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ABSTRACT

Let M be a right R-module. A right R-module N is called nonsingular principally M -injective (briefly,
nonsingular PM -injective) if, for each me M\ z(M),any R -homomorphism from mRto N can be extended to an

R -homomorphism from M to N. M is called nonsingular principally quasi —injective (briefly, nonsingular PQ -

injective) if, it is nonsingular PM -injective. In this paper, we give some characterizations and properties of
nonsingular PQ -injective modules.
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1. INTRODUCTION

Let R be aring. A right R -module M is called principally injective (or P —injective), if every R-—
homomorphism from a principal right ideal of R toM can be extended to an R -homomorphism from R to M.
Equivalently, |,,r;(a)=Ma forall a€R where | and rare left and right annihilators, respectively. This notion

was introduced by Camillo [2] for commutative rings. In [8], Nicholson and Yousif studied the structure of principally
injective rings and gave some applications. Nicholson, Park, and Yousif [9] extended this notion of principally injective

rings to the one for modules. In [5], W. Junchao introduced the definition of JCp -injective rings, a ring R is called
right JCp -injective if for each @€ R\Z_, any R -homomorphism from aR to R can be extended to an R -

homomorphism from R to R. Aright R -module M is called almost mininjective [11] if, for any simple right ideal
KR of R, there exists an S-submodule X, of M such that I, (r.(m))=Mk® X, as left S-modules. A ring

R is called right almost mininjective if Ry is almost mininjective. In this note we introduce the definition of

nonsingular PQ -injective modules and give some characterizations and properties.

Throughout this paper, R will be an associative ring with identity and all modules are unitary right R —modules. For
right R —modules M and N, Homg (M, N) denotes the set of all R —homomorphisms from M to N and

S=End; (M) denotes the endomorphism ring of M. If X isasubset of M the right (resp. left) annihilator of X

in R (resp. S) is denoted by I (X) (resp. I(X)). By notation Nc®M (N c°® M) we mean that N is a
direct summand (an essential submodule) of M. We denote the singular submodule of M by Z(M).

2. NONSINGULAR PM -INJECTIVE MODULES

Recall that a submodule K of a right R —module M is essential (or large) in M if, every nonzero submodule L of
M, we have KL #0. Anelement me M is called singular if r,(m)c® R. M is called nonsingular if it
contains no nontrivial singular element.
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Definition 2.1: Let M be aright R -module. A right R -module N is called nonsingular principally M -injective
(briefly, nonsingular PM -injective) if, for each me M\ Z(M),any R -homomorphism from mR to Ncan be

extended to an R -homomorphism from M to N.

Lemma 2.2: Let Mand N be right R —modules. Then N is nonsingular PM -injective if and only if for each
me M\ Z(M),

Hom, (M,N)m = I ry(m).
Proof: Clearly, Hom, (M, N)m < I ry(m).

Let X € I Iy (M). Define @: MR — xR by @(mr) =xr forevery r € R. Since r, (M) cr;(X), ¢ is well-
defined. It is clear that ¢ is an R —homomorphism. Since Nis nonsingular PM -injective, there exists an

R —homomorphism (Ap: M — N such that (Aptl =1,p, where 1, :MR — M and 1, : XR — N are the inclusion

maps. Hence X = (M) = (Ap(m) e Hom, (M, N)m.

Conversely, let me M\Z(M), and @:mR — N be an R —homomorphism. Then @(m) € I r;(m) so by

assumption, we have (p(m):(f)(m) for some (Ape Homg (M, N). This shows that N is nonsingular PM -
injective.

F F
Example 2.3: Let R = (0 Fj where F is a field.
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Then there exists X,, X, € F such that o = .
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It follows that X, =0.

PN ~((0 a 0 ax,
Define ao:M — N by o = forevery a,beF.
0 b 0 0

It is clear that o is an R —homomorphism and

~((0 1)) ~((0 1))(1 0) (0 x,\(1 0) (0 x,) __ ~ _
a =qQ = = . This shows that o is an extension of .
00 0 0))l0 1 0 0)l0 1 0 O

Then N is nonsingular PM -injective.

Lemma 2.4:
(1) N is nonsingular PM -injective if and only if N is nonsingular PX -injective for any submodule X of M.

20 @, N, isnonsingular PM -injective if and only if N, is nonsingular PM - injective for all i.

3) If me M\ Z(M) and mR is nonsingular PM -injective, then mR —® M.

Proof:
(1) The sufficiency is trivial. For the necessity, let X € X\ Z(X),and ¢ :XR — N be an R —homomorphism.

Since X e M\ Z(M), there exists an R —homomorphism (Ap: M — N such that (p:(’[\)tztl where

1, :XR = X and 1, : X — M are the inclusion maps. Then @t, extends ¢.

n

(2) The necessity is trivial. For the sufficiency, let meM\Z(M), and ¢@:mMR — & N, be an
R —homomorphism. Then for each 1, there exists R —homomorphisms @, : M — N, such that ¢,1 =7,
where 7, i@, N, > N, is the projection map, and 1:MR — M s the inclusion map. Put
P=10,+...+1,0,:M > @ N,. Thenitisclearthat ¢ extends ©.

(3) Since MR is nonsingular PM -injective, there exists an R —homomorphism ¢ : M — mR such that
e1=1 - where 1:mMR — M is the inclusion map. Then by[1, Lemma5.1], t is a split monomorphism,

therefore MR <=® M.

Theorem 2.5: The following conditions are equivalent for a projective module M.
(1) Every me M\ Z(M), mR is projective.

(2) Every factor module of a nonsingular PM -injective module is nonsingular PM - injective.
(3) Every factor module of an injective R —module is nonsingular PM -injective.

Proof:
M) =(2: Let N be anonsingular PM -injective module, X a submodule of N, me M\Z(M), and

@:MR — N/ X bean R —homomorphism. Then by (1), there exists an R —homomorphism ¢:mR — N such
that @=m¢ where 1:N— N/X is the natural R —epimorphism. Since N is nonsingular PM -injective,

there exists an R —homomorphism B: M — N which is an extension of ¢ to M. Then n is an extension of ¢
to M.
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(2) = (3): isclear.

B)=@1: Lt meM\Z(M),h:A—>Ban R —epimorphism, and let o:mMR—>B be an
R —homomorphism. Embed Ain an injective module E [1, 18.6]. Let o:B—> A/Ker(h) be an
R —isomorphism. Since E/Ker(h) is nonsingular PM -injective, there exists an R —homomorphism

a:M— E/Ker(h) such that yoo = &12 where 1, :A/Ker(h) —> E/Ker(h) and 1, :mR — M are the
inclusion maps. Since M is projective, o can be lifted to B:M—>E. Let XxXemR. Then

ca(x)=a+Ker(h)for some acA, so B(x)+Ker(h)=np(x)= &(X) =oco(Xx) =a+Ker(h) where
n:E — E/Ker(h) is the natural R —epimorphism. Hence PB(X)—a e Ker(h) A so B(X) € A. This shows
that B(MR) < A. Therefore we have lifted a.

3. NONSINGULAR PQ -INJECTIVE MODULES

A right R -module M is called nonsingular principally quasi —injective (briefly, nonsingular PQ -injective) if, it is
nonsingular PM -injective.

Lemma 3.1: Let M be aright R —module and S=End, (M). Then the following conditions are equivalent.
(1) M is nonsingular PQ -injective.

2 lyrz(m)=Sm foreach me M\Z(M).

() ry(m)cry(n), where m,neM with me M\Z(M), implies that Sn < Sm.

@ I, (rz(m)naR)=1,(a)+Sm forall aeRand me Mwith maeM\Z(M).

(5) If a:mMR — M isan R —homomorphism, me M\ Z(M), then o(m) e Sm.

Proof:
@ < (2 : by Lemma 2.2

2= @): If rg(m)cry(n), where mneM with meM\Z(M), then 1,r,(n) <1, r;(mM). Then
Snc 1,1y (n) cly,rz (M) =Sm by (2).

(B)=(4): LetacR and me M with ma e M\Z(M) and let X €1, (rz (M) NaR). Then r_(ma) . (xa),
and hence by (3), SxacSma. Thus xa=@(ma), @eSand so (x—@(m))el,(a). It follows that
X € l,,(a)+Sm. The other hand is clear.

(4)=(@®): put a=1; in 4), then oa(m)el,r;(m)=I;(rr(m)N1IR) =1,,(1;) +Sm = Sm because
mle M\ Z(M).

B)=@): Let meM with me M\ Z(M) and let @:MmR — M be an R —homomorphism. Then by (5),
@(m) € Sm so there exists an R —homomorphism ¢ € S s an extension of ¢ to M.

Theorem 3.2: Let M be a nonsingular PQ -injective module and m,n € M with m e M\ Z(M).
(1) If MR embeds into NR, then Sm is an image of Sn.

(2) If nR isanimage of MR, then Sn can be embedded into Sm.

) If MR =nR, then Sm =3Sn.

Proof:
(1) Let o:mMR —>nR be an R —monomorphism and let 1, :MR —M and 1,:NR — M be the

inclusion maps. Since M is nonsingular PQ -injective, there exists an R —homomorphism :M M
such that gnl =1,0. Let @:Sn —Sm defined by (p(a(n)):(xé(m) for every o €S. Since

o(a(n)) = a(a(m)) =a(o(m)) e a(nR), ¢ iswell-defined.It is clear that ¢ isan S -homomorphism.
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Since o is monic, ry(o(m))crys(m) and o(m)e M\Z(M) and hence by Lemma 3.1,
Sm c So(m). Then m € So(m) < ¢(Sn).

(2) By the same notations as in (1), let o :MR — nNR be an R —epimorphism. Write o(ms) =n, seR.
Since M is nonsingular PQ -injective, & can be extended to &:M —> M such that 811 =1,0. Define

@:Sn —>Sm by ¢(a(n)) = OL&(mS) forevery ao€S. Itisclear that ¢ isan S—homomorphism. If

a(n) € Ker(o) , then 0 =o(a(n)) = occAs(mS) = a(n). This shows that ¢ isan S—monomorphism.
(3) Follows from (1) and (2).

Recall that a right R -module M is called C2 [6] if, every submodule of M that is isomorphic to a direct
summand of M is itself a direct summand of M. M s called C3 if, whenever N and K are direct summands
of M with NN K =0 then N@® K also adirect summand of M.

Theorem 3.3: Let M =mR be a principle, nonsingular PQ -injective module.
@) If X=e(mR),e*=eecS and e(m) e M\ Z(M), then X = g(mR), forsomeg” =g S.
@) If e(mR)Nf(MR)=0,e*’=eeS, f?=feS and f(M)eM\Z(M), then e(M)@f(M)=g(M),

forsome g°=geS.

Proof:
(1) Let o:e(mR)— X be an R —isomorphism. Write ge(m) = X where X € X so xR = X. We must show

that XR =g(mR), for some g*=geS. Then by Lemma 2.3, we have ¢mR) is nonsingular PM -

injective and hence XR is also nonsingular PM -injective. Since ce(m)e M\Z(M), xR c® mR

Lemma 2.4.
(2) Let e(mMR)Nf(MR)=0,e*=ecS, f2=feS and f(m)e M\ Z(M). Then

e(mR)@f(mR)=e(mMR)® (1-e)f (MR). If (1—e)f(mR) =0, then e(MR) ®f(MR) is a direct
summand of M. If (1-e)f(mR) =0, then (1-e)f(mR)=f(mR), and hence (1-e)f(mR) =g(mR) for
some g2=geS by (1). Let h=e+g—ge, then h* =h and e(M)®f(M) = h(M).

Lemma 3.4: Let M be a nonsingular PQ -injective module and S = End, (M). If o € Swith (M) = M\ Z(M),
then I (Ker(a) mmR) =I;(m) +Sa..

Proof: Clearly, I (m)+Sacls(Ker(a)nmR). Let Bel(Ker(a)nmR).Then r (a(m))cry(B(m)), so
[z (B(M)) < I, 15 (a(m)). Since a(m)e M\Z(M), SB(m) < I,,r; (B(M)) < I,,1; ((m)) =Sa(m) by Lemma
3.1, so B(mM) =sa(m) for some s €S. It follows that (B —sa) € Is(m), and hence B € Ig(m) +Sa.

Following [8], a right R -module M s called a principal self-generator, if every element m € M has the form
m=y(m,) for some y:M — mR. If UR #0 is uniform, we call U a uniform element of M. We call a right R -

module M is a duo module if every submodule of M is fully invariant.

Theorem 3.5: Let M be a principal module which is a principal self-generator. Then the following conditions are
equivalent.

(1) M isnonsingular PQ -injective.

) li(Ker(@)mmR)=I;(m)+Sa forall meM and o €S witha(M)e M\Z(M).

() Is(Ker(a))=Sa forall a €S with a(M)e M\Z(M).

4) Ker(a) < Ker(), where a,,f €S with a(m) e M\Z(M), implies that Sp < Sa.

Proof:

@ = (2 : by Lemma 3.4.

(2) = @) :1f M=m,R, take m=m, in (2).
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(3) = (4) : Ker(a) c Ker(B), then I (Ker(B)) < Is(Ker(a)). It follows that
SP c I (Ker(B)) < Is(Ker(a)) =So.
@D =@0:Let meM\Z(M), o:mR — M bean R —homomorphism.

Since M is a principal self-generator, there exists B €S such that B(m;)=m, so Ker(B)c Ker(op) and
B(M) = M\ Z(M). Then by (4), SeB <SP hence ¢p =g for some (Ape S. This shows that (Ap is an extension of
0.

Theorem 3.6: Let M be a duo, nonsingular PQ -injective module. If U a uniform element of M with
ueM\Z(M),then M, :{q eS| Ker(a) NUuR # 0} is a unique maximal left ideal of S containing I¢(u).

Proof: Since UR is uniform, M, is a left ideal of S. It is clear that I,(u)c M, #S. Let X be a left ideal of
Scontaining Ig(u) and X#S. If aeX-M, then Ker(a)nuR=0. Since M is a duo module,
a(u)R c M\ Z(M) and by Lemma 3.4 we have S=I;(Ker(a) nuR)=1s(u)+Sa < X a contradiction. Thus
XcM,.

Definition 3.7: Let M be aright R -module, S=End,(M). The module M is called almost nonsingular PQ -
injective if, for each m e M\ Z(M), there exists an S-submodule X of M such that I ,(r;(m))=Sm®X_ as
left S -modules.

Theorem 3.8: Let M be aright R -module, S=End, (M) and me M\Z(M).

(1) If Homy(MR,M) = S@®Y asleft S-modules, then |, (ry(mM)) =Sm® X as left S - modules,
where X ={f(m):f eY}.

@ If l,(r;(m)) = Sm@X forsome X <M asleft S-modules, then we have
Hom, (mMR,M)=S@Y asleft S-modules, where Y ={f € Hom, (mR,M):f(m) e X}.

(3) Sm is adirect summand of |, (r, (m)) as left S-modulesifand only if S isa direct summand of
Hom, (MR, M) as left S - modules.

Proof: Define 0:Hom, (mR,M) — I, (r, (m)) by 6(f) =f(m) forevery f eHomg,(mR,M). Itis obvious that
0 is an S-monomorphism. For X € l,(r;(m)), define g:mR — M by g(mr)=xr for every reR. Since
r.(m) c ro(x), 9 is well-defined, so it is clear that g is an R -homomorphism. Then 6(g) = g(m) = X. Therefore
0 is an S-isomorphism. Let a(m) € Sm. Since a(m) €l,,(r;(M)), there exists ¢ € Hom, (MR, M) such

that B() = a.(m), so (M) = o(m). Define ¢:M —M by @(x) =a(x) forevery X € M. Itis clear that (I) is

an R -homomorphism and is an extension of @. Then a(m)= (Ap(m) = 9((Ap).This shows that Sm c 6(S). The
other inclusion is clear. Then 0(S) =Smand X =6(Y) = {f(m):f € Y}. Then the Lemma follows.

Theorem 3.9: The following conditions are equivalent:
(1) M is almost nonsingular PQ -injective.

(2) There exists an indexed set {Xm ‘me M} of S-submodules of M with the property that if mR = M\ Z(M),
m e M, then |, (r;(m) naR) = (X, :a),+Sm and (X _, :a),nSmcl,(a) forall aeR,
where (X, :a),={neM:naeX,} if ma=0and (X, :a), =I,(aR) if ma=0.
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Proof:
(1) = (2) Let meM\Z(M). Then there exists an S -submodule X, of M suchthat I, (r,(m))=Sm@® X as

left S-modules. Let a € R. If ma =0, then aR cr,(m) so (2) follows. If ma # 0, thenany xel,,(r,(m) naR)
we have I;(ma) c ry(xa) and so xael,, (1, (xa)) <, (r, (ma)) =Sma® X because mae M\Z(M). Write
Xa=a(ma)+y where oS and ye X, ,. Then (x—a(m))a=yeX,,, 0 x—a(m)e(X,,:a), Itfollows
that X € (X, :a), +Sm.

This shows that 1, (r,(m)naR)c (X,,:a),+Sm. Conversely, it is clear that Smcl,(r;(m)NaR). Let
ye(X,,:a),. Then yae X . <l (r;(ma)).If aser,(m)naR, then mas=0and so Yyas=0. Hence

y €|, (1, (M) NaR). This shows that (X . :a), < I,,(r,(m) naR). Therefore |, (ry(m)naR)= (X :a),+Sm. If
B(m) e (X,, :a), "Sm, then B(m)a e X, nSma=0. Hence B(m) l,,(a).

D=@0 Let meM\Z(M). Then there exists an S-submodule X _ of M such that

Iy (rr (M) =1, (rr(M) NR) =(X,:1),+Sm and (X, :1),nSmcl,, (1) =0. Note that (X _:1),=X, . Then (1)
follows.
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