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ABSTRACT

In this paper we investigate the properties of strongly (1, 2)*-ga-closed maps in bitopological spaces.
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1. INTRODUCTION

The concept of generalized closed sets was first initiated by Levine [5] in 1970. Malghan [6] introduced generalized

closed maps. Lellis Thivagar et al [7] studied stronger form of & g closed mappings in topological spaces. L.

Arockiarani and K. Mohana [2, 3] introduced (1, 2)*-zga-continuous functions and (I, 2)*-zga-closed maps in
bitopological spaces. In this paper we study the properties of strongly (1, 2)*-mga-closed maps in bitopological spaces.

2. PRELIMINARIES

Throughout this paper by a space X we mean it is a bitopological space. We recall the following definitions which are
useful in the sequel.

Definition: 2.1 [4] A subset S of a bitopological space X is said to be 7} 5-open if S=AUB where A € 7] and
Be T5 .A subset S of X is said to be (i) 71,2 -closed if the complement of S is 71,2 -open. (>ii) 71,2 -clopen if S is
both 7; 5 -open and 7 1,2 -closed. Let S be a subset of the bitopological space X. Then the 7 1,2 -interior of S denoted by
712 -int(S) is defined by U {G: GCS and G is 71,2 open} and the 71,2 -closure of S denoted by 71,2 -cl(S) is
defined by N {F: SCFand Fis 71,2 closed }. 71,2 -open sets need not form a topology.

Definition: 2.2 A subset A of a bitopological space X is called
i (1,2) -regular open [41if A =7, —int(z; 5 —cl(A)).
i) (1,2)"-@ -open (41if A < 71, —int(z) 5 — cllz) 5 —int(4))).

(iii) (1,2)*— ng & - closed [1] if (1, 2) *—acl (A) c U whenever A C U and U is Ty -7 - open

The complement of the sets mentioned from (i) and (ii) are called their respective closed sets and the complement of
the set mentioned in (iii) is called the respective open set.

The class of all (1, 2)*-a-open (resp. (1, 2)*- ng & -open) subsets of a space X is denoted by (1, 2)*-aO(X) ((1, 2)*-
ng & O(X)).

Definition: 2.5 Let S be a subset of the bitopological space X. Then
(i) The (1, 2)*-a-interior of S denoted by (1, 2)*-a-int(S) is defined by U {G: GC S and G is (1, 2)*-a-open}

(ii) The (1, 2)*-a-closure of S denoted by (1, 2)*-a-cl(S) is defined by M {F: SCFand Fis (1, 2)*-a-closed}.
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Definition: 2.6 [2] A function f : X — Y is called

@) (1,2)>i< — g & -irresolute if f_1 V)is (1,2)* — g & closed in X, for every (1,2)* — g & closed set V
of Y.

k - *
(ii) (1,2) — g & -continuous if f 1(V) is (1,2) — g & closed in X, for every o, -closed set V of Y.

Definition 2.7 [3] Amap f : X — Y is called

*

() (1,2)a< — mgor closed if f(V) is (1,2) — g closed in Y, for every 1, -closed set V of X.

* *
(i) almost (1,2) — g & ~closed if £(V) is (1,2) — g & closed in Y, for every (1,2)*-regular closed set
V of X.
(iii) (1, 2)*-pre-ai-closed if f(V) is (1, 2)*-o-closed set in Y, for every (1, 2)*-a-closed set V of X.

(@iv) (1, 2)*-m-irresolute if f -1 V)is 7 1,2 -T-closed in X, for every

Gy, »—T- closed set V of Y.
3. STRONGLY (1, 2)*-nga —CLOSED MAPS

Definition : 3.1 Amap f : X — Y is called strongly (1,2)*-nga-closed or (1, 2)*-M-mga —closed [3] (resp. strongly
(1,2)*-mga-open or (1,2)*-M-niga-open ) if the image of every (1,2)*-mga-closed (resp. (1,2)*-mga-open) set in X is
(1,2)*-mga-closed (resp. (1,2)*-wga-open)set in Y.

Theorem: 3.2 If f:X — Y is (1, 2)*-nga-closed map and g :Y — Z is strongly (1,2)*-ntga-closed map then
go f:X — Z is (1,2)*mga-closed map.

Proof: The proof is obvious.

Theorem: 3.3 If f:X —Y is (1, 2)*closed map and g:Y — Z is strongly (1, 2)*-mgo-closed map then
gof:X — Z is(l, 2)*ngoa-closed map.

Proof: Straight forward.

Remark: 341If f:X — Y isstrongly (1, 2)*-nga-closed map and g : Y — Z is (1, 2)*-closed map then also the

composite map g o f may not be strongly (1, 2)*-nga-closed map. The following example shows this result.

Example: 3.5 Let X = {a,b,c}=Y,Z={a,b,c,d}, 11 ={0, X, {a}l}, .2={0, X, {b}}, o1={d, Y, {b}}, 0o={0, Y,
{b, c}}, n1=(9, Z, {a}, {c, d}, {a, c, d}, {d}, {a,d}}, n2={d,Z, {a,c}}and f:X — Y be an identity map.
g :Y — Z be a map defined by f{a}={a}, f{b}={b}, f{c }=f{d} = {c}. Then f is strongly (1, 2)*-nga-closed map and
g is (1, 2)*-closed map, but g o f is not strongly (1, 2)*-nga-closed map.

Proposition: 3.6 Every strongly (1, 2)*-wga-closed map is almost (1, 2)*-wtga-closed map but not conversely.

Example: 3.7 Let X = {a, b, ¢, d}=Y, 71 = {¢, X, {a, b, d}}, 1= {0, X, {c}, {b,d}, {b, c, d}}, o1={¢, Y, {d}, {a,
d}}, oo={0, Y, {a}, {c,d}, {a,c,d}}and f :X — Y be an identity maps. Then f is almost (1, 2)*-nga-closed map
but not strongly (1, 2)*-wga-closed map.

Theorem: 3.8 The composite mapping of two strongly (1, 2)*-nga-closed maps is strongly (1, 2)*-nga-closed map.
Proof: The proof follows from definitions.

Remark: 3. 9 The concept of strongly (1, 2)*-mtga-closed map is independent from the concept of (1,2)*-mga-
irresolute map as shown in the following example.

Example: 3.10 Let X = {a,b, c}=Y, 1, = {9, X, { b}}, . ={0, X, {a}, {a, b}}, 5:={¢, Y, {a}}, 02={9, Y, {a, b}}
respectively. Let  f : X — Y be an identity maps. Then {a}, {b}, {a, b} are (1, 2)*-mga-closed sets of Y, but f !
({a}, {b}, {a, b} ) = {a}, {b}, {a, b} are not (1, 2)*-nga-closed set of X. This implies that f is not an (1, 2)*-nga-
irresolute. However, f is a strongly (1, 2)*-wga-closed map.
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Example: 3.11 Let X = {a, b, ¢}=Y, 1, = {¢. X, { a}}. T = (0. X}. oi={¢, Y, {b}}. 0=({0. Y. {a}} and
f : X — Y be anidentity maps. Then fis (1, 2)*-mga-irresolute, but not strongly (1, 2)*-nga-closed map.

Theorem: 3.12 Amap f : X — Y is strongly (1, 2)*-mga-closed if and only if for each subset B of Y and for each

(1, 2)*-mga-open set U of X containing f (B), there exists an (1, 2)*-mgo-open set V of Y, such that B CV and
fvycu.

Proof: Necessity: Let B be any subset of Y and U be an (1, 2)*-mga-open set of X contau'ningff1 (B). Put
V =Y — f(X =U).Then Vis (1, 2)*-mga-open set in Y containing B such that f ' (V) c U .

Sufficiency: Let F be any (1, 2)*-nga-closed subset of X. Then f (Y — f(F)c X —F. Put B=Y — f(F).
Also, X-F is (1, 2)*-mga-open set in X. There exists an (I, 2)*-mga-open set V of Y such that BCV and
f' (V) X — F . Hence f(F)is (1, 2)*-ngo-closed set in Y.

Proposition: 3.13 If f:X — Y is (1, 2)* —n-irresolute and (1, 2)*-pre-a-closed then f is a strongly (1, 2)*-Tga-
closed map.

Proof: Let A be an (1, 2)*-nga-closed set in X. Let V be any 1 ; , —m-open set in Y containing f(A). Then
AcC f_] (V). Since fis 1 |, , —m-irresolute, f'(V) is 1 ; , —m-open set in X. Since A is (1, 2)*-nga-closed set in X,
(1,2)" —acl(A) < f7'(V) and hence f(A) < f((1,2)" —acl(A)) €V Since f is (1, 2)*-pre-o-closed and
1,2)" —acl(A) is (1,2)*-a-<closed in X, f((1,2)" —acl(A)) is (12)*oa-closed in Y and hence
1,2)" —acl(f(A) c (1,2)" —acl(f((1,2)" —acl(A))) C V . This shows that f(A) is (1, 2)*-mga-closed set in
Y. Hence f is strongly (1, 2)*-mga-closed map.

Theorem: 3.14 Letf: X > Y andg:Y — Z be two maps.

(i) If fis (1, 2)*-closed map and g is strongly (1, 2)*-nga-closed then g o f is (1, 2)*-ntga-closed map.

@ii) If f is (1, 2)*-closed map and g is (1,2 )* —m-irresolute and (1, 2)*-pre-a-closed then g o fis (1, 2)*-nga-closed
map.

(iii) If g o f is strongly (1, 2)*-mgo-closed and f is a (1, 2)*-continuous surjection then g is (1, 2)*-mgo-closed map.

Proof:

(i) By Proposition 2. 13[3], the proof is obvious.

(ii) By Proposition 3.13, g is strongly (1, 2)*-nga-closed map. Hence by (i), gof is (1, 2)*-nga-closed map.
(iii) Straight forward.

Definition: 3.15
A subset A of a bitopological space X is called t, ,-n-closed space if every 1, »-closed setis T, ,- m-closed set.

Theorem: 3.16 If f: X — Y is (1, 2)*-continuous strongly (1, 2)*-nga-open bijective map and if X is a (1,2)*-normal
space and Y is o ,-n-closed space, then Y is (1, 2)*-normal.

Proof: Let A nd B be disjoint 6, ,-closed sets of Y. Since f is (1, 2)*-continuous Bijective, { (A) and '(B) are disjoint
T1,-closed sets of X. Since X is (1, 2)*-normal, thereexist disjoint 1, ,-open sets G and H of X, such that

G > f'(A) and H D f~'(B). Every 1, ,-open set is (1, 2)*-mga-open and hence G and H are disjoint (1, 2)*-
mga-open sets of X.

Since f is strongly (1, 2)*-wga-open bijective, f (G) and f (H) are disjoint (1, 2)*-wga-open sets of Y containing A and
B respectively. Since Y is o ,-n-closed space, A and B are o ,-n-closed sets in Y.

Then we have (1,2) * —aint( f(G)) > A and (1,2) * —aint( f(H)) > B

and (1,2) * —aint( £ (G)) N (1,2) *—aint( f(H)) € f(G) f(H)=¢.
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Therefore, there exist disjoint (1, 2)*-a-open sets (1,2) * —a int( f (G)) say U and (1,2) * —aint( f (H)) say V of
Y containing A and B respectively. U and V are (1, 2)*-a-open sets imply

Uco,~-int(o,, —cl(o,, —int(U))) and V C 0, —int(o,, —cl(o,, —int(V))).
Since 0, —int(o, , —cl(o,, —int(U))) "o, —int(o,, —cl(o,, —int(V))) = @,

Ac(L2)*-aint(f(G)) =U c o, —int(o,, —cl(o,, —int(U))) and
Bc (1,2)*—aint(f(H))=V c o, —int(0,, —cl(0,, —int(V))) Hence, Y is (1, 2)*-normal.
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