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ABSTRACT

In this paper we obtain some new and general existence theorems of coupled solution for mixed monotone operators
with perturbation. These results generalizes results of D. Gau and V. Laxmikantham [4].
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1. INTRODUCTION:

Various existence and uniqueness theorems of fixed points for monotone operators are of great use in the study of
nonlinear equations [1-6, 9, 10]. In 1996, Zang [8] investigated the existence and uniqueness of positive fixed point for
concave and convex mixed monotone operators. Ke Li, Jian Liang and Ti-Jun Xiao [6] obtained some new and general
existence and uniqueness theorems of positive fixed points for mixed monotone operators with perturbation. He also
gave some applications to nonlinear integral equations on unbounded region. In this paper we study the existence of
coupled solution of equation

A(x, )+ B(x) =x, 1)

where A is mixed monotone operator and completely continuous and x€ E where E is a Banach space.

Throughout this paper, E is a Banach space with norm IL.Il, and P is a cone in E. So a partial order in E is given by x >y
ify—x€P.

Recall that a cone P is said to be normal if there exists a constant N such that

0<x<y=>IxlI<NIyll,
where N is called a normal constant.

P is said to be solid if interior of P is nonempty.

Definition: 1.1 Let WC E. Operator A : W x W — E is solid to be mixed if A(x, y) is increasing in x and decreasing in
Y, i-e. X1, X3, Y1, Y2€ Wi S xo, y1 2 Yo = A(xy, y1)S A(x2, y2)-

Definition: 1.2 A point x* € W is called a fixed point of A if A(x*x*) =x*. A point (x* y*) € W x Wis said to be a
coupled fixed point of A if A(x*y*) = x* and A(y* x*) = y*.

Definition: 1.3 A point (x* y*) is said to be a coupled solution of (1) if
A(x* y¥) + B(x*) = x* and A(y* x*) = y*.
Definition: 1.4 An operator A : W x W — E is said to be completely continuous if it is continuous and compact.
2. MAIN RESULTS
Theorem: 2.1 Let P be normal cone with normal constant N. A: [u, v] X [u, v] — E be a mixed monotone and

completely continuous such that
A(u, v)>u, A(v, u) <v,Bu>0, By <0.
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Suppose (I — B) ™! exists, continuous and nondecreasing. Then the equation (1) has a coupled solution (x*, v*) which is

minimal and maximal in the sense that, if (X, ) is any coupled solution of (1) then u*< x <v*andu*< y <v*

Proof: Given equation is
A(x, )+ B(x) =x

Alx, y)=(U-B) (x)
(I-B) " A(x, y) =x. 2
Ifwelet C=(I-B)~'A then above equation becomes
Clx, y)==x. 3)
Since (I - B) " 'is nondecreasing and A is mixed monotone, therefore C is mixed monotone. Now
u<A(u,v)
u<A(u, v)+ B(u)
I-Bu<A(uv)
u<(-B) "Aw,v)
u<C(u, v).
Similarly
AW, u)<v
AW, u) + Bv)<v
A, u) < I-B)v

(I-B) "Av, w)< v

Cv,u)ysw
Thus A: [u, v] — [u, v].
Now define the sequences
Un=Cy— 1, Va1 Vi = COn_p Uty p), (n=1,2,...) “

From the hypothesis it is clear that
Uy <u; <vy <.
Suppose u, ;<u,<v,<v,_;. Then
Uy =Ctty 1, V1) S Cltty, V1) S C (U, Vi) = Uy 11
V= Cn_t sty 1) ZCVy tty 1) 2 C (v, ) =Vy i1,

Therefore
Up+1= C(un 5 Vn) < C(Vm 14,,) =Vl

Hence by induction we have

U=uy<u1<...<u, <...<v, < ... <vyi<yg=.

1

Since A is completely continuous and (/ — B) ~ * is continuous, C is completely continuous. Hence there exists

subsequences {unk } and {vnk }of {u,} and {v,} respectively such that,

u_ — u*, vnk—>v*, u* v¥e [u,v].

e
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Moreover u, < Vo o therefore u* <v* Form > n,, u, <u,<v,< Vo, -

u*-u, <u*-u vE-y, <v¥F - p

ny n "t

By virtue of normality of P,
-y Il < Nllw*-u, |l

and
NvE-vy, I < Nllv*- Vo, Il.

Thus u,, —» u*and v,, > v* (m — o).
Taking limit as n — oo on both sides of (4), we get
u*=C (u*, v¥), v¥=CO*, u*).
Since C is continuous, therefore (1) has a coupled solution (u*, v¥). i.e.
A(u*, v¥) + B(u®) =u*, AWw*, u®) + B(v*)=v*.

To prove the minimal and maximal property of (u*, v¥), assume )_C, ;),E [0, vo] X [uo, vo] is any coupled solution of (1).
Since ug < )_C < vy, Uy < ;’ <y,

u=A G, ) SA (X, Y) = X SA (0, Y) SAG0, 1) = i

i =A G0 ) SA (Y. X) = Y <A (0, X) <A 1) = v,
In general we obtain

Uy S X SV 0y <Y SV

Taking limit as n — oo, we get

u* < x < vF u¥F <y < v,

Hence the theorem is proved.
If B=0, then Theorem 2.1, reduces to Theorem 2.1.7 in [4].

Corollary: 2.2 [4] Let P be normal with normal constant N, A : [ug , vo] X [ug , vo] — E be a mixed monotone operator
and completely continuous such that

A (ug, vo) = uy, A(vg, up) < vy.
Then
Alx, y)=x (@)

has a coupled solution (#*, y*) which is minimal and maximal in the sense that, if (x, ¥ ) is any coupled solution of

(S)thenu* < X <v* andu* < y <v*

Theorem: 2.3 Let P be normal cone with normal constant N. S: [u, v] — [u, v] be a nondecreasing and completely
continuous mapping. Suppose B: [u, v] — [u, v] such that (I — B) ' exists, continuous and nondecreasing. Moreover
assume that,
Aw)>u, Av)< v, Bu) >0, B(v) <0.
Then the equation
Sx+Bx=x 6)

has a minimal and a maximal solution in [u, v].
Proof: Set a mapping A : E x E — E such that

Ax, y)=Sx), x, yE [u, v].
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Clearly A is mixed monotone operator which is completely continuous. Moreover coupled solutions of (1) are the
solutions of (6). Now result follows from the Theorem 2.1.
If we assume B = 0 in above theorem, then it reduces to Theorem 2.1.1 in [4].

Corollary: 2.4 [4] Let P be a normal cone with normal constant N. Suppose A: [u, v] X [u, v] — [u, v] be
nondecreasing and completely continuous such that

us Aw), Aw)< v, 0< B(u), B(v) > 0.
Then A(x, y) = x has a minimal and a maximal solution in [u, v].
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