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ABSTRACT

In this paper we prove a common fixed point theorem taking five mappings satisfying a weakly commuting condition.
Our result generalize the results of Fisher [2], Pathak [9], Rao and Rao [10], Saluja and Dehariya [12].
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2. INTRODUCTION & PRELIMINARIES:

There are many generalization of Banach Contraction Principle. Some of them are obtained by adding the terms
Kannan[8], Fisher[2], Rhoades[11] generalized this principle in many ways. Jaggi [5], Jaggi and Das [6] extended this
principle for rational expression. On the same way Bhardwaj et. al., Yadava et.al. also worked for rational expression.
Initially Jungck [7] proved a common fixed point theorem for commuting mappings. This result was extended and
generalized in various ways by many authors. On the way Sessa [13] gave the concept of weak commutativity.

In the present paper we prove a fixed point theorem for five mappings taking weakly commuting condition for certain
mappings. Our result is motivated by Pathak[9], Rao and Rao[10], Saluja and Dehariya [12].

Definition 2.1[3, 4]: Let K be a non empty subset of a metric space (X, d), T: K — X and F :K — CB(X).
The pair (F,T) is said to be weakly commuting if for every x, y€ K with x€ Fyand Ty € K, we have
d(Tx,FTy)=d(Ty,Fy)

Definition 2.2[4]: Let K be a non empty subset of a metric space (X, d), T : K — X and F : K — CB(X) . The
pair (F,T) is said to be point-wise R-weakly commuting on K if for given x€ K and Tx€ K, there exists some
R=R(x)>0 such that

d(Ty,FTx) < Rd(Tx, Fx) foreachye K N Fx.

Definition 2.3: Let R, S, T, U and V are five mappings of a metric space (X, d). Then the pair (R S, T U)
is called weakly commuting pair of two mappings with respect to V if

(2.3.1) d (SVRSV (x),TUV (x)) < d (RSVSV (x),TUV (x))

(2.3.2) (RSV ),UVTUV (x)) < d(RSV (x),TUVUV (x))
(2.3.3) (VR ).TUV (x)) < d (RSVV (x),TUVV (x))
(2.3.4) d (RSV (x),VTUV (x)) < d (RSV (x),TUVV (x))

3. MAIN RESULT:

Theorem 3.1: Let R, S, T, U and V are five self mappings of complete metric space (X, d) satisfying the conditions:
(A) The pair (R, S, T, U) is weakly commuting pair of two mappings with respect to V.
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. d(x,TUV (v))d (y,RSV (x))
l+d(x,TUV (y))d(y,RSV (x))+d(x,TUV(y))d(x,y)
+ B (3 TUV (1)) (5 RSV ())+ 7d (3. TUV ())d (3,RSV (+)
+3d(RSV (x),TUV (y))d (x.y)+nd (x,y)
forallx,ye X,x # y,wherea,B,7,0,1 20and a+ f+2y+d5+n<1.

(B) d(RSV (x),TUV (y)) <

Then R, S, T, U and V have a unique common fixed point in X.

Proof: Let X, be an arbitrary point of X. We define a sequence

{x,} by x=x,, y=ux,,_, and RSV (xZn’ ) =x,,,,,TUV ('x2n—1, ) =x,

d (’x2n > X1 )2 =d (RSV (‘x2n )’TUV (x2n71 ))2
a d(x2n’TUV(x2n71))d(Xanl’RSV('xZn))
1 + d ('x2n ’TUV (x2n7] ))d (x2n71 ’ RSV (x2n )) + d (x2n ’TUV (x2n7] ))d ('xZn 7x2n 1 )

+ le ('x2n 7RSV ('x2n ))d ('x2n71 7TUV (x2n71 )) + 7/d ('x2n4 ’TUV (x2n71 ))d ('x2n71 ’RSV ('xZn ))

<

+6d (RSV (‘x2n )’TUV ('x2n—l ))d ('xZn—l > Xy ) +nd (‘x2n—l > X )2

d (x2n ? x2n ) d ('x2nfl 2 x2n+l )
1 + d ('x2n ’ x2n )d (xZn—l 4 x2n+l ) + d ('x2n 4 x2n ) d ('x2n 4 x2n—l )

+ ﬂd (x2n ’ x2n+| )d (x2nfl ’ x2n ) + 7/d (x2n71 ’ x2n ) d (x2n71 ° x2n+1 )
+ 5d (x2n+1 ’ 'x2n )d ('x2n—l 4 x2n ) + 77 d ('x2n—1 ’ 'x2n )2

<o

By using inequalities, we obtain

d (x2n > Xon41 )2 < pd (‘x2n > X4l )d (x2n—1 2 X ) +yd (xZn—l 2 X )[d ('x2n—l » Xon ) +d ('x2n > Xons1 ):I
2
+ 5d ('x2n+1 ’ x2n )d (‘x2n71 ? x2n ) + 77 d (x2nfl ? x2n )

< ﬂd (xZn ’ x2n+l )d ('x2n—l 4 'x2n ) + }/d ('x2n—l ’ 'x2n )2 + 7d ('xZn—l ’ x2n )d (xZn 4 x2n+l )
+ 5d (‘x2n+1 4 x2n )d (x2n—l 4 xZn ) + 77 d ('x2n—l ’ ‘x2n )2

< (ﬁ+7+5)d('x2n’x2n+l)d(x2n—1’x2n)+(7+77)d(x2n—1"x2n)2
Since AM > G.M ,then

(B+y+9)
d(x2n’x2n+l )2 < T[d (x2n"x2n+1 )2 +d(‘x2n—l’x2n )2:|+ (7"‘ n)d(XZn—l’XZn )2

B+3y+9d
"+(2j

d ('x2n ’ 'x2n+1 )2 S
1_(ﬂ+7+5j

d (x2n—1 s Xoy )2

2

d (‘x2n"x2n+1 )2 <kd ('x2n—1"x2n )2

B+3y+0
”+(2j

e
2

where k = <lsince a+ p+2y+o+n<1.

1

(3'1'1) d(xZn’x2n+l) <k d('x2n—1’x2n)
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Similarly on taking X = X,,,, y =X,, and RSV (x2n+l, ) =Xy, TUV (xZn, ) = Xy,

in condition (3.1) (B), we obtain

d (X015 %3, )2 =d (RSV (%31 ), TUV (x,, ))
('x2n+l ? TUV x2n ))d (‘x2n ’ RSV (‘x2n+1 ))
1+d(x2n+l’TUV(x2 )) (x2n’RSV(x2n+1))+d(x2n+l’TUV(x2n))d(x2n’x2n+l )

+ﬁd(x2n+l’RSV x2n+l))d(x2n’TUV x2n))+7d(x2n’TUV(x2n))d(x2n’RSV(x2n+l))
+5d(RSV('x2n+l)’TUV(‘x2n))d(x2n+l’x2n)+77d('x2n+l’x2n)2

d (x2n+l > X1 )d (‘x2n s X242 )

T+ d (o o ) (1, 2 (g ) (o)
B (g5 ) (o) + 7 () ()
8 (0050} (3,500 ) #7220 )
< B (2,12 ) (52,51 )+ 7 () () ()]
£ 8 (00500 )d (5350 ) 47 (33,30, )
(

< (IB+7+ 5) x2n+2"x2n+l) ('x2n+l"x2n)+(7+77)d(x2n+l’x2n )2

+y+0
= (ﬁTyj[d (%0025 X )2 +d (%, %, )2 } +(y+1)d (%, %, )2

+(ﬂ+37+5] d

<a

2 2
d (x2n+2 4 x2n+l )2 S (x2n ’ x2n+1 )
1_(ﬂ+y+5j

2

d (x2n+2 4 ‘x2n+1 ) k d (‘x2n 4 ‘x2n+1 )2
1

(3.1.2) d (x2n+2 7-x2n+1 ) E d x2n ’x2n+l )
(ﬁ+37+ J

where k= <1, since a+ f+2y+d+n<l.

]

Hence by (3.1.1) and (3.1.2), we have
1

N2
d(x2n+2’x2n+l) <k? d(x2n7x2n+1) < [kzj d('xZn—l’xZn)

In general,

1

2n+l1
d(Xyins X0 ) S (kz] d(x,,x)—>0asn— e

Thus {x, } is a D-Cauchy sequence in X. Since X is complete, there exists a point p € X, suchthat limx, = p.

n—>e
Now, first we shall prove that p is a common fixed point of RSV and TUV.

Ontaking x = p,y=x,,,, incondition(3.1B), we obtain
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d(RSV(p),szz )2 = d(RSV(p),TUV (x2n+1))2
<a d(p’TUV(x2n+1))d(x2n+1’RSV(p))
1+d(p’TUV (x2n+l))d(x2n+1’RSV(p))+d(p’TUV(x2n+l))d(p’x2n+l)

+Bd(p.RSV(p))d (%, TUV (x,,,,)) + 7d (%, TUV (,,.,))d (%,,..1, RSV (P))
+8d(RSV (p).TUV (x,,,,))d (P, %00 ) +71d (P30 )]
< d(Ps%02)d (%15 RSV ()

14+d(p.xy,5)d (%0, RSV (p)) +d (%5 ) d (P %)
+Bd(p,RSV (P))d (X1 %312 ) + 7 (X301 %s12 ) d (13,1, RSV ()
+8d(RSV (p), %002 )d (%5001, ) +77d (s )

making limit n — oo, we have

I d(p.p)d(p.RSV(p))
B 1+d(p,p)d(p,RSV(p))+d(p,p)d(p,p)

+Bd(p.RSV(p))d(p,p)+rd(p,p)d(p.RSV(p))
+5d(RSV(p),p)d(p,p)+nd(p,p)

d(RSV(p),p)

d(RSV (p).p) <0
d(RSV (p).p)<0
whichis possible only when RSV (p)= p.

Similarly TUV (p) = p.

Now, we shall prove that p is the common fixed point of RSV and TUV. Let q be another common fixed Point of RSV
and TUV, then by condition (3.1)(B), we have

d(p.q)" =d(RSV(p),TUV (q))
d(p.TUV (q))d(q.RSV (p))
1+d(pTUV )(qRSV(p)+d(pTUV(q))( q)
+Bd(p.RSV(p))d(q.TUV (q))+7d(q.TUV (q))d (q.RSV (p))
+38d(RSV (p),TUV (¢))d (p,q)+nd(p.q)’

d(p.q)d(q.p)
1+d(p.q)d(g.p)+d(p,q)d (g, p)

+pd(p.p)d(q.9)+rd(q.9)d(q. p)
+8d(p.q)d(p.q)+nd(p.q)

d(p,q)2 S((:(+5+77)d(p,q)2
whichis possible only when p = q, since @+ f+2y+0+n<1.

Now, we shall show that SV and UV have a common fixed point.

On taking x=SV (p), y= p in condition (3.1)(B) and applying definition (2.3.1), we have
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d(SV(p).p) =d(SVRSV (p).TUV (p)) <d(RSVSV (p).TUV (p))’
” d(SV(p).TUV (p))d (p,RSVSV (p))
" 1+d(SV(p).TUV (p))d (p.RSVSV (p))+d(SV (p).TUV (p))d(SV (p).p)
+ﬁd(SV(p),RSVSV(p))d(PTUV ))+vd(p.TUV (p))d (p.RSVSV (p))

+8d(RSVSV (p),TUV (p))d (SV (p).p)+nd(SV (p).p)

. d(sv(p).p)d(p.5V(p))
~1+d(SV(p).p)d(p.SV(p))+d(SV(p).p)d(SV(p).p)
+,6d(sv(p),SV(p)) (p p)+vd(p.p)d(p.SV(p))
+8d(SV(p),p)d(SV(p),p)+nd(sV(p).p)

<a d(SV(p),p) 2+5d(SV(p),P)2+77d(SV(P)’p)2

©1+2d(SV(p).p)

<(a+6+1)d(SV(p).p)
whichis possible only when p = SV (p),since a+ f+2y+d+n<1.

Similarly, on taking x=p, y=UV (p), and applying definition (2.3.2), we have

d(p.uV (p)) =d(RSV (p),UVTUV (p)) <d(RSV (p).TUVUV (p))
<y d(p.TUVUV (p))d (UV (p).RSV (p))
~1+d(p.,TUVUV (p))d (UV (p).RSV (p))+d(p.TUVUV (p))d (p.UV (p))
+Bd(p.RSV (p))d (UV (p).TUVUV (p))
+yd (UV (p), TUVUV (p))d (UV (p),RSV (p))
+8d (RSV (p).TUVUV (p))d (p,UV (p))+nd(p.UV (p))

d(UV(p).p)d(p.UV (p))

<a

1+d(UV (p), ) ( V(p))+d(UV p),p)d(UV(p).p)
+Bd(p.p)d(UV(p).UV(p))+7d(UV(p).UV(p))d(UV(p).p)
+8d(UV(p).p)d ( p)+ d(uv(p).p)

d(Uv(p).p)
1+2d (UV (p).p)
<(a+6+n)d(UV(p).p)
whichis possible only when p =UV (p),since a+ f+2y+5+n <1.
Thus

~+3d(UV (p).p) +nd(UV(p).p)

(3.1.3) SV (p) =UV (p) =p.
Finally, we shall prove that p is a common fixed point of R, S, T, U and V.

On taking x=V (p), y=p and applying definition (2.3.3), we have
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) <d(RSVV (p).TUVV (p))

d(V(p).TUVV (p))d (p.RSVV (p))

1+d(( ,TUVV (p))d (p.RSVV (p))+d(V(p).TUVV (p))d(V(p).p)
+Bd(V(p).RSVV (p))d(p.TUVV (p))+yd(p.TUVV (p))d (p.RSVV (p))

))d (V(p).p)+nd(V(p).p)

).p)d (p. ())

(p))+ ( p).p)d(V(p).p)
)d (V (

)+ 7d ( r).r)
)+nd (V(p),p)2

2 2

d(V(p).p) =d(VRSV (p).TUV (p

+8d(RSVV (p).TUVV (
(

d(v

p
p
SV () p)d (v
)
p

+8d(p,p)d(V(p).V(p
+8d(V(p),p)d(V(p),

gV (p).p) =+ 8d(V(p).p) +nd(V(p).p)

1+2d(V(p),p)

2
<(a+5+n)d(V(p).p)
whichis possibleonly when p =V (p),since a+ f+2y+d+n<1.
Similarly, on taking x=p, y=U(p) and applying definition (2.3.4), we have p = U(p).

Thus
(3.1.4) U@ =V =p.

Hence by (3.1.3) and (3.1.4), we have

SV (p)=UV (p) =U (p) =V (p) =S (p) =p.

Also by the uniqueness of p,

RSV (p) =TUV (p) =R(p) =T(p) =p.

Therefore, R(p) =S(p) =T(p) =U(p) =V(p) =p.

Hence p is a common fixed point of R, S, T, Uand V.

Uniqueness: Let w be another common fixed point of R, S, T, U and V. Then by condition (3.1) (B), we have

d(p.w) =d(RSV(p).TUV (w))
d(p.TUV (w))d
_al+d(p,TUV(w)) d(w, RSV(
+Bd(p,RSV (p))d (w.,TUV (w))+
+8d(RSV (p).TUV (w))d (p.w)
d(p.w)d(w.p)
“Trd(pow)d (w.p)+d (pow)d (w, p)
+pBd(p,p)d(w,w)+yd(w,w)d(w,p)
+38d(p.w)d(p.w)+nd(p.w)

(w.RSV (p))
))+d(p.TUV (w))d (p,w)

7d (w.TUV (w))d (w.RSV (p))
nd

(p.w)’

+
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d(p,w)’
Sa(p—w)z+§d(p,w)2+ﬂd(p,w)2
1+2d(p,w)

S(a+§+ﬂ)d(p,w)2

whichis possibleonly when p = w,since a+ f+2y+d+n<1.

This completes the proof of the theorem.
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