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ABSTRACT

In this paper, we introduce and study the notions of Regular weakly open sets and Regular weakly closure in
Topological spaces.

I. INTRODUCTION AND PRELIMINARIES

Regular open sets and strong regular open sets which were strong forms of open sets in topological spaces have been
introduced and investigated by Stone [ST] and Tong [TO1] respectively. Semi open set, a weak form of open set was
introduced by Levine [LN3]. Benchalli and Wali [BW] introduced regular weakly closed sets in topological spaces.

In this paper we introduce and sudy regular weakly open sets and regular weakly closure in topological spaces.
We recall the following definitions which are used in this paper.

Definition 1.1: A subset A of a topological space (X, 7) is called a
a) regular open if A = int(cl(A)) and regular closed if A = cl(int(A)) .
b) pre-open if A c int(cl(A)) and preclosed if cl(int(A)) < A.
c) semiopen if A ccl(int(A)) and semiclosed if int(cl(A)) < A.
d) a-open if A Cint(cl(int(A))) and a -closed if cl(int(cl(A))) < A.
e) semi-preopen (= 3-open) if A < cl(int(cl(A))) and semi-preclosed (=f-closed) if int(cl(int(A))) < A.

Definition 1.2: A subset of a topological space (X, 1) is called regular weakly closed (briefly rw-closed) if cl(A) cU,
whenever A cU and U is regular semiopen in X.

Il. REGULAR WEAKLY OPEN SETS IN TOPOLOGICAL SPACES

Definition 2.1: A subset A of a space X is called regular weakly (briefly rw-open) set if its complement is rw-closed.
The family of all rw-open sets in X is denoted by RWO(X).

Theorem 2.2: A Subset A of (X, t) is rw-open iff U cint(A) whenever U < Aand U is regular semiclosed in X.
Proof: Suppose that U cint(A), where U is regular semiclosed and U c A. Let A° F and F is regular semiopen. Then
F°c A and F°is regular semiclosed. Therefore F°cint (A). Thus cl(F)c F. Hence A° is rw-closed and therefore A is rw-

open.

Conversely, let A be rw-open and U < A where U is regular semiclosed. This implies U is regular semiopen and
A°cU°. By assumption cl(A%)cUC. Thus U c int(A).
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Theorem 2.3: For a space (X,1),
(i) Every rw-open set is rg-open
(if) Every open set is rw-open
(iif) Every rw-open set is gpr-open
(iv) Everyrw-open set is rwg-open
(v) Every o-open set is rw-open
Proof: Obvious

Example 2.4: Let X={a,b,c,d} with topology t = {¢,{a},{b}.{a,b}.{a,b,c}, X} then the set A={c,d} is rw-open but not
open and the set B = {a,c} is rg-open , gpr-open and rwg-open but not rw-open set in X.

Example 2.5: Let X ={a,b,c} with topology t={¢,{a},{b}.,{a,b} X} then the set A = {c} is rw-open but not w-open
setin X.

Theorem 2.6: If int(A)cBcA and A is rw-open, then B is rw-open.

Proof: Let A be rw-open set and int(A)cBcA. Now int(A)cBcA implies A°c B [int(A)]°. That is A°c B°c cl(A).
Since A° is rw-closed, B®is rw-closed and B is rw-open.

Theorem 2.7: If AcX is rw-closed then cl(A)-A is rw-open.

Proof: Let A be rw-closed. Let F be regular semiopen set such that Fccl(A)-A. Then by theorem 3.5 [12], F=¢.
So Fcint (cl (A)-A). This shows cl(A)-A is rw-open.

Remark 2.8: rw-open sets are independent with the notions of g-open ,mildly g-open, sg-open, ga-open, o.g-open,
gs-open, gp-open, wg-open, g -open.

Example 2.9: In Example 2.1.4, the set A = {b,c} isg -open , mildly g-open, g-open, wg-open,ag-open, sg-open,gs-
open,gp-open sets but not rw-open and the set B={a, b, d}is ga-open but not rw-open . Moreover, the set C={d} is rw-
open but not g"-open , mildly g-open, g-open, wg-open,a.g-open, sg-open,gs-open,gp-open sets,go.-open.

Theorem 2.10: If A and B are rw-open sets in a space X. Then AnB is also rw-open set in X.

Proof: If A and B are rw-open sets in a space X. Then A® and B® are rw-closed sets in a space X. Then by theorem
(AU (B®) is also rw-closed set in X. Therefore AnB is rw-open set in X.

Remark 2.11: The Union of two rw-open sets in X is need not be rw-open in X.

Example 2.12: Let X={a,b,c,d} be a topological space with topology t={¢,{a},{b}.{a, b},{a, b, c}, X}. Then the set
A={a,b}and B={d} are rw-open set in X but AuB={a,b,d} is not rw-open in X.

Definition 2.13: Let X be a topological space and let xe X. A subset N of X is said to be a rw-neighbourhood of x iff
there exists a rw-open set U such that xeU < N.

Theorem 2.14: Everyneighbourhood N of xe X is a rw-nbhd of X but not conversely.

Proof: Let N be a neighbourhood of point xeX. Then there exists an open set U such that xeUcN. Since every open
set is rw-open, U is arw-open set such that xe U < N. This implies N is rw-neighbourhood of x.

Example 2.15: Let X={a,b,c,d} be a topological space with topology t={¢.{a}.{b}.{a,b}.{a,b,c},X}. Then the set
{c, d} is rw-neighbourhood of the point ce X, but not the neighbourhood of the point c.

Theorem 2.16: Every rw-open set is rw-neighbourhood of each of its points but not conversely.

Proof: Let N berw-open and xeN. For N is a rw-open set such that xeNcN. Since x is an arbitrary point of N, it
follows that N is arw-neighbourhood of each of its points.

Example 2.17: Let X={a, b, c, d} be a topological space with topology t={¢, {a},{b}.{a, b}.,{a, b, c}, X}. Then the set
{b, d} is a rw-neighbourhood of each of its points but not a rw-open set in X.
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Theorem 2.18: Let Abe a subset of (X,t). Then xerw-cl(A) if and only if for any rw-neighbourhood N of x in (X,1), A
N N #d.

Proof: Necessary- Assume Xerw-cl(A). Suppose that there is a rw-neighbourhood N of x in xe(X,t) such that
AN N =¢. Since N is a rw-neighbourhood of x in (X,t), there exists a rw-open set U such that xeU < N. Therefore we
have U n A = ¢. and so AcU°. Since U is a rw-closed set containing A, then we have rw-cl(A)cU® and therefore
xgrw-cl(A) which is a contradiction.

Sufficiency: Assume for each rw-neighbourhood N of x in (X,7), A n N = ¢. Suppose that xgrw-cl(A). Then there
exists a rw-closed set F of X such that AcF and xeF. Thus xeF° and F® is rw-open in X and hence F° is arw-
neighbourhood of x in X. But (A nF°) = ¢, a contradiction.

Theorem 2.19: If F is a rw-closed subset of X and xeF°® then there exists a rw-neighbourhood N of X such that
NN F=#¢.

Proof: Let F be rw-closed subset of X and xeF°. Then F° is rw-open set of X. So by theorem 2.1.14 F°
rw-neighbourhood of each of its points. Put F® = N, it follows that N is arw-neighbourhood of x such that
NN F=F'nF =¢.

II.LREGULAR WEAKLY CLOSURE AND ITS PROPERTIES

Definition 3.1: For every set F < X, we define the rw- closure of F to be the intersection of all rw - closed sets containing
F.ie., rw-cl(A)=n{F:AcF, Fisrw-closed in X}.

Definition 3.2: Let t,, be the topology on X generated by rw-closure in the usual manner.
i.e., tw={U:rw-cl(X-U)=X-U}

Remark 3.3: If A < X is rw-closed then rw-cl(A)=A but the converse is not true.

Example 3.4: Let X={a, b, c, d} with topology t = {¢,{a}.{a,b}.{b}.{a.b,c}, X}. Let A={a}, then rw-cl(A)=A, but A
is not rw-closed.

Theorem 3.5: If A is rw-closed in (X,t), then Ais closed in (X,ty).

Proof: Since A is rw-closed in (X,t), rw-cl(A) = A. This implies X — Aety,. That is X - A is open in (X,t). Hence A is
closed in in (X,tpw).

Remark 3.6:
i) rw-cl(p) = ¢, rw-cl(X) =X

(ii) Forany A c X, Acrw-cl(A)c cl(A)
(iii) Forany A, B < X and A ¢ B, rw —cl(A) crw —cl(B)

Theorem 3.7: For any xe X, xerw-cl(A) if and only if V~ A= for every rw-open set V containing X.

Proof: Necessity- Let x erw - cl(A) for any x €X. Suppose there exists a rw-open set U containing x such that
U A=¢. Then A c X -U, rw-cl(A) < X - U implies xgrw-cl(A), a contradiction. Thus U n A= for every rw — open
set U containing X.

Sufficiency: Let U n A =¢for every rw — open set U containing X.Suppose x grw-cl(A), then there exists a rw-closed
subset F containing A such that xgF. Then x eX -F and X - F is rw-open. Also (X - F)n A = ¢, a contradiction. Thus
X erw - cl(A)

Theorem 3.8: Let A and B be subsets of X, then rw-cl(AnB)crw-cl(A)~rw-cl(B).

Proof: Since AnBcA and A mBcB, by Remark 2.2.7 (iii), rw-cl(AnB)crw-cl(A)andrw-cl(AnB)crw-cl(B).Thus
rw-cl(AnB)crw-cl(A)~rw-cl(B).

Theorem 3.9: If A and B are rw-closed sets then rw-cl(AuB)=rw-cl(A)urw-cl(B).

Proof: Let A and B be rw-closed in X. Then AUB is also rw-closed[12]. Then rw-cl(AuB)=AuB=rw-cl(A)urw-cl(B).
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Definition 3.10: For any A < X, rw - int(A) is defined as the union of all rw-open sets contained in A.
ie, rw-int(A)=uU{F:FcA, Fis rw-open in X}.

Lemma 3.11: For any A c X, int(A)crw-int(A)c A.

Proof: Follows from the Theorem 2.1.3(ii).

Theorem 3.11: X -rw - int(A) =rw - cl(X - A)

Proof: Let xeX - rw-int(A), then xerw-int(A). Thus every rw-open set U containing x such that Uz A. This implies every
rw-open set U containing x such that U m A%¢. By theorem 2.2.8, xerw - cI(X - A). Hence X - rw-int(A) crw-cl(X - A).

Conversely, let x erw-cl(X - A). Then by theorem 2.2.8, every rw-open set U containing X such that U n A%¢. That is every
rw-open set U containing x such that UzA, implies xgrw-int(A). i.e., xe( rw-int(A))°. Hencerw-cl(X - A) < (X - rw-int(A)).
Thus (X - rw-int(A))=rw-cl(X - A).

REFERENCES

1. Abd EI-Monsef, M.E., El-Deeb, S.N. and Mahmoud, R.A., B -open sets and [3 -continuous mappings, Bull.
Fac. Sci. Assisut Univ., 12(1983), 77-90.

2. Andrijevic.D., Semi-preopen sets, Mat. Vesnik. 38(1986), 24-32.

3. Balachandran, K., Sundaram,P. and Maki,H., On generalized Continuous maps in topological spaces,Mem.
Fac. Sci. Kochi Univ. Math., 12(1991), 5-13.

4. Benchalli, S.S. and Wali, R.S., On RW-closed sets in topological spaces, Bull. Malays. math. Sci. Soc (2),
30(2) (2007), 99-110.

5. Bose, S. and Sinha, D., Almost open, almost closed, 6-continuous and almost compact mappings in
bitopologicalspaces, Bull. Calcutta Math. Soc. 73(1981), 345-354.

6. Crossley, S.G. and Hildebrand, S.K., Semi-closure, Texas J. Sci. 22(1971), 99- 112.

7. Dontchevd., On generalizing semi-pre open sets, Mem. Fac. Sci. Kochi Univ. Ser. A. Math., 16(1995), 35-48.

8. Fukutake, T., Sundaram,P. and SheikJohn.M., 2002, ® -closed sets, w-open sets and @ -continuity in
bitopological spaces, Bull. Fukuoka Univ. Ed. VVol. 51. Part I11 1-9.

9. Gnanambal,Y., On generalized preregular Closed sets in topological Spaces, Indian J. Pure App. Math.,
28(1997), 351-360.

10. Gnanambal,Y., Studies on generalized pre-regular closed sets and generalization of locally closed sets, Ph.D.
Thesis, Bharathiar University, Coimbatore (1998).

11. Gnanambal, Y.and Balachandran.K., On gpr-continuous functions in topological spaces, Indian J. PureAppl.
Math., 30(6)(1999), 581-93.

12. Levine.N. Semi-open sets and Semi continuity in topological spaces, Amer. Math. Monthly, 70(1963), 36-41.

13. Palaniappan, N. and Rao, K.C., Regular generalized closed sets, Kyungpook Math. J. 33(1993), 211-2109.

14. Vadivel, A. and Vairamanickam, K., rg-Closed Sets and rg-Open Sets in Topological spaces, Int. Journal of
Math. Analysis, Vol.3, 2009, no.37, 1803-1819.

15. Vadivel, A. and Vairamanickam, K., rg-Closed and rg-Open Maps in Topological spaces, Int.Journal of Math.
Analysis, Vol.4, 2010, no.10, 453-468.

Source of support: Nil, Conflict of interest: None Declared
[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal

of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2016, IIMA. All Rights Reserved 144



