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ABSTRACT

In this paper we study the relation between the resolution of weyl module k(6 5F in characteristic-free mode and in the
Lascoux mode (Characteristic zero), more precisely we obtain the Lascoux resolution of k¢ 5F in characteristic zero
as an application of the resolution of k¢ 3F in characteristic - free.

Index Terms- Resolution, weyl module, Lascoux module, divided power, characteristic free.

I. INTRODUCTION

Let R be commutative ring with 1 and F be free R-module by D,F we mean the divided power of degree n. The
resolution Res (p. q, 1, t, t;) of weyl module K,,,F associated to the three-roued skew-shaps (p+ t; + t;, g + t, 1)/ (i
+t,, t,, 0) call the shape represented by the diagram

t I | p
t I IE

I | r

In general, the weyl module k; /, F is presented hby the "box™ map
Zk>0 Dp+t1+kF ® Dq—tl—k® DrF n d;l/u
@ — D,F ® D,F®D,F — k;,
Zl>0 Dp F® Dq+t2+l® Dr—tz—l F
Where the maps

Zk>0 Dp+t1+kF ® Dq—t1—k® DrF - DpF® DqF®DrF

May be interpreted as k‘" divided power of the place polarization from place one to place two (i.e.az(’{)), the maps
2i>0Dp F®Dyyy-1 F ®D, ¢, F > D,F ® D,F® D, F may be place two interpreted as 1" divided power of the

place polarization from place two to place three (i. e. a?f?) [2].
We have to mention that we shall use D,, instead of D, F to refer to divided power algebra of degree n.
Il. CHARACTRISTIC-FREE RESOLUTION OF THE PARTITION (7, 6, 3)

We find the terms of the resolution of weyl module in the case of the partition (7, 6, 3), in general aterms of the
resolution of weyl module in the case of a three-rowed partition (p, q, r) which appeared in [1] are
Res([p,q;0))® D, ® Y 2%, yRes([p,q+1+L1+1)® D, , ®
1>0
2 Z5"yZ5" zRes([p+1 +1q+1, +11, L)) ®D,
1,>0,1,>l

where x, y and z stand for the separator variables, and the boundary map is d,, + 9, + 9,.

1+,+2)
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Let again Bar (M, A;S) be the free bar module on the set S ={X, Y, Z} consisting of three separators x, y and z,

where A is the free associative (non-commutative) algebra generated by 221,232 and Z31 and their divided powers
with the following relation:
(@) () _ () ,(a) (@) ) _ »(b),(a)
Z3yZyy =Zay L3y and Zyy Zy = Zy Zy
and the module M is the direct sum of tensor products of divided power module D,, ® D,, ® D,, for suitable p;, P,
and P, with the action of Z,,Zs,and Z;; and their divided powers. we will consider the case when

pr=7,q=6andr =3 .

We have:
Res([7,6,0)) ® D, ® Y 25, yRes([7,6+1 +L1 +1])® D, , ®
1>0
Z;glzﬁl) y;giﬂ) zRes([7+1,+16+1, +L1, -1 ]) ® Dy 1 .
11201,);
So,
> 25" yRes([7,6+1+L1+1)® D, , =Z,, yRes([7,7:])® D, ®
1>0
23 yRes([782]) ® D, ® 7.,y Res([7.93)) ® D,
and

> ZEPyzE? zRes([7+1+1,6+1,+L1, -1 ®D, ., )

1,>0,1,>1,
=242y, 7Res((8,7:0) © D, ® Z{; y Z;, 2Res([8,81)) @ D,
where Zg,Y is the bar complex
0—> Z32yL>Z32 -0
;sz)y is the bar complex

052, Y2, y—220 y—>52% -0

;gi)y is the bar complex
2
oy Zéz)y Z3y o 3 5
0= Z3y Z3y Z3y — @ — Zéz)y — Z§2) — 0 and Z,7 is the bar complex
2
Z3y 23y
052,2—%57, >0

Then in this case we have the following terms:
o Indimension Zero (M,) we have D;®Dy®D;

o Indimension one (M;) we have
° Zz(l{)x D;.p ® Dg_, ® D3; with b = 1,2,3,4,5,6
i Zglz))x D; ®Dg1,®D;_p,; with b = 1,2,3

o Indimension two (M,) we have the sum of the following terms:

o Z8Vx 7% Dy ®Dg 1y ®Dy; with |b| = by + by = 2,3,4,5,6
o ZyyZ8x Dyypy®D;_,®Dy; with b = 2,3,4,5,67

o 7Py 7®xD,,, ®Dy_,®Dy; with b = 3,4,5,6

o 283y 7®xD,,,®Dy_,®Dy; with b = 4,5,6,7,8,9

° Z?Elz)l)y Z?EIZ)Z)Y D;®Dg1p|®D5_p; with |b| = by + b, = 2,3

° Zgz))y Z31Z Dg ®Dg4, ®D,_p; with b = 1,2

o0 Indimension three (M;) we have the sum of the following terms:

o Z8Vx 78y 789x D, 1y ®Dg_ 1 ®Ds; with |b| = by + by + by = 3,4,5,6 and by > 1

o ZyyZ8Vx 28Yx D,y ®D;_p, ®Dy; with |b| = by + by = 2,3,4,5,6,7 and by > 2
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o 7Py 780y 70y D, 1y ®Dg_ 1y ®Dy; with |b| = by + by = 4,5,6,7,8 and b, > 3
o Z3y 73y 7% Dy, ®Dg_,®D; with b = 3,4,5,6,7,8

o 79y z8Vx 78Vx D, ) ®Do_y ®Dy; with |b| = by + by = 5,67,89 and by > 4
o Z8Vy 7Py 78y D, ., ®@Dy_,®Dy; withc, + ¢, =3 and b = 4,5,6,7,89

o Z3yZ3y Z3py D;®Dy®D,

o 73y 73278 % Dg,,®D,_,®Dy; with 1 b = 1,2,3,4,5,6,7

o 79y 7,278 x Dg,,®Dy_,®Dy; with b = 2,3,4,5,6,7,8

o Z3yZ3y Z31z Dg®Dg®D,

o0 Indimension four (M,) we have the sum of the following terms:

o Z8Vx 70y 709x 78V x D, 1, ®Dg_ ®D5; with |b| = Xi, b; = 4,5,6 and by > 1

o ZyyZ8Vx 28 x 70V x D, ) ®D,_ 1, ®Dy; with |b] = by + b, + by = 4,5,6,7 and by > 2
o 7Dy 780y 70y 789 x D, 1, ®Ds_ ®Dy; with |b| = by + by + by = 5,67,8 and by =3

o Z3yZ3y Z8Vx 20V x Dy, ®Dg_ 1, ®Dy; with |b| = by + b, = 4,5,6,7,8 and b, >3

o 79y z8Vx 78Vx 78V x D, 1, ®Do_j ®Dy; with |b| = by + by + by = 6,7,89 and by > 4

o Z$Vyz{Py 78V x 78V x Dy 1y ®Do_y ®Dg; with b = ¢; +¢; =3 |b| =b; +b, =56,7,89 and by > 4
o Z3y 73y Z3y Z80x Dyt ®Dy_,®D, ;with b = 4,5,6,7,8,9

o Z3y 73278V x Z$Px Dy, @Dy ®Dy; with [b| = by + by = 2,3,4,5,6,7 and by > 1

o 7Dy 73278 Vx 24P x Dy, ®Dg_jy ®Dy; with|b| = by + b, = 3,4,5,6,7,8 and by > 2

o Z3y 73y 7312 Z8x Dy, ®Dg_, ®Dy; with b = 2,3,4,5,6,7,8

o0 Indimension five (Ms) we have the sum of the following terms:
o 780y 70y 70Dy 700y 749 D, 1 @Dy ®Ds; with |b| = X3, b; = 5,6 and by > 1
o ZyyZ8Vx 200y 709y 78Vx D, 1, @D, ®Dy; with |b| = Xt b; = 5,6,7 and by > 2
o 7Dy 780y 700y 78V x 78V % D, 1, ®Dg_p ®Dy; with |b| = X, b; = 6,7,8 and by >3
o ZyyZyyZ8Vx 28Wx 78¥x D, ®Ds_y, ®Dy; with |b| = by + b, + by = 5,67,8 and b, >3
o 79y 7% 78V x 78V x 28V x D, 1 ®Dy_yy ®Dg; with |b| = X, b; = 7,89 and by > 4
. 2y 2y Z80x 200 Z80x s @Dy @D
withc; + ¢, =3 and |b| =b; + b, + b3 =6,7,89 and b; = 4
o Zyy 73y Z5y Z8Vx 28V x D,y ®Do_yy ®Dg; with |b] = by + b, = 5,6,7,89 and by > 4
o Z3y 732728 x 24P x 283 x Dy, ®Dy_jy ®Dy; with [b] = by + by + by = 3,4,5,6,7 and by > 1
o 7Dy 7322, x 28 x 28 x Dy, @Dg_iy ®Dy; with |b| = by + by + by = 4,5,67,8 and by > 2

o Z3y 73y 7312 Z8Vx 28D x Dy ) ®Dg_ iy ®Dy; with |b| = by + b, = 3,4,5,6,7,8 and by > 2

o0 Indimension six (My) we have the sum of the following terms:
o ZnXZyX ZyX L1 X Zy1X Z1X D13®Dy®D3
o ZyyZ8Vx 280 x 7809 x 78V x 289 x D, 11, ®D; 1 ®Dy; with |b| = X3, b; = 6,7 and by > 2
o 7Dy 78V 70Vx 78Vx 283V x 289 x D, 1, ®Dg_yy ®Dy; with |b| = X3, b; = 7,8 and by > 3
o Z3yZ3y ZoVx 287 x 20V x 7Y x D, , ), ®Dg_;,®Dy; with |b| = -, b; = 6,7,8 and b; >3
o 79y z8Vx 700y 70V x 780 x 289 x D, 1 @Dy ®Dg; with |b| = X5, b; = 8,9 and by > 4
o 70y 7{Dy 7000y 70Dy 78Dy 7805 D, Ly @Dy ®Dg; with ¢ + ¢, = 3
and |b| =Y}, b; =789 and b, > 4
o ZyyZ3yZsyZiVx 28 x 789 x D, ) ®Do_y, ®Dy; with |b| = by + b, + by = 6,7,89 and by > 4
o Z3yZ3278Px 280 % 283 x 28Yx Dy, ®D;_ 1, ®Dy; with |b| = ¥, b, = 4,5,6,7 and by > 1

o 7Dy 73278Vx 280 x 7835 709 x Dy ®Ds_y @Dy with |b| = ¥4, b, = 5,6,7,8 and by > 2

o Z32y Z32y Z31Z Zé?l)x Zé?z)x 22(11)3)36' D8+|b|®D8_|b|®D0;With |b| = bl + bz + b3 = 4,5,6,7,8 and bl >2

In dimension seven (M) we have the sum of the following terms:
® I3y ZynX Zon1X L1 X L1 X L1 X Z1X D14 ®Dy®D;
o ZLYZ{x Zy1x Zy1x Zyyx 21X Zy1 X Dys®Dy®Dy
o Z3yZ3y Z8Vx 28 x 70V x 78V x 285 x D, ., @Dg_ ®Dy; with |b| = X5_, b; = 7,8 and b, >3
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o ZQYZ{Px Zy1x Zy1x Zyy X Zoy X Zyy X Dys®Dy®Dy
o 250y Z5Py 25Vx 25 x 2317 253 x 253 % Dy 41 @Dy @Dy
withc; + ¢, =3 and |b| = ¥?_, b; = 8,9 and b; > 4
o ZyyZyyZsny Z50x28Px 289x 28V D, 1 ®Do_jy ®Dg; with |b| = Xt b, = 7,89 and by > 4
o Z3yZ3y Z8Vx 280 x 780V x 70V x 285 x Dy, @Dy ®Dy; with |b| = X5, b; = 5,6,7,8and by > 1
o 7Dy 73278Vx 78 x 283 x 7809 x 789 x Dy ®Ds_, @Dy with |b| = X2, b; = 6,7,8 and by > 2
o Z3y 73y 7312 Z80x 28D x 283 x 7809 x Dy ®Dg_y ®Dg; with |b| = ¥i_, b, = 5,6,7,8 and by > 2
o Indimension eight (Mg) we have the sum of the following terms:
o Ipnylyny Zé‘?{)x Zy1X Zy1X Zy1 X Z1X Zz1X D1s®@Dy®D,
. Z§§)y Z3y ZS)X 21X Zp1X 21X Z1X 231X D1 @Dy @Dy
. Z32YZ3E§)3’ Zg)x Zy1X Zy1X Zy1 X Z1X Z1X D16 ®Dy®Dy
o Z3yZ3y Z3y ZeVx 287 x 20V x 28V x 285 x D, 1 @Dy ®Dg; with |b| = X5, b; = 8,9 and by > 4
o Z3yZ32Z80x 280 x 28 x 28V x 7209 x 739 x Dg 1 ®D;_y, ®Dy; with |b| = X, b; = 6,7 and by > 1
o 7Dy 73278Vx 780 x 7835 70090 x 789 x 789 x Dy, 1, ®Dg_i ®Dy; with |b| = X6, b; = 7,8 and by > 2

o Z3y 73y 7312 Z80x 280 x 283 % 7289 x 7809 x Dy ®Dg_py ®Dy; with |[b] = ¥3_, b, = 6,7,8 and by > 2

In dimension nine (Mq) we have the sum of the following terms:
o 73y Z30y 232y Zo1X Zo1X Z1X 231X 221X Z1X D16 @Dy ®Dy
o 73y Z317Z Zp1X L1 X Z1X Z1X Z1X 231X Z21X D15 @Dy ® D4
° Z:g)y Z312 Zg)x Zy1X Zy1 X Zp1 X Z1 X Zp1 X Z71% D1 @Dy ®D,
Z Z Z Z(bl) Z(bZ) Z(b3) Z(b4) Z(bS) Z(bB) D ®D ®D .
. 32Y 432V L31Z Ly X Lgy" X Ligy X Ligy X Ligy X Ligy X Dgy|p|®Llg— 15| Oy,
with |b| =¥, b; = 7,8 and b, > 2

Finally in dimension ten (M;,) we have
2
o Z3yZzyZlz Zél) Z21% Z1% Z1% Z1% Z31% Z21% D16 ®@Dy®Dy

In [1], it is necessary to introduce a quotient of bar complex module the caplli identities relations; the proof these
velation are compatible with the boundary map d, + d, + 9, is complicated [1].

11l. LASCOUX RESOLUTION OF THE PARTITION (7, 6, 3)

The Lascoux resolution of the weyl module associated to the partition (7, 6, 3) looks like this

D,F®D,F®D,F D,F®D,F®D,F
0->D,F®D,F®D,F > ® - ® —>D,F®D,F®D,F >0

D,F®D,F®D,F D,F®D,F®D,F

Were the positions of the terms of the complex are determined by the length of the permutation to which they

correspond. The correspondence between the terms of the resolution above and permutations is as follows:

D, F ® D, F ® D, F «>identity

D,F®D,F®D,F « (12)

D,F®D,F®D,F <> (23)

D,F®D,F ®D,F < (123)

D,F®D, F®D,F < (132)

D,F®D,F®D, F < (13)

Now, the terms can be presented as below, following Buchsbaum method [2].

Mo =A,

M, =A ®B,
M, =A ®B,
M, =A, @B,

M, =B,; for j=456,78910
Where the A are the sums of the lascoux terms, and the B are the sums of the others.
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Now, we define the map o, from B; to A, as follows:
7Px) — %221 x 85, (v); where v € Dy®D,®D5
o Zz(?x(”) — %Zm x (’)2(%) (v); where v € D;;®D;®D;
N Zz(i)x(v) — %221 x az(i’) (v); where v € D;;®D,®D;
N Zz(?x(”) — ézm x (’)2(‘1}) (v); where v € D;;®D;®D;
o Zz(?)x(v) — 2221 x az(i) (v); where v € D;3®D,®D;
o ZPyw) — %Z32 y 83, (v); where v € D;®Dg®D;

o« Z3yW) 25y 3 v); where v € D;@D@D,

We should point out that the map o satisfies the identity:

Opn 01 =Ogp - (3.1)

54,4,
A —2 43 = By

N7

Where by 84,4, we mean the component of the boundary of the fat complex which conveys A; to A,. We will use
notation &4, , 4, 6a,,,5, €tC.

Then we can define d,: A; — Ag as 0; = &y, 4, -t is easy to show that d; which we defined above satisfies (3.1) for
example:

1
(8A1A00 01) (Zz(i)x (17)) = 6A1A0 (22213562(?)(17))

1
= (02057 ) = 8P ) = 8,5, (257 )
At this point we are in position to define
aZ:AZ - Al as 62 = 6A2A1 + 01 814281
Proposition (3.1)

The composition 9, 09, =0

Proof: [2], [3]
010 05(b) = 64,4, (82,0, (b) + 010 61,5, (b))
= 5A1A0 0 6A2A1 (b) + 6A1A00 01 6AzB1 (b)

but SAlAOO 01 = SBlBO we haVe
010 05(b) = 614,400 (84,0, (b) + 85,5,0 61,5, (b))

Which equal to zero because the properties of the boundary map 6 [2], so we get 9,09, = 0

Now, we define map o,: B, — A, such that
5A2A1 + g1 0 63231 = (6A2A1 + g1 0 6A231) 0 0, (32)

We define this map as follows:

o ZyxZyx) — 0; where v € Do®D,®D;

o ZHxZyx(v) —0; where v € D;;®D;®D;
o ZyxZ{x(v) - 0; where v € D;p@D;®Ds
o Z5)x Zyx@) = 0; where v € D;; ®D,®D;
o 2P 2Px@w) —0; where v € D;; ®D,®D;
o ZpxZ{x(v) — 0; where v € D;; ®D,®D;
o ZPxZyx(w) > 0; where v € D, ®D;®Ds
o 22 x@w) —0; where v € Dy, ®D; ®D;
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. Zéi)x Zéi)x(v) — 0;
o  Zyx Z(4)x(v) — 0;

78

X Zy1x(v) — 0;

. Zg)x Z(z)x(v) — 0;
. Zg)x Z(B)x(v) — 0;
. Zéi)x Zédi)x(v) — 0;
o Zyx Zg)x(v) — 0;
o Iy Zéi)X(V) = lZ32}’ Z§21)X 951 (v);
o ZpyZiPx(v) o Z32Y Z9x 0% v);

o ZpyZHx() =5 Z32Y Z3% 08 v);
o ZypyZEx() - Z32Y Zx 0 (v);
o ZypyZ{x() — o Z32Y Z39%x 05 (v);

7@y
7@y
7@y
72y

o Z(Z)y Z(7)x(v) — -

72y

o Z3nyZypyw)— 0

79y
79y
79y
79y
79y

79y

(3)X(V) — = Z32Y Zz1 X a31 v) — ‘Z32Y 7312 321 v);

(4)X(V) — ——232}’Z
(S)X(V) — ——232}’Z
(é)x(v) — ——Z32y Z

105

(S)X(U) — — Z32yZ

(4)x(v) — ——Z32y Zy;

6521) 03,(v) — 52323’ 7312 6231) v);
1

6531) 032(v) — 3232y 2312 ag;)(V);

x 0o — 170,y 75,20 w);

21 32 (V) 32325 £312 Oy v);

1
Z32Y Zz1 62(? 03, (v) — 5232y 1312 52(?(17):

62(1)531 v);

where v € D;®Dg®D,
(2)

where v € D, ®D;®D3
where v € D, ®D; ®D3
where v € D;3®Dy®D;
where v € D;3®Dy®D;
where v € D;3®Dy®D;
where v € D;3®Dy®D5
where v € D;3®Dy®D;
wherev € D;;®D,®D,

where v € D;; ®D3;®D,
wherev € D;,®D,®D,
where v € D;3®D;®D,
wherev € D;,®D,®D,
where v € D;,®Ds;®D;
where v € D;; ®D,®D;
where v € D, ®D;®D;
where v € D;3®D,®D;
where v € D1, ®D; ®D;
where v € D;s®@D,®D;

X 6(2) 6(2)( ) — ‘Z32Y 731z 321 03,(v) + < Z32y Zgzl)x 6(2)(17)

where v € D;;®Ds®D,

(S)X(U) — = Zz1 X 7312 03, 521 031 (v) + 55 Z32Y Z(Z) az(f) 6(2)(17) - —Z32y 2312 a21 031 (v);

Where v E Dlz ®D4®D0

(é)x(v) — — Z32Y Z x 03, 321 031 (v) — _Z32Y 731z 321 05, (v) +5 Z32y Zg)x 6(4)3(2)(17)

(7)x(’l7) 210

—Z32y Z(z) 5(3) 5(2)(17) to Z32Y 731z 621 03, (v) —

Where v E D13 ®D3®D0

Z32yZ31263262(?(v);

Where v E D14®D2®D0

(S)X(U) — —Z3zy Zéi)x 5(6)3(2)(17) - —Z32Y 7312 632621 ) —Z32y 2312 521 031 (v);

(9)x(v) — ——Z32y 73,2 621 031 (v); where v € D1x®Dy®D,
o Z32 yZ32y(v) — 0; where v € D;®Dy®D,

o 73y Zg)y(v) — 0; where v € D;®Dy®D,

o Z%yZyz(v) > % Z33y 2312 03, (v); where v € Dg®Dg®D,

where v € D;5;®D;®D,

It is easy to show that o, which is defined above satisfies the condition (3.2), for example we chose one of them
o (882141 + 0—153231)(232)/ Zéi)x (17)), where v € Dlz ®D2 ® DZ
=0 (ZS)X 032 (v)) + 0 (Zgl‘)x 631(17)) Z3y 6(5)(17)

and

1
(84,4, + 0284,5,) (

5

1 a®s 1 ®)
= Zy1x 0517 03,(v) + 2 Zy1x 0517031 (v) — Z3y 321 )

Z3y Zg)x 6(3)(17))

1 1
= (10 Zz(1)x 03, 5(3)(17)) _Zz1 x 03 521 ) - _0232 y 6(2) 6(3)( )

-5

5
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1
=ZnXx a21 05, (v) +

3 1
me a21 03y (v) +—

10 —Znx a21

1
Znx a21 03, (v) + ZZZNC a21 031 (V) — Z3y 62(?(17)

031 (v) — Z3; ya(s)(v)
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Proposition (3.2): we have exactness at 4;

Proof: see [2] and [3]

Now by using o, we can also define
63:143 4 AZ by 5A3A2 + g; 0 5A3BZ

Proposition (3.3):

The composition d, 0 d; =0

Proof: the same way used in proposition (3.1)

We need to definition of map o3: B3 — A3 such that
8pyay + 020,58, = (5A3A2 + 025/4332)03

As follows:

ZnX Zyx Zpyx(v) = 0;
Z§0x Zy1x Zy1x(v) = 0;
Zyx Zg)x Zy1x(v) — 0;
Zyx Zyx Zz(f)x(v) — 0;
Z50% 21 x Z51x(0) > 0;
Zz(?x Zg)x Zy1x(v) — 0;
Zz(?x Zyx Zéi)x(v) — 0;
Zy1X Zg)x Z1x(v) — 0;
Zy1X Zg)x Zg)x(v) — 0;
ZyX Zyx Zz(i)x(v) — 0;
Zz(‘i)x Zy1X Zy1x(v) — 0;
Zz(i)x Zg)x Zy1x(v) — 0;
2% Zyx Z3)x() = O;
Z30x 237 % 2, x(v) = 0;
Zz(?x Zg)x Zg)x(v) — 0;
Zz(?x Zy1X Zg)x(v) — 0;
Zy1 X Zé‘i)x Zy1x(v) — 0;
Zyx Zﬁ)x Zéi)x(v) — 0;
Zyx Zﬁ)x Zéi)x(v) — 0;
ZyX Zyx ZZ(‘;)x(v) — 0;
Z3y Zz(?x Znx() — 0;
Z3y Zz(i)x Znx() — 0;
Z3,y Zz(?x Zz(?x(v) — 0;
Z3,y 25X Zyyx(v) — 0;
Z3,y Zz(?x Zz(?x(v) — 0;
Z3,y Zz(?x Zz(i)x(v) — 0;
Z3y Zz(i)x Znx() — 0;
Z3,y Zz(i)x Zz(f)x(v) — 0;
Z3,y Zz(?x Zz(?x(v) — 0;
Z3,y Zz(?x Zz(‘;)x(v) — 0;
Z3,y 239X Zyyx(v) — 0;
Z3,y Zz(i)x Zz(f)x(v) — 0;
Z3,y Zz(i)x Zz(i)x(v) — 0;
Z3,y Zz(i)x ZZ(‘;)x(v) — 0;
Z3,y Zz(?x Zz(?x(v) — 0;

1
Z§§)y Zﬁ)x Zy1x(v) 3432V 2312 231X az(%) v);

© 2016, IJMA. All Rights Reserved

(3.3)

where v € D;(®D3®D;
where v € D;; ®D,®D;
where v € D;; ®D,®D;
where v € D;; ®D,®D;
where v € D, ®D; ®D3
where v € D, ®D; ®D3
where v € D, ®D; ®D3
where v € D;; ®D,®D;
where v € D, ®D;®D3
where v € D;1 ®D,®D;
where v € D;3®Dy®D;
where v € D;3®Dy®D;
where v € D;3®Dy®D;
where v € D;3®Dy®D5
where v € D;3®D,®D3
where v € D;3®Dy®D5
where v € D;3®Dy®D;
where v € D;3®Dy®D;
where v € D;3®Dy®D;
where v € D;3®Dy®D;
where v € D;,®D,®D,
where v € D;1®D3;®D,
where v € D;; ®D3;®D,
where v € D, ®D,®D,
where v € D, ®D,®D,
where v € D, ®D,®D,
where v € D;3®D;®D,
where v € D;3®D; ®D,
where v € D;3®D; ®D,
where v € D;13®D;®D,
where v € D;,®Dy®D,
where v € D1, ®Dy®D,
where v € D1, ®Dy®D,
where v € D1, ®Dy®D,
where v € D;,®Dy®D,
where v € D;;®D,®D;
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Z;é)y Zé‘{)x Zyx(v) — —%2323’ Z31Z ZnX az(i’) ();
Z;é)y ZS)X Zé?x(v) = §Z323’ 2312 ZnX az(i’) w);
Z;é)y Zéi)x Zyx(v) — —%2323’ 2312 ZnX az(i') ();
Z;? ng)sz(?x(v) - —%2323’ Z31ZZZ1xaz(i') );
Z;é)y ZS)X Zé?i)x(v) = §Z323’ 2312 ZnX az(i') w);
Z;é)y Zé?)x Zyx(v) — —%2323’ Z31Z ZnX az(i) ();
Z;é)y Zéi)x Zé?x(v) - —12_52323’ 2312 ZnX az(i) w);
Z;é)y Zg)x Zé?i)x(v) - —%Z32y Z31Z ZnX az(i) );
Z;é)y ZS)X Zé‘i)x(v) - §Z323’ 2312 ZnX az(i) w);
Z;é)y Zéi)x Zyx(v) — —%2323’ 2312 ZnX az(?) ();
Z;é)y Zé?)x Zé?x(v) - —22323’ Z31Z ZnX az(?) );
28y 2% 2% (v) — —223237 Z312 Zyx 059 (v);
Z;é)y Zg)x Zé‘i)x(v) - —22323’ 2312 ZnX az(?) );
Z;é)y ZS)X Z;i)x(v) W =23y L3172 L1 X 62(?) );
Z32y Z32Y ZS)X(V) = —%2323’ Z312 Z31X 01 (v);
Z32y Z32Y Zé‘i)x(v) - —%2323’ L3122y % 62(? );
Z32y Z32Y ZS)X(V) - —22323’ L3122y % 62(? );
Z32y Z32Y Zé‘i)x(v) - —%2323’ 2312 ZnX az(i') w);
Z32y Z3py 25, x(v) > —%232}’ Z312 Zyx 05y (v);
Z32y Z3py 257 x(v) > 0; ;

1 )
Zg)y Zéi)x Zy1x(V) > =373y 2312 Zp1 X az(i) 032 (v);

2
ZS)Y Zﬁ)x Zy1x(v) 5232y L1z Znx 52(11}) 05, (v)

1 3 1 4
+55432Y Z312 21X 62(1)631 () - T0Z32Y £312 £1% 03, 62(1)(17)2
3 4 2 1 4
Z3(2)y Zél)x Zél)x(v) > —§Z32y Z31Z Zle 62(1) 632(17)
1 1
-2 232Y 2312 Z31% 03, az(i‘)(v) — %32y L2 lnx 62(? 031 (v);

3 6 2 5
Z?Ez)y Z§1)x Zyx(v) — EZ323’ Z31Z Zp1X 03 62(1)(17)

1 4 1 5
+ 55232y Z312 21X 62(1) 031 (v) — 5232y L3121 x 62(1) 03, (V);

5 1 5
Z:g)y Z§1)x Zé?x(v) = =23y Z312 231X 03 62(1)(17);

where v € D, ®D3;®D;
where v € D, ®D3®D;
where v € D;3®D,®D;
where v € D;3®D,®D;
where v € D;3®D,®D;
where v € D1, ®D;®D;
where v € D1, ®D;®D;
where v € D1, ®D;®D;
where v € D1, ®D;®D;
where v € Dis®Dy®D;
where v € Dis®Dy®D;
where v € D;s®@D,®D;
where v € Dis®Dy®D;

where v € D;s®Dy®D;
where v € Dy ®@Ds;®D;

where v € D;; ®D,®D;
where v € D, ®D3;®D;
where v € D;3®D,®D;
where v € D, ®D; ®D;

where v € Dis®Dy®D;
where v € D, ®D,®D,

Where v E D13 ®D3 ®D0

WheTe v E D13 ®D3®D0

Where v E D14®D2®D0
Where v E D14 ®D2®D0

3 1 6 2 5
Z§z)y Zé?x Zy1x(v) ~Tos 432y 2312 221X 03, 52(1)(17) + 105 Z32Y Z312 21X 62(1) 031 (v);

2y 75 x 2P x(v) — %232}’ 7312 Zy1x 03, 057 (v)
—%2323’ 2312 Zyx 62(?) 032 (v);

7y 757 x 2P x(v) — §Z32y 7312 Zy1x 03, 057 (v)
—%2323’ Z312 Zy1x 05 03, (v);

1
Z;g)y Zéi’)x Zéi)x(v) > —§Z32y Z31Z Zle 632 62(?)(17)

—Z32y 2312 Zy1 X 62(?) 032 (v);
ZS)y Zﬁ)x Z,1x(v) v— 0; where v € D;s®@Dy®D,
25y 230x 23 x(v) izn}’ Z312 Zy1x 353 031 (v);
25y 230x 23 x(v) %Z32}’ Z312 Zy1x 53 031 (v);
Z:g)y Zéi)x Zé‘i)x(v) - §Z323’ Z31Z ZnX 62(?)631 w);

5 2
Z:g)y Zg)x Z§1)x(17) = =223V 2312 21X az(?)am );
2 1 2 1
Zéz)y Z3y Zg)x(v) o Z3Y 2312 291X 62(1)632 ) + 5Z32Y 2312 231X 01 03 (v);

2 5 1 3
Z§z)y Z3y Z§1)X(V) = 5 Z32Y 2317 Zp1X 03 62(1)(17)

1 2 1 3
+ 55432y £312 21X 52(1)631 (v) + 20232V Z31Z2 Ly x 62(1)632 »);
© 2016, IJMA. All Rights Reserved

where v € D;5s®D;®D,

where v € D;s®@D; ®D,

where v € D;s®D; ®D,

where v € D;s®@D; ®D,

where v € D;s®Dy®D,
where v € D;s®Dy®D,
where v € D;s®Dy®D,
where v € D1, ®Dy®D,
where v € D1, ®Dy®D,

where v € D;,®D,®D,
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1
25y Z3y 739 x(v) %32y Z312 L x 62(‘1*)632 )
+iZ32y Z312 Z1X 035 0, )(17) 5 Z32y Z31Z 2y X a21 031 (v); where v € D;3®D;®D,

Z§§)y Z3y Z x(v) — —Z32y Z312 Z1X 03 6 (17) - —Z32y 2312 Zyx 521 031 (v);
Where v E D14 ®D2 ®D0

Z(Z)y Z32y Z(B)x(v) = —%2323’ 2312 Zy X 62(?632 (); where v € Dis®D; ®D,
23y 73,y 2 x(w) — _LZ323’ Z312 Zyyx 059 931 (v); where v € Dis®Dy®D,
Z3y Z(Z) (4)95(17) — ——Z32y 2312 Ly x a21 032 (v); where v € D;; ®Ds®D,

Z3y Z(Z) (S)x(v) i Z323’ Z31Z 2y X a21 03, (v) — ‘Z323’ Z312 Z1% 035 0 21)(17) where v € D, ®D,®D,
Z3,y 23y 23 x(v) — ——Z32y 7312 Zy1x 05703, (v) where v € D;;®D;®D,
23y Z(Z) (7)x(v) — = Z32y 2312 Zy1x a21 332 )

o0 75y Z31Z Zynx 0505, (v) — Z32Y 7312 Zy X 33 057 (V); where v € D1, ®D,®D,
Z3yZ3)y Z(S)X(V) — ——Z32y 2312 Z31X 03, O 21)(17)
Z32Y Z312 2y % 05031 (0) + - 2 Z32Y 2312 Zy1x 035 03, (v); where v € D5 ®D; ®D,
Z3,y 23y (9)x(v) — ——Z32y 7312 Zy1x 053 03, (v); where v € D1c®Dy®Dy
Z3,¥ Z32y Z3py(v) — 0; where v € D,®Dy®D,
Z3y Z312 22 x(v) §Z32y 7317 Z31X 01 (v); where v € Dyy®@Ds®D,

Z3yy Z3lzZ (3) x(v) — 0; wherev € D;;®D,®D;
17 7
79y 759 x Z(Z)x(v) = = 232Y 2317 231X 03, 057 (v) — 30232V £312 21 % 05y 93, (v);
where v € D;s®D;®D,
5 2 2
2y 27 x 2P x(v) — 5232y Z312 221X 03 057 (v) — 5232y L31Z2 Znx 35y 93, (v);
where v € D;s®D;®D,
1
2y 7P x 2P x(v) — —3232Y 2312 Z31% 03, 05y (V) — Z3py 7312 Zyy x 05 05, (v);
where v € D;s®D;®D,
Z(3)y Z(B)x Zy1x(v) ¥— 0; where v € D;c®Dy®D,

Z(3)y Z(7)x Z(Z)x(v) — %23231 Z312Z Zy1 X 62(?)631 v); where v € D;s®Dy®D,
Z(3)y Z(6)x Z(3)x(v) — %23231 Z312Z Zy1 X 62(?)631 v); where v € D;s®Dy®D,
Z(3)y Zﬁ)x Z(4)x(v) — §Z3zy Z312 Zy X 62(?631 w); where v € D1, ®D,®D,
Z(3)y me Z(S)x(v) — — §Z32y Z312 Zy1 X az(f)a31 ); where v € D;g®Dy®D,

Z(Z)y Z323’Z Prx@) — —%2323’ L3122y x 62(?632 () + 22323’ Z31Z Z31X 021 031 (v); where v € D1 ®Dy®D,
Z(Z)y Z3y Z(S)x(v) = iZ323’ 2312 21X 03, 0 z(f)(v)

% Z32y 2312 Zyx a21 031 (V) + 55 Z323’ 2312 Ly X a21 03, (v); where v € D;; ®D,®D,
z8y 23,y 23 x(v) — 5232}’ 7312 Zyx 057 332 (v)

+LZ32y Z312 Zy1x 035 057 (V) +5 Z32y Z31Z Zy1x 05031 (v); where v € D;3®D3®D,

Z§§)y Z3y Z x(v) — —Z32y Z312 Z1X 035 621 ) - Z32Y 2312 Zyx 521 031 (v);

420
Where v E D14®D2®D0

Z(Z)y Z3y Z(S)x(v) — —%2323/ Z31Z Zy1 X 62(;’)632 ); where v € D;5s®D;®D,
Z8y 23,y Z30x(w) — —£Z32y Z312 Zy1x 05903, (v); where v € Dic®Dy®D,
Z3yZ3)y 2(4)95(17) — —12323’ Z312 Zy1x 057 03, (v); where v € D;; ®Ds®D,
Z3y 23y 230 x(v) — = Z32y Z312 Zy1x 057 03, (v) — —232y Z312 Zy X 93, 053 (v); where v € Dy, ®D,®D;
Z3,y Z(Z) (6)x(v) — ——Z32y Z31Z Zy1 X 621 03, (v); where v € D;3®D;®D,
Z3yZ3)y Z(7)x(v) — = Z32y 7312 2y x 057 332 (v)
o0 75y Z31Z Zynx 0505, (v) — Z32Y 7312 Zy X 33 057 (V); where v € D1, ®D,®D,
Z3y 23y 23 x(v) — ——Z32y 2312 Z31X 03, O 21)(17)
——Z32y 7312 Zy; x 053031 (v) * o0 Z32Y £312 L X 05993, (v); where v € D5 ®D; ®D,
Z3,y Z(Z) Z(g)x(v) — ——Z32y Z312 Zy1 X 621)631(1;) where v € D;s®Dy®D,
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o Z3nyZnyZpyw) — (1)Z
2
* ZpyZluz Zz(1)x(17) = 2232 Z312 221X 0y );

o Z3pyZlzz Zzi x(v) — 0;

where v € D;®Dy®D,
where v € D;,®@Ds®D,

where v € D;; ®D,®D;

17 7
o Z(3)y Zé?)x Z(Z)x(v) = 5232y 2312 Zp1 X O3 62(‘1’)(17) 30432V 2312 201X az(?) 032 (v);

2 2

o Z(3)y Zﬁ)x Z(3)x(v) = =23y 2312 231X 03, 62(‘1’)(17) — 543y ZnZinx az(? 032 (v);
1

o Z(3)y Zﬁ‘i)x me(’]) = =223y Z312 21X 03, 62(‘1’)(17) —Z3Y 2312 Zy1x az(? 03, (v);

o Z(3)y Z(B)x Zy1x(v) — 0; where v € D;c®Dy®D,

. (3)y Z(7)x Z(Z)x(v) — %23231 Z31Z Zy1 X 62(?)631 (v);
. Z(3)y Zé?)x Z(3)x(v) — %Zny Z31Z Zy1x 62(?631 v);
. Z(3)y Z(S) Z(4)x(v) — §Z32y Z31Z Zy1 X 62(?)631 (v);

. Z(3)y Zé‘i)x Z(S)x(v) — —§Z3zy Z31Z Zy1x 62(?631 v);

i 1
o 23y Z3uy Z5Pxw) — —5Z32Y 2312 21X 05793, (v) + 2232y 2312 Z1% 031 03, (v);

o Z3yZyy Z(S)X(V) — LZ32y 2312 Z31X 03, 0 z(f)(v)
% Z32y 2312 Zyx a21 031 (V) + 55 Z323’ 2312 Ly x a21 93, (v);
* (Z)Y Z3y Z(6)x(v) = 52323’ Z312 2y x a21 a32 )
o5 (v) t5 Z32y Z312 Zy1x 857 03, (v);
° (Z)Y Z3y Z x(v) = LZ323’ 2312 Z1% 03, 0 21)(17)

1
+—Z32y Z312 Z1X 035 0,

~ 20 Z32y 2312 ZnX a21 031 (v);
o 29y Z3y 2P x W) —%2323/ Z312 Zy1x 059 03, (v);

1
° Zg)y Z3y Z(g)x(v) o o lyy InZinX 62(‘1’)631(17)-

o ZnyZPyZixw) — ——Z32y Z312 Zy1x 057 03, (v);
o ZuyZIPyZZxw) o - Z32y Z312 Zyyx 053 93, (v) — —Z32y Z312 Zyyx 035 057 (0);
o ZyuyZIRyZPxw) — ——Z32y Z312 Zy1x 05703, (v); where v € Di3®@D;®D,
o ZnyZyy (7)x(v) — = Z32y 7312 Zyx 05y 332 ()
0 Z32y Z312 Zyx a21 031 (v) — - Z32y 2312 Z1X 03, 521 );
o ZnyZyy (S)X(V) — ——Z32y 2312 Zp1X 03, O 21)(17)

Z32Y 2312 Zyx 521 031 (v) +

o Z3yZpny Z323’(17) — ?,
2
o Z3pyZlzz Zz(1)x(17) = 223y 2312 221X 01 (v);

o Z32Y Z31Z Zn X 621 03, (v);

o Z3yyZuz 25 x(®) = 0;

o Z3yyZ3z 25 x() = 0;

o Z3yyZ3z 25 x(®) — 0;

* ZpyZluz Zz(?x(v) - 172323’ L3122y x 62(?) );

* (Z)Y Z312 Z x(v) - 1;Z323’ Z312 Z31X 03, (v);

° (Z)Y Z312 Z(3)x(v) - —%2323’ Z31z Zy1x 03 (v) + %2323’ Z312 Z31X 021 031 (v);
o 20y 2322x(w) — 11_5232}’ Z312 Zp1 X 031 031 (V);

o 23y 232 2x(v) — 1—Z32y Z312 Zyx 05 031 (v);

o Z(Z)y 2312 Z(6)x(v) —Z32y 2312 Zy1x 521 031 (v) —

105 105

. Zgz)y Z3lzZ 7 x(v) — 0;
Z(Z)y Z3lzZ Ox(v) — 0;

o 73y Z3y Z31z (v) — 0;
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where v € D;s®D;®D,

where v € D;s®D;®D,

where v € D;s®D;®D,

where v € Dig®@Dy®D,
where v € D;s®Dy®D,
where v € D1 ®Dy®D,
where v € D1, ®Dy®D,
where v € D1 ®Dy®D,

Where v E Dlz ®D4®D0

Where v E D13 ®D3®D0

where v € D1, ®D,®D,
where v € D;s®D; ®D,
where v € D;s®Dy®D,
where v € D;; ®Ds®D,

Where v E Dlz ®D4®D0

Where v E D14 ®D2®D0

where v € Dis®D; ®D,
where v € D;®Dy®D,
where v € D;,®Ds®D,

where v € D;;®D,®D;
where v € D;3®D,®D;
where v € D, ®D; ®D;
where v € Dis®@Dy®D;

where v € D;y®@Dc®D,
where v € D;1®Ds®D,
where v € D, ®D,®D,
where v € D;3®D3®D,

Z32Y 2312 Zy1x 621 03, (v);

Where v E D14®D2®D0
where v € D;s®@D,®D;

Where v E D16®D0®D0
where v € Dg®Dg®D,
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A gain we can show that o; which defined above satisfies the condition (3.3), and here we chose one of them as an
example.

(633A2 + 0263332) (Z(Z)y Z(3)221x(v)) where v € D;; ®D, ® D,
= 0'2 (Zél)x Zle 6(2)(17)) + 02 (Zz(l X 221x 632631 (v))
+02 (221 xZZl X 631 x(v)) 0_2 (4‘ Z3(§)y Z(4)x (v)) + 0_2( Z(Z) (3)x621)
1 1
=3 23y Zz(?x a2(5)632 (V) + 2233y 7312 621)(17) + 3 Z3y Zz1 X 021031 (V) — Z33y Z312 az(i’)(v)
1 1
=3 Z3y Zz(?x 62(?632 (V) + 233y 7312 az(f)(v) + 3 23y Zézl)x 041032 (v).
And
1 (2)
(5A3A2 + 025/4332) (;2323’ Z312 Z1X 0y (U)>

1 1
=- <3 Zy X Zyx ag) 6(2)(17)> += 3 Z3 yZz1 x 03, 6(2)(17)

—03 ( Z32Y Z3y 62(? 6(2)(17)) +Z3y 23z 62(1) ()

1
=2 Z3y Z31x 03 057 (0) + Z3p y 2312 05 (0)

i 1
=3 Z3Yy Z§0x 05705, (0) + Z3p y Z31z 05, (v) + 3 £32Y Z§0x 03,05, (v) .

So from all we have done above we the complex.
03 a a
0 > Az —> Ay — A — 4, (3.4)

Where 0; defied as follows:
e 0 (221x(v)) = 05 (v)
e 0 (Z323’(17)) = a32 ()

* a (Z32 yzZl XV) ZZl xazl 632 (V) + ZZl Xa?:l(v) Z32 yaZl (V)
0,(Zey Y2y ) = 22, Y05y 0 (V) + Zyy XOD (V) — 2o, y 02 (v) Tinally, We defined the map O, by :

o 0,(ZyYZy1 Z21 XV) = Z, Y 28 X84, (V) + Zs, Y Z4, 78, (V) Proposition (3.4).

a ] ]
The complex 0 — A; = A, = Ay = Ay = k763 Is exact
Prove: see [2] and [3]
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