xt’s are pair wise disjoint) 
= ∪cit (Xt∩A)) 
= ⊕cit (A) 

 
Definition 3.2: Let F = {(Xt, c1t, c2t): t ∈ F} be a family of pair wise disjoint fuzzy biclosure spaces. Then the fuzzy 
closure operation ⊕cit defined above is called the sum fuzzy biclosure operation on ∪Xt and the corresponding pair      
(X, ⊕c1t,⊕c2t) is called the sum fuzzy biclosure space of the family F . 
 
Now, we define the product fuzzy closure operation for a family of fuzzy biclosure operation.    
 
Let {(Xj, c1j, c2j): j∈ J} be a family of fuzzy biclosure spaces and let X=∏ 𝑋𝑋𝑋𝑋𝑗𝑗 ∈ J  and pj: X→ Xj be the mapping. Let         
ci: Ix →Ix be the mapping given by  

c(u)=inf {v∈Ix: v≥u, and v=⋀ 𝑝𝑝𝑗𝑗 j
-1(uj) where each uj is cj –closed}. 

Then c is a fuzzy closure operation on X.  
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Definition 3.3: Let {(Xj, c1j, c2j): j ∈ J} be a family of fuzzy biclosure spaces then the fuzzy biclosure operation defined 
above is called the product fuzzy biclosure operation on X=∏ 𝑥𝑥j and the fuzzy biclosure space (X, c1, c2) is called the 
product fuzzy biclosure space of the family {(Xj, c1j ,c2j): j∈ J}. 
 
Definition 3.4 [1]: Let c1 and c2 be two fuzzy closure operations on X.The fuzzy biclosure space (X, c1, c2) is said to be 
coarser than (X, c1

*, c2
*) (or that (X, c1

*, c2
*) is finer than (X,c1,c2)) if ci(A) ⊆ ci

*(A) for all A∈Ix. 
 
This definition is a natural generalization of [1]  
 
2. 𝑻𝑻𝟎𝟎𝐚𝐚𝐚𝐚𝐚𝐚 𝑻𝑻𝟏𝟏 -FUZZY BICLOSURE SPACES 
 
Definition 4.1: An fuzzy biclosure space (X, c1, c2) is said to be fuzzy pairwise 𝑇𝑇0  (in short FP𝑇𝑇0) if for all x, y∈ X,    

x≠ y, ∃ a ci- closed  fuzzy set  u such  that  u(x) ≠u(y). 
 
Definition 4.2: A fuzzy biclosure space (X, c1, c2) is said to be fuzzy pairwise 𝑇𝑇1 (in short FP𝑇𝑇1) {x} is ci- closed          
∀ x ∈ X. 
 
Theorem 4.1: 𝑇𝑇0-ness in a fuzzy biclosure space, satisfies the hereditary property. 
 
Proof: Let (X, c1, c2) be 𝑇𝑇0 space and let (Y, c1

*, c2
*) be a subspace of (X, c1, c2). 

 
To show that- (Y, c1

*, c2
*) is𝑇𝑇0. 

 
Let y1, y2 be two distinct points of Y. Since Y⊆X. y1, y2 are also two distinct points of X. Since (X, c1, c2) is a 𝑇𝑇0 space, 
∃ a ci- closed fuzzy set u such that u (y1) ≠ u (y2). Then 

uy (y1) =u∩Y(y1) =inf (u (y1), Y (y1)) = u (y1) 
 
uy (y2) =u∩Y(y2) =inf (u (y2), Y (y2)) = u (y2) 
 
∵         u (y1) ≠ u (y2) 
 
∴        uy (y1) ≠ uy (y2) 
 
(Y, c1

*, c2
*) is also 𝑇𝑇0. 

 
Theorem 4.2: 𝑇𝑇1-ness in a fuzzy biclosure space, satisfies the hereditary property. 
 
Proof: Let (X, c1, c2) be 𝑇𝑇1 space and let (Y, c1

*, c2
*) be a subspace of (X, c1, c2). 

 
To show that- (Y, c1

*, c2
*) is𝑇𝑇1.  

 
Since (X, c1, c2) be 𝑇𝑇1 space. Therefore {x} is ci- closed ∀   x ∈ X, 

⇒ X-{x} is ci-open  

⇒ Y∩ (X-{x}) is ci
*-open 

⇒Min {Y, (X-{x})} is ci
*-open 

 ⇒X-{x} is ci
*-open 

⇒{x} is ci
*-closed  

⇒(Y, c1
*, c2

*) is also𝑇𝑇1. 
 

Theorem 4.3: Let {(Xt , c1t, c2t): t ∈  𝒥𝒥} be a family of pair wise disjoint 𝐹𝐹𝐹𝐹𝑇𝑇0 fuzzy biclosure space. Then their sum 
fuzzy biclosure space (X, ⊕c1t,⊕c2t) is also 𝐹𝐹𝐹𝐹𝐹𝐹0. 
 
Proof: Let𝑥𝑥, 𝑦𝑦 ∈   𝑋𝑋, 𝑥𝑥 ≠ 𝑦𝑦. There are two possibilities: 
 
Case (i): Both 𝑥𝑥, 𝑦𝑦 ∈   𝑋𝑋t for some 𝑡𝑡 ∈   𝒥𝒥 and  
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Case (ii): 𝑥𝑥 ∈   𝑋𝑋t1, 𝑦𝑦 ∈ 𝑋𝑋t2 for 𝑡𝑡1, 𝑡𝑡2∈  𝒥𝒥, 𝑡𝑡1 ≠ 𝑡𝑡2. 
 
We consider these two cases separately. 
 
Case (i): Since (Xt , c1t, c2t) is𝐹𝐹𝐹𝐹𝐹𝐹0, ∃ cit -closed fuzzy set say ut such that ut(x) ≠ ut(y). Treating ut as a fuzzy set in X, it 
can be checked that ut is ⊕cit –closed and obviously satisfies our requirement. 
 
Case (ii): Here Treating Xt1 as a fuzzy set in X, it can be checked that Xt1 is ⊕cit –closed and is such that 
𝑋𝑋t1(x) ≠  𝑋𝑋t1(y). 
 
Hence the sum fuzzy biclosure space (X, ⊕c1t,⊕c2t) is also 𝐹𝐹𝐹𝐹𝐹𝐹0. 
 
Theorem 4.4: Let {(Xt , c1t, c2t): t ∈  𝒥𝒥} be a family of pair wise disjoint 𝐹𝐹𝐹𝐹𝑇𝑇1  fuzzy biclosure space. Then their sum 
fuzzy biclosure space (X, ⊕c1t,⊕c2t) is also 𝐹𝐹𝐹𝐹𝐹𝐹1 . 
 
Proof: Let 𝑥𝑥 ∈   𝑋𝑋 =∪ 𝑋𝑋t then 𝑥𝑥 ∈ 𝑋𝑋t for some 𝑡𝑡1∈   𝒥𝒥. Now, since (Xt ,c1t,c2t) is ct1 –closed and then treating {x} is 
as a fuzzy set in X, we get {x} is ⊕cit –closed. Hence (X, ⊕c1t,⊕c2t) is also 𝐹𝐹𝐹𝐹𝐹𝐹1. 
 
Theorem 4.5: Let {(Xj, c1j, c2j): j ∈ J} be a family of 𝐹𝐹𝐹𝐹 𝑇𝑇0 -fuzzy biclosure spaces then there product (X, c1, c2) is a 
𝐹𝐹𝐹𝐹𝐹𝐹0 space iff each co-ordinate fuzzy biclosure spaces (Xj,c1j,c2j) is 𝑇𝑇0. 
 
Proof: First let us suppose that {(Xj, c1j, c2j) is 𝑇𝑇0 ∀j ∈ J 
 
To show that- (X, c1, c2) is a 𝐹𝐹𝐹𝐹𝐹𝐹0. 
 
Now take  x, y ∈ X,  x≠y, Let x=Π xj and y=Π yj then since x≠y , ∃ j1 ∈ J s.t xj1≠yj1, now since (Xj, cj1, cj2) is 𝑇𝑇0∃cji- 
closed fuzzy set uji s.t uj1(x j1) ≠ uj1(y j1). Consider, P j1

-1 (uj1) then P j1
-1 (uj1) is c-closed and s.t P j1

-1 (uj1) (x) ≠ P  j1
-1 (uj1) 

(y), showing that (X, c1, c2) is a 𝑇𝑇0. 
 
Conversely- Let (X, c1, c2) be𝑇𝑇0. 
 
To show that- {(Xj, c1j, c2j) is 𝑇𝑇0 
 
Let xj, yj ∈Xj s.t  xj≠ yj , now consider two points x=Π xi and y=Π yi in X such  that  xi =yi  for i≠ j and xj= xj , yj= yj 
then x≠y and hence since (X, c1, c2) is a 𝑇𝑇0 ∃ ci- closed fuzzy set u such that u (x) ≠ u (y) now, since u is  ci- 
closed. ci(u)=u=inf {v∈ Ix/v ≥ u and v=˄ P i-1 (ui) where ui is  ci- closed } and u (x) ≠ u (y)  ∃ v ɛ Ix such that v ≥ u, 
v=˄ P i-1 (ui) where ui is  ci- closed such that v (x) ≠ v (y) i.e  ˄ P i-1 (ui)(x)  ≠ ˄ P i-1 (ui)(y) or inf ui(x i) ≠inf ui(y i), 
which implies that uj(x j) ≠ uj(y j) since ui(x i) = ui(y i) for i ≠ j {as xi =yi  for i≠ j }. Hence {(Xj, c1j, c2j) is 𝑇𝑇0. 
 
Theorem 4.6- Let {(Xj, c1j, c2j): j ɛ J} be a family of 𝐹𝐹𝐹𝐹 𝑇𝑇1 -fuzzy biclosure spaces then there product (X, c1, c2) is a 
𝐹𝐹𝐹𝐹𝐹𝐹1  space iff each co-ordinate fuzzy biclosure spaces (Xj, c1j, c2j) is 𝑇𝑇1. 
 
Proof: First let us suppose that (Xj, c1j, c2j) is 𝑇𝑇1 ∀j ∈ J 
 
To show that- (X, c1, c2) is a 𝑇𝑇1. 
 
Now take x ∈X. Let x =∏ 𝑥𝑥j, then we can write {x} =⋀ 𝑝𝑝𝑗𝑗 j

-1(xj). Now since (Xj, c1j, c2j) is 𝑇𝑇1 ∀j∈ J, {xj} is cij- closed and 
hence pj

-1(xj) is ci- closed ∀j ɛ J 
 
And now using Proposition 2.1, ⋀ 𝑝𝑝𝑗𝑗 j

-1(xj) is ci- closed. Thus {x} is ci- closed, showing that (X, c1, c2) is𝑇𝑇1.  
 
Conversely- let (X, c1, c2) is 𝑇𝑇1. 
 
To show that- (Xj,c1j,c2j) is 𝑇𝑇1, we have to show that {xj} is cij – closed ∀ xj∈ Xj. Now take any xj∈Xj and consider any 
x∈ X with jth co-ordinate equal to xj. Let𝑥𝑥 = ∏ 𝑥𝑥𝑖𝑖=𝑗𝑗 j. Since (X, c1, c2) is𝑇𝑇1, {x} is ci- closed. Hence  

{x}= inf{v∈Ix: v≥u, and v=⋀ 𝑝𝑝𝑖𝑖 i
-1(ui) where each ui is ci –closed}                                                                      (1) 
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Let us denote the family {v∈Ix: v≥u, and v=⋀ 𝑝𝑝𝑖𝑖 i-1(ui) where each ui is ci –closed} by F. Take any yj∈ xj . Such that 
xj ≠ yj and consider 𝑦𝑦 = ∏ 𝑦𝑦i such that xi = yi. for i≠j and yj=yj. Then x≠y and hence inview of (1), inf 
v(y)=0.Now, choose any ɛ˃0 then ∃ 𝑣𝑣ɛ in F such that 𝑣𝑣ɛ(y)ɛ. But  𝑣𝑣ɛ is of the form ⋀ 𝑝𝑝𝑖𝑖 i-1(𝑢𝑢𝑖𝑖

ɛ) where 𝑢𝑢𝑖𝑖
ɛ is ci –closed.  

 
So we have  

⋀ 𝑝𝑝𝑖𝑖 i-1(𝑢𝑢𝑖𝑖
ɛ)(y)  ˂ɛ                  or                 inf 𝑢𝑢𝑖𝑖

ɛ(y í)  ˂ɛ                                                                                                   (2) 
 
Here 𝑢𝑢𝑖𝑖

ɛ(yi) =1 for i≠j  since 𝑣𝑣ɛ≥{x},  i.e. ⋀ 𝑝𝑝𝑖𝑖 i-1(𝑢𝑢𝑖𝑖
ɛ)(x)=1 or that inf(𝑢𝑢𝑖𝑖

ɛ)(xi)=1 which implies that (𝑢𝑢𝑖𝑖
ɛ)(xi)=1 ∀i ɛ J 

and hence 𝑢𝑢𝑖𝑖
ɛ(yi)= (𝑢𝑢𝑖𝑖

ɛ)(xi)=1 for i≠j. Therefore (2) gives: (𝑢𝑢𝑗𝑗
ɛ)(yj)  ˂ɛ   , and now consider  ⋀ 𝑢𝑢𝑗𝑗

ɛ
𝑖𝑖 = uj  (say). Then 

uj  is Ci –closed and such that  uj(xj)=1 since (𝑢𝑢𝑗𝑗
ɛ)(xj)=1 ∀ ɛ0 and further uj(yj)=0 since for any ɛ 0˃, we can find a 

ci –closed fuzzy set such that{ xj }⊆uj .  
 
Therefore, cj({xj}) ⊆ (uj) but uj(yj)=0 hence cj({xj})( yj)=0. Thus, cj({xj}) = (xj) and hence (Xj,c1j,c2j) is 𝑇𝑇1. 
 
Theorem 4.7: Let (X, C1, C2) be a biclosure space then (X, C1, C2) is 𝑃𝑃𝑇𝑇0 iff the fuzzy biclosure space (X, ωC1, ωC2) 
is𝐹𝐹𝐹𝐹𝑇𝑇0. 
 
Proof: Let (X, C1, C2) be 𝑇𝑇0. Then (using proposition 2.2) ∃Ci- closed set U s.t, x∊U, y∉U or x∉U, y∉U. Let as assume 
that x ∊ U, y∉U. now consider the characteristics function IU Then in view of (proposition 2.1), IU is ωCi- closed and is 
s.t IU (x) ≠ IU (y). Hence (X, ωC1, ωC2) is 𝑇𝑇0. 
 
Conversely- Let (X, ωC1, ωC2)𝑏𝑏𝑏𝑏  𝑇𝑇0 then for x, y∊X, x≠  y, ∃ωCi- closed fuzzy set U, such that  

u(x) ≠ u(y) or ωCi u(x) ≠ ωCi u(y), where, i=1,2  
 
where 

ωCi (u) = inf {v∊ Ix : v≥u and v-1[1-α,1] is Ci- closed for each α∊ I0}                                                              (1) 
 
Let us denote the family {v∊Ix: v≥u and v-1 [1-α, 1] is Ci- closed for each α∊  I0} by F. Then ωCi u(x) ≠ ωCi u(y) means  

� 𝑣𝑣(𝑥𝑥)
𝑣𝑣∊ 𝐅𝐅

≠  � 𝑣𝑣(𝑦𝑦)
𝑣𝑣∊ 𝐅𝐅

 

 
So ∃ 𝑣𝑣 ∊ F such that v(x) ≠ v(y). Let us assume that v(x) ∉ v(y). Then choose‘s’ such that v(x) ∉ s∉ v(y). Then 0∉ 
s∉1 and hence ∃ s ∊́ I0 such that s=1- s .́ Now , consider v-1[1- s ,́1] then in view of (1) is Ci- closed and since 
v(x)  ˂(1- s )́  ˂v(y), we have x∉ v -1[1- s ,́1] and y∊ v -1[1- s ,́1], proving that (X, C1, C2) is  𝑇𝑇0.(using proposition 
2.2) 
 
Theorem 4.8: Let (X, C1, C2) be a biclosure space then (X, C1, C2) is 𝑃𝑃𝑃𝑃1  iff the fuzzy biclosure space (X, ωC1, ωC2) 
is𝐹𝐹𝐹𝐹𝐹𝐹1 . 
 
Proof: Let us suppose that (X, C1, C2) is𝑃𝑃𝑃𝑃1, then {x} is Ci- closed. (Using proposition 2.1) {x} is ωCi –closed i.e. (X, 
ωC1, ωC2) is𝐹𝐹𝐹𝐹𝐹𝐹1. 
 
Conversely: Let us suppose that (X, ωC1, ωC2) is𝐹𝐹𝐹𝐹𝐹𝐹1, then {x} is ωCi –closed, (Again using proposition 2.1) {x} is 
Ci –closed i.e. (X, C1, C2) is 𝑃𝑃𝑃𝑃1. 
 
CONCLUSION 
 
Here we define fuzzy biclosure space as a simple formulation on the parallel lines to its counterparts as given in [7]. 
We introduced and studied relative fuzzy biclosure space, sum fuzzy biclosure space and product fuzzy biclosure space. 
We also see that fuzzy closure space satisfy good extension property also. We also introduced the notion of  𝑇𝑇0 and 𝑇𝑇1, 
fuzzy biclosure space .We see that 𝑇𝑇0  and 𝑇𝑇1  fuzzy biclosure space satisfy hereditary, productive and projective 
properties. 
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