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ABSTRACT. 
Let M be a Gamma Act over a Gamma semigroup S. In this paper, we investigate the notion of Free gamma acts and 
Cofree gamma acts and study some of their properties. Among other results we show that every gamma act is an 
epimorphic image of free gamma act. And any gamma act can be embedded in a cofree gamma act. As an applications 
of free and cofree gamma acts, we show that concept of monomorphism (epimorphosm)is coincides with injective 
(surjective) homomorphism in the category of gamma acts. 
 
 
1. INTRODUCTION  
 
The concept of Г-semigroups has been introduced by M.K. Sen and N. K. Senin [2] and [3]  as follows: if S and Г are  
nonempty sets, S is called a Г-semigroup  if there is a mapping from S×Г×S into S and the following condition is 
satisfied: 

(s1αs2) βs3 = s1α (s2βs3) for all s1, s2, s3 ∈S and α, β ∈ Г.  
 

And  S is called Г-semigroup with identity if  there is an element 1 ∈ S such that  1⍺s = s⍺1 = s for all s ∈ S and ⍺∈ Г.  
 
As a generalization of Г-semigroup the authors in [1] the notion of gamma act:  let S be a Γ-semigroup. A nonempty set 
M is called left SГ-act of S (denoted by MSГ ), if there is a mapping from S×Г×M into M written (s, ⍺, m) by s⍺m such 
that the following condition is satisfied  

(s1⍺s2)βm = s1⍺(s2βm)  for all s1, s2 ∈ S, ⍺, β ∈ Г and m ∈ M. 
 
Similarity we can define a right SГ-acts.  
 
A left SГ-act M is called unitary if  S is a Г-semigroup with identity 1 and  there exist α˳∈ Г such that 1α˳m = m  for all 
m ∈ M . We denote the element 1α˳ by 1α˳i.e 1α˳m = m for all m ∈M.  A nonempty subset N of M is called SГ-subact if 
SГN ⊆ N, Where SГN = {sαn | s ∈ S, α ∈ Г, n ∈ N}. In this case we write N ≤ M. 
 
The notion of SГ-homomorphism was introduced in [1] as follows: Let M and N be two SГ-acts. A mapping 𝑓𝑓: M→N is 
called SГ-homomorphism if 𝒇𝒇(sαm) = sα𝒇𝒇(m) for all s ∈ S, α ∈ Г and m ∈ M. and 𝑓𝑓: M→N  is called 

1. injective if 𝑓𝑓 is one to one  mapping . 
2. surjective if 𝑓𝑓 is onto  mapping 
3. bijective if 𝑓𝑓 is one to one and onto mapping . 

 
If 𝑓𝑓: M → N is an bijective SГ-homomorphism, then we called M isomorphic to N and denoted by M ≅ N. 
 
Let M be an SГ-act, X a nonempty subset from M. Then the set define by [X]𝑀𝑀 ≔ ⋂{B | X ⊆ B, B ≤ M, is the  smallest 
SГ-subact of M contains X. and we showed [X]M = ⋃ SГuu∈X  where SГu = {sαu | s ∈ S and α ∈ Г}. If M = [X]M  for 
some nonempty subset X of M, then X is called the generating set of M. That is for any element m ∈ M implies that m 
= s1⍺1u for some s ∈ S, α ∈ Г, u ∈ X, and if X = [m]𝑀𝑀  for some m ∈ M, then we call M is a cyclic gamma act 
generating by m. If 𝑓𝑓: M → N is an SГ-homomorphism, then 𝑓𝑓([A]M) = [𝑓𝑓(A)]N see [1]. 
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2. FREE GAMMA ACTS 
 
In this section we introduce the concept of free gamma acts and show the structure of free gamma act. and study their 
properties. 
 
Definition 2.1: Let M be an SГ-act. A generating set U of M is said to be basis of M, if every element m ∈ M can be 
uniquely  presented in the form m = sαmₒ for some s ∈ S, α∈Г and mₒ ∈ U, that is  m =  s1α1m1 = s2α2m2 if and only if  
s1 = s2,  α1 = α2  and  m1 = m2.  
 
A Г-semigroup S with identity 1 is free SГ-act with a basis {1} where Г = {⍺0}, otherwise in case Г is non singleton, 
then the SГ-act S may not be free see example. (2.2) (2) below. If an SГ-act M has a basis U, then it is called a free SГ-
act, more precisely |U|-free SГ-act. If U is one element set, then M is called 1-free. And every 1-free is a cyclic, but the 
converse is not true in general. The following examples show that the converse is not true. 
 
Examples 2.2:  

1. Let S = ℕ and Г = {1}⊆ℕ. Then S is free SГ-act under multiplication of natural numbers with a basis {1}. 
2. ℤ is not free ℤN -act since {1} is the only generating set of ℤ but 9 ∈ ℤ and 9 = 3.3.1 = 9.1.1, are two distance 

presentation of 9, observe that ℤ cyclic generating by {1}. 
3. ℤ is ℤℚ-act by the mapping ℤαℚαℤ →ℤ which is define by (n, p

q
, m)  ⟼np .for n, p, q, m ∈ℤ with q ≠ 0. Then 

ℤ is generating set of ℤ but it is not a base of ℤ. Since n = n1
q
q for all n ≠ 0 and 0 = q0

q
q for any q ≠ 0. However 

n = n1
n
n = n1

q
q for q ≠0 are two distance presentation of an integer n. 

 
Proposition 2.3: Let M, N be SГ-acts, M ≅  N, and M free. Then so is N. 
 
Proof: Clearly ƒ(U) is a generating set of N. Now for n ∈ N and n = s1α1ƒ(u1) = s2α2𝑓𝑓(u2), i.e n = 𝑓𝑓(s1α1u1) = 
𝑓𝑓(s2α2u2). This implies that (since 𝑓𝑓 is injective) s1α1u1 = s2α2u2, and since M be |U|-free. we get s1 = s2, α1 = α2, u1  = u2 
implies that 𝑓𝑓(u1) = 𝑓𝑓(u2). We have N is |𝑓𝑓(U)|-free SГ-act.        
 
Corollary 2.4: If ƒ: M → N is an injective SГ-homomorphism and M is |U|- free, then 𝑓𝑓(M) is |𝑓𝑓(U)|-free.   
 
Corollary 2.5: The union of free SГ-subacts is also free. 
 
Proof: Let {Ni | i ∈ I} be collection of free SГ-subacts of M, and Ui be a basis of Ni for all i ∈ I. Then                   
[⋃ Uii∈I ] = ⋃ [Ui] i∈I = ⋃ Nii∈I , so it is easy to see that ⋃ Uii∈I  is a basis of ⋃ Nii∈I α 
 
The following gives the structure of free gamma acts. 
 
It is known that in acts, F is free S-act where S is a monoid if and only if it is isomorphic to disjoint union of S-acts 
each is isomorphic to the S-act S see [2]. Unlike, for SГ-acts we have the following.  
 
Theorem 2.6: Let M be an SГ-act. If M is |U|- free, then it is isomorphic to disjoint union of SГ-acts each is isomorphic 
to the SГ-act S, i.e M = ⋃ Sii∈I   where Si ≅S for all i ∈ I. 
 
Proof: Let M be a |U|- free SГ-act where U ={xi | i ∈ I}is a basis of M. Then SГxi is SГ-subact of M for all i ∈ I, and  
SГxi ∩ SГxj = ∅ for all distinct i, j ∈ I. Now for each i ∈ I define 𝑓𝑓i: SГxi → S by 𝑓𝑓i(sαxi) = sα1 for all s ∈ S, α∈ Г and 
xi ∈ U. Then s1α1xi = s2α2xi implies that s1 = s2 and α1 = α2 and hence s1α11 = s2α21. For each sαxi ∈ SГxi, s' ∈ S and   
α' ∈ Г implies that 𝑓𝑓i(s'α'(sαxi)) = 𝑓𝑓i((s'α's)αxi) = (s'α's)α1 = s'α'(sα1) = s'α' 𝑓𝑓i(sαxi). and injective (if 𝑓𝑓i(s1α1xi) = 
𝑓𝑓i(s2α2xi) implies s1α11 = s2α21 we get  (s1α11)0xi = (s2α21)0xi, where 10 = 10 is the identity of Г-semigroup S, then 
s1α1(10xi) =s2⍺2(10xi)  we have  s1α1xi =s2α2xi  implies s1 = s2, α1 = α2) and surjective  SГ-homomorphism. Then             
M ≅ ⋃ Sii∈I where SГxi = Si ≅S for all i ∈ I       
 
The converse of the above theorem is true, however if Г is a singleton set, then converse is true. 
 
In the following we will show that any nonempty set gives a free gamma acts under arbitrary Г-semigroup. Let S  be a 
Г-semigroup, X a nonempty set and F(X) be the set of all expression of the form s⍺x where s ∈ S, α ∈ Г and x ∈ X 
such that s1α1x1 = s2α2x2  if and only if  x1 = x2,  α1 = α2 and x1 = x2. Define a mapping SαГαF(X) → F(X) by                
(s', α', (sαx)) ⟼ (s'α's)αx, Under this multiplication F(X) becomes |X|-free SГ-act. The above construction of |X|-free 
SГ-act has the following universal property.  
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Theorem 2.7: Let M be a free SГ-act with a basis B = {xi | i ∈ I]. If θ is any mapping from B into any SГ-act N, then 
there exists a unique SГ-homomorphism ψ: M → N such that ψ | B = θ. 
 
Proof:  Define a mapping  ψ  : M → N by ψ(s αxi) = sαθ(xi)  where s ∈ S, α∈ Г and xi ∈ B. Since B is a basis of M we 
give ψ be well define and clearly that ψ be a SГ-homomorphism, ψ | B =θ. To show ψ is unique let ψ': M → N be 
another SГ-homomorphism with ψ' | B = θ. Then ψ'(sαxi) = sαψ'(xi) = sαθ(xi) =sαψ(xi) = ψ(sαxi) for all s ∈ S, α ∈ Г and  
xi∈ B.  
 
The next proposition gives the importance of free SГ-act.  
 
Proposition 3.8: For any SГ-act M, there exist a free SГ-act F, and an surjective SГ-homomorphism from F to M. 
 
Proof: For SГ-act M consider the free SГ-act F(M) as in construction  of free gamma acts. Consider θ = IM, Theorem 
(2.7).  there exists an SГ-homomorphism ψ : F(M) → M such that ψ | M = I M. Since IM is surjectiveImplies ψ is an 
surjective.     
 
As an application of the universal property of free gamma acts we have the following results.  
 
We recalled in [4] the definition  of SГ-monomorphism  in category as : an SГ-homomorphism 𝑓𝑓  : M →N  is called 
SГ-monomorphism if for all SГ-act H and all SГ-homomorphism  ∂1, ∂2 : H → M such that 𝑓𝑓∂1 = 𝑓𝑓∂2, implies  ∂1 = ∂2 .
  
Proposition 2.9: Let M and N be SГ-acts and : M → N SГ-homo- morphism. Then the following are equivalent  

1. 𝑓𝑓 is a SГ-monomorphism. 
2. 𝑓𝑓 is injective mapping. 

 
Proof:   
(1) → (2): Let a, a' ∈ M with f(a) = f(a') and {x} is any one element set. Define g1, g2 : {x} → M by g1(x) = a, g2(x) = a'. 
Since F({x}) is a free with a base{x}, then by Theorem (2.7), implies that there are SГ-homomorphisms   ∂ 1, ∂2 : F({x}) 
→ M such that ∂1|{x} = g1  and ∂2|{x}  = g2 by similar argument, there are  ∂' 1, ∂'2 : F({x}) → N  such that 𝑓𝑓g1 = ∂'1|{x}  
and fg2 = ∂'2|{x}.  Since 𝑓𝑓g1 = 𝑓𝑓g2 by the uniqueness in Theorem (2.7) of SГ-homomorphism implies that ∂' 1 = ∂'2 and 
hence 𝑓𝑓∂1 = ∂'1 = ∂'2 = 𝑓𝑓 ∂2. by the hypothesis implies that  ∂1 = ∂2. Consequently a = ∂1(x) = ∂2(x) = a'.  
 
(2) → (1): follows [1].         
 
Proposition 2.10: Let F be a free gamma act. Then for any SГ-acts X and Y, any SГ-epimorphism g: X → Y and 
homomorphism 𝑓𝑓: P → Y. there exist a homomorphism 𝑓𝑓 ̅: P → X such that 𝑓𝑓 = g𝑓𝑓.̅ 
 
Proof: Let  I be a basis of  F,  for any SГ-homomorphism 𝑓𝑓: F →  Y, any S Г-epimorphism g: X →  Y. define the 
mapping 𝑓𝑓 ̅ : I → X  by 𝑓𝑓 ̅(i) ∈g−1(𝑓𝑓(i)) for all i ∈ I, which is possible since g is surjective. Then by Theorem (2.7). 
there exist 𝑓𝑓  : F → X such that 𝑓𝑓 = g𝑓𝑓.  
 
Proposition 2.11: Let F be a free SГ-act with a basis I. Then for any two SГ-acts X, Y and any SГ-homomorphisms         
f, g: G → Y, f ≠ g implies that f⍺ ≠ g⍺ for some ⍺: G → X. where G any SГ-act.   
 
Proof: Take f, g: X → Y be SГ-homomorphism with f ≠ g. Then there is x ∈ X such that f(x) ≠ g(x), let ∂: I → X be a 
mapping define by ∂(i) = x for all i ∈ I. by Theorem (2.7). there exist SГ-homomorphism ∂ ’: F → X such that                
∂ = ∂' | I therefore, (f∂') (i) = f(x) ≠ g(x) = (g∂') (i) consequently f∂' ≠ g∂’.      
 
3. COFREE GAMMA ACTS 
 
In the following we introduce the dully concept of free gamma cats and study their properties. 
 
Definition 3.1: An SГ-act K is called Cofree. If the exist a non- empty set I and mapping  ϰ : K  → I such that for every 
SГ-act X and every mapping ϵ : X  → I there exists exactly one SГ-homomorphism  ϵ* : X → K such that  ϰϵ* = ϵ.  
 
We sometimes write Cof(I) or (Cof(I),) for K and say that K is I-Cofree or |I|-Cofree. The set I is called Cobasis for K. 
 
The following proposition is clear by definition of  Cofree gamma acts. 
 
Proposition 3.2: If |I| = |J| for sets I and J, Cof(I) and Cof(J) are |I|- and |J|-cofreeSГ-acts respectively, then Cof(I) 
≅Cof(J). 
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In the following we constract of |I|-Cofree gamma acts. Let S be Г-semigroup, and I a nonempty set. Consider the set  
IS  which is IS  = {f: S → I | f is a mapping}, and define the mapping S ⨯ Г ⨯ IS  →  IS   by (s,⍺, f) ⟼s⍺f where (s⍺f)(s*) 
= f(s⍺s*) for all s* ∈ S.Under this multiplication IS  is an SГ-act. 
 
The following proposition gives the existence of |I|-Cofree gamma act for a nonempty set I. 
 
Proposition 3.3: Let S be Г-semigroup and I a nonempty set. Then the SГ-act IS  with the mapping ϰ: IS→I define by 
ϰ(α) = α(1) for all α ∈ IS  is an |I|-Cofree. 
 
Proof: Let X be SГ-act and let ϵ: X → I. Define a mapping 

ϵ*:  X →  IS   by ϵ*(x)(s)  =  ϵ(s0x) for all s ∈ S, x ∈ X. 
Then it is straightforward that ϰ* is the unique mapping for which ϰϵ* = ϵ and it is an SГ -homomorphism.  
        
Corollary 3.4: Let S be Г-semigroup. Then any |X|-Cofree gamma act is isomorphic to 𝑋𝑋𝑆𝑆. 
 
Proof: From Proposition (3.3). For any nonempty set I there is an SГ-act K such that Cof(I) = K. and by Proposition 
(3.2) any Cofree SГ-act  of  a nonempty set X  is  isomorphic to XS .  
 
Corollary 3.5: Every SГ-act M can be embedding in a Cofree gamma act.  
 
Proof: Exactly in [1] p150 proposition (4.3)        
 
As an application of the notion of cofree gamma acts we have the following results.  
 
We recalled the in [4] definition of SГ-epimorphism in category as : an  SГ-homomorphism 𝑓𝑓 : M →N  is called SГ-
epimorphism if for all SГ-act H and all SГ-homomorphism ∂1, ∂2 : N → H such that ∂1𝑓𝑓 = ∂2𝑓𝑓, then ∂1 = ∂2 . 
 
Proposition 3.6: Let M and N be SГ-acts and 𝑓𝑓: M → N be SГ-homomorphism. Then the following are equivalent.                                                                                                                                                   

1. 𝑓𝑓 is SГ-epimorphism . 
2. 𝑓𝑓 is surjective. 

 
Proof:  
(1) → (2): Let I be nonempty set with |I| > 1, {a, b}⊆ I, a ≠ b and ∂1, ∂2 : X → {a, b} such that  ∂ 1 | Im(𝑓𝑓) = ∂2 | Im(𝑓𝑓), 
∂1 (X \ Im(𝑓𝑓)) = {a} and ∂ 2 (X \ Im(𝑓𝑓)) = {b}. Consequently ∂ 1𝑓𝑓 = ∂2𝑓𝑓. Then by definition of  Cofree there exist SГ-
homomorphisms  ϰ 1, ϰ2: X →Cof (I) and  ϰ'1, ϰ'2:  Y → Cof(I)  as required of definition of  Cofree by the uniqueness of  
SГ-homomorphism implies that  ϰ1𝑓𝑓= ϰ'1 = ϰ'2= ϰ2𝑓𝑓  and by hypothesis of (1), ϰ1 = ϰ2 thus  Im(𝑓𝑓) = X i.e f is surjectiv.      
       
(2) → (1): follows [1].          
 
Proposition 3.7: Let Q be SГ-act. Then. For any SГ-act B, SГ-subact  A of B and any SГ-homomorphism 𝑓𝑓: A → Q 
there exist homomorphism 𝑓𝑓 ̅ : B → Q  such that 𝑓𝑓 ̅| A = 𝑓𝑓. 
 
Proof:  Let B be SГ-act, A be SГ-subact of B, XS  a Cofree SГ-act for nonempty set X and φ : A → XS  An SГ-
homomorphism. Let y ∈ X be a fixed element, define a mapping  φ� : B → XS   by  

φ�(b)(t) = � φ(t0b)(1)   if t0b ∈ A
 y                       other wise

� 

 
for all t ∈ S. It follows easily from definition of  XS  that φ� is a SГ-homomorphism. Let a ∈ A then for any t ∈ S we have 
t0a ∈ A. Hence φ�(b) (t) = φ(t0b)(1) = t0φ(b)(1) = φ(b) (10t) = φ(b)(t). This mean φ� | A = φ.   
        
Proposition 3.8:  Let K = (Cof(I), δ)  SГ-act for |I| > 1. Then for any SГ-acts X, Y and any SГ-homomorphisms               
𝑓𝑓, g: X → Y with 𝑓𝑓 ≠ g implies that 𝑓𝑓∂ ≠ g∂ for some SГ-homomorphism ∂: Y → C. where C is any SГ-act.   
 
Proof:  Let 𝑓𝑓, g: X → Y be SГ-homomorphisms with 𝑓𝑓 ≠ g. Then there is x ∈ X such that 𝑓𝑓(x) ≠ g(x). Take ϰ: Y → I 
be a mapping such that ϰf(x) ≠ ϰg(x) ∈ I. By definition of Cofree, there exist SГ-homomorphism ϰ': Y → K such that    
ϰ = δϰ'. This implies ϰ'𝑓𝑓 ≠ ϰ'g.  
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