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ABSTRACT

In this paper, we have generalize and prove common fixed point results for mapping satisfying a general contractive
condition in complete b- metric spaces. Our results are generalizations of results in [12].
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1. INTRODUCTION

Fixed point is a beautiful mixture of Analysis, Topology and Geometry. For the last 50 years, fixed point theory has
been revealed itself as a very powerful and important tool in the study of nonlinear phenomena. In particular, fixed
point techniques have been applied in diverse fields such as in Biology, Chemistry, and Economics, Engineering, Game
theory and Physics. Fixed point theory is rapidly moving into the mainstream of Mathematics mainly because of its
applications in diverse fields which include numerical methods like Newton-Raphson method, establishing Picard’s
existence theorem, existence of solution of integral equations and a system of linear equations.

Fixed points are the points which remain invariant under a map/transformation. Fixed points tell us which parts of the
space are pinned in plane, not moved, by the transformation. The fixed points of a transformation restrict the motion of
the space under some restrictions. Pivotal results of functional Analysis.

In 1922, S. Banach The first important and significant result was proved a fixed point theorem for contraction
mappings in complete metric space and also called it Banach fixed point theorem / Banach contraction principle which
is considered as the mile stone in fixed point theory. This theorem states that, A mapping T: X — X where (X,d) isa
metric space, is said to be a contraction if there exists k € [0,1) such that

d(Tx,Ty) < kd(x,y) forall x,y € X. (1.1)

If the metric space (X, d) is complete the mapping satisfying (1.1) has a unique fixe point.

i.e every contraction map on a complete metric space has fixed point. Inequality (1.1) implies continuity of T. This
theorem is very popular and effective tool in solving existence problems in many branches of mathematical analysis
and engineering. There are a lot of generalizations of this principle has been obtained in several directions.

In 1989, Backhtin[1] introduced the concept of b- metric space. In 1993, Czerwik [2] extended the results of b-metric
spaces that generalized the famous Banach contraction principle in metric space. Using this idea researcher presented
generalization of the renowned Banach fixed point theorem in the b-metric space. Akkoochi, M. [4] Boriceanu[6],
Mehmetkir et al. [7],Olatinwo, et al. [8], Pacurar [9] extended the fixed point theorem in b-metric space. A b- metric
space was also called a metric type spaces in [10]. The fixed point theory in metric type spaces was investigated in [10]
and [11].Recently, Pankaj et al. [14] gave some results related fixed point theorem in b-metric spaces. They have
shown the extension theorem given by Reich [15], and Hardy and Rogers [16] to the b- metric spaces. In sequel, A.K.
Dubey et al. [12] obtained unique fixed point results in b- metric spaces, which is generalized results of [7].
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In this paper, we extend common fixed point theorems for these mappings in b- metric spaces. Our results are
generalization of results of [12].

2. PRELIMINARIES
In this section, at first, we recall some definitions and properties of their in b- metric spaces:

Definition 2, 1([(1] & [5]): Let X be a non empty set and s > 1 be a given real number. A function d: X x X — R, is
called a b- metric provided that, for all x,y,z € X,

1. d(x,y) = 0iff x =y,

2. d(x,y) = dy,x),

3. d(x,2z) < s[d(x,y) +d(y,z)] .Then

A pair (X, d) is called a b-metric space. It is clear that definition of b-metric space is a extension of usual metric space.

Example 2.2 (see [6]): The spacel, (0 <P < 1),
L, ={(x,)c R: X0 |x, [P < o0}, together with the functiond: [, X [, - R,
1

d(x,vy)=Co_11x, — v |P)r, wherex = x,,,y =y, € L,, is a b-metric space. By an elementary calculation
We obtain that
1
14

d(x,z) < 2r[d(x,y) +d(y,2)].

Example 2.3 (see [6]): Let X = {0,1,2} and d(2,0) = d(0,2) =m = 2,
d(0,1) =d(1,2) =d(1,0) =d(2,1) =1and d(0,0) = d(1,1) = d(2,1) = 0.Then
d(x,y) < %[d(x, z) +d(z,y)] forall x,y,z € X. If m > 2 then the triangle inequality does not hold.

Example 2.4 (see [6]): The [, [0, 1] where (0 < p < 1) of all real functionsx(t), t € [0,1] such that follx(t)lp dt < oo,

is a b- metric space if we take
1

d(x,y) =(f, 1x(t) — y(©)|Pdt)", for each x,y € L,[0,1].

Definition 2.5[6]:

(i) Let (X,d)be a b-metric space. Then a sequence {x, } in X is called a Cauchy sequence if and only if for all ¢ > 0
there exists n(e) € N such that for each n,m = n(e) we have d(x,, x,,) < €.

(ii) Let (X,d)be a b-metric space. Then a sequence {x, } in X is called a Convergent sequence if and only if there
exists x € Xsuch that for all there exists n(e) € N such that for all n,> n(e)we have d(x,,x) < e.In this case
lim,, 4 X, = x.

(iii) The b-metric space is complete if every Cauchy sequence convergent.

Definition 2.5[17]: Let Ebe a non empty set and T: E — E as self map. We say that x € E is a fixed point of T if
T(x) = x and denote by FT or Fix (T) the set of all fixed points of T.

Let Ebe a non empty set and T: E — E as self map. For any given x € E we define T"(x) inductively by T°(x) = x
and T"*1(x) = T(T™(x) ), we recall T"(x), the n‘"iterative of x under T. For any x, € X, the sequence{x, },,soc X
given by

X, =Tx,_1 =T"xy, N=1, 2......... is called the sequence of successive approximations with the initial value
Xp. It is also known as the Picard iteration starting at x;.

3. MAIN RESULTS

In this section, we shall prove common fixed point results for pair of mappings in b- metric spaces. The following
theorems are extends and improve the theorem 1 & 2 from [12].

Theorem 3.1: Let (X,d)be a complete b-metric space with s > 1and Ty, T,: X — Xbe a self mappings satisfies the
conditions

d(Tyx, T2y) < a1d(x,y) +apd(x, Tyx) + azd(y, Toy) +a,[d(y, Tyx) + d(x, T, y)] (3.1)
Wherea; + 2a,s + a3 + 2a,s < 1, for allx,y € X.then T} and T, have a unique common fixed point.

Proof: Let x, € X and define sequence {x, } in X such that
Xon = TiXon—1 = T12™x0im = 1,2, s v e (3.2)
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Similarly, we can have

— _ 2n+1
Xone1 = Txon = T

Xoonm=12, ...

Now, we show that {x, } is Cauchy sequence. Let x = x5, and y = x5, in (3.1), we have
d(X2n, X2n41) = A(T1xzn -1, T2 X20)

< a1d(x2n—1, X25) + apd(Xpn—1, T1 X2 1) + a3d (X2n, ToX2y)
+ay[d(xyp, TiXon-1) + d(X2n_1, T2X20)]
< a1d(x2p-1, X20) + apd(Xon_1, X2n) + a3d (X210, X2n41)
+a4 [d(xZn' x2n) + d(xZn—l'x2n+1)]
< a1d(Xgp-1, X2p) + 5A2[d(X2n—1, X2n) + A(Xon, X2n41)] + a3d (X2n, X201 41)
+5a,[d(x2n_1, X2n) + d(X2n, X2n11)]

Ad(Xzn, Xon41) < (a1 +5a; +5a4) d(Xg_1, X20) +(5A; + a3 + 5a4)d (X0, X2141)

Implies that (1-sa, — az — sag)d (X2, Xan41) < (a4 + say; + say) d(Xyn_1, X2,)

(a1+ saz+say)
< 417 5A27a4)
So d(xZn'x2n+1) = (1-saz—az—saq) d(xZn—l'xZn)
+saz+
Where L = (@1t se2+5a4)

(1-sap—a3z—say)
So d(Xzn, Xon41) < L d(x2n_1,%2,)

Similarly, we obtain
(a; + sa, +say)

d(x , X < d(xy,,x
( 2n+1 2n+2) (1 — sa, — az —sa4) ( 2n 2n+1)

d(X2p41, X2n12) < L d(xgp, Xo041)

(a1+saz+saq)

Where L = T EPE— <1,as(a; + 2sa, + 2sa, <1

a; +say +sa, <1—5sa, —az —say

d(x2n'x2n+1) <L d(xZn—l'xZn)
< L? d(Xzn-2, X2n-1)

Continue this process, we get
d Xz, Xon41) < L d (%0, %1)

Let m,n > 0 withm > n,

d(an, Xam) < $A(Xon, Xan41) + 52d(Kgni1, Xona2) + 53 d(Kgng2) Xapa3) Fooevnnnann
S SLPd(xq, x0) < SPLE N (3, x0) Feve e, sPmInt2m=lq(x,, x,)
< S (xy, %) [1+(5K) + (SK)? F o oo o e es e+ (5K) 2P

1—(sk 2n—-2m+1
< sLPd(x1, x0)[ (sl)_—sk

When we take m,n — oo. Then lim,,_,,, d(x5,, X2,,) = 0.Thus{x,,} is a Cauchy sequence in X.

(3.3)

(3.4)

(3.5)

(3.6)

Since X is complete, there exist some u € X such that x,, —» u as n —» c.Assum not, then there exist z € X such that

dlu,Tiu)=z> 0

So by using triangular inequality and (3.1), we get
z=d(u,Tju)

< s[d(u, xan41) + d(x2n41, T1U)]

< sd(d(w, x2n41) + sd(Tyx2,, Tiw)

< sd(u, Xop41) + sa;d(xg,, w) + sa, d(xy,, Toxz,) + sazd(u, Tiu)
+say[d(u, TpXzn) + d(%z0, Tiw)]

< sd(W, X2p41) + 5a1d (X0, W) + 5a3 d(Xgn, Xon11) + sazd(u, Tiw)
+sayd(u, Tyxyy) + say d(xy, Tiut)

< sd(U, Xpp41) + Sad (X, w) + s2ay d(xpn, u) + s2ayd (U, Xpn11) + Sazd(u, Tyw)
+sayd(u, Xon11) + s%ay [d(xmu) + d(w, Tiw)]

=>(1 — saz — s?a,)d(u, Tyu) < (s + s?ay + sa,)d(xy, 41, WH(sa; + s%a; + s2ay)d(x, u)
© 2017, IIMA. All Rights Reserved
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(s+szaz+sa4) (sa1+52a2+sza4)

=> d(u,Tiu) < d(¥zn41,U) + d(xzn,u) (3.8)

(1-saz—s?ay) (1-saz—s?ay)

Taking the limit of (3.8) asn — oo, we get that z = d(u, Tyu) < 0, a contradiction with (3.7).

So, z = 0. Hence u = Tyu. Similarly, it can easily be proved that u = T,u.Therefore, u is common fixed point of T;
and T,.

Now, to prove the uniqueness of common fixed point.

Let u* be another common fixed pointof T; and T, i.e. u* = Tyu* = T,u”. Then
d(u,u*) =d(Tyu, T,u")
< ad(u,u*) + a,d(u, Tiu) + azd(u”, Tou*) + a,[d(w*, Tyw) + d(u, T,u*)]
< ad(u,u*) + ad(u,w) + azd(u”, u”) + au[d(w*, w) + d(u, u")]
< ad(u,u*) + ay[d(u”, u) + d(u, u)]
< (a1 + 2a4)d(u, u*), which is a contradiction, so that u = u*.

This completes the proof.

Theorem 3.2: Let (X,d)be a complete b-metric space with s > 1land Ty, T,: X — Xbe a self mappings satisfies the
conditions

d(Tyx, T,y) < a1d(x,y) +a,[d(x, Ty x) + d(y, T,y)] (3.9
Wherea,, a, € [0, %) for allx,y € X.then T; and T, have a unique common fixed point.

Proof: Let x, € X and define sequence {x, } in X such that
Xon = TiXon_1 = T x;n =12, . ... ... (3.10)

Similarly, we can have

— _ 2n+1
Xone1 = DXon = T

Xo;n =12, ... (3.11)
Now, we show that {x, } is Cauchy sequence. Let x = x,,_; and y = x5, in (3.1), we have
d(xan, X2n+1) = d(T1X25-1, ToX2,)
< a1 d(xan-1,%20) + A2[d(X2n -1, T1X2n 1) + d (2, ToX2n) ]

< ayd(Xon—1,X2) + Az [d(X2n—1, X2) + d (X2, X290 41) ]
< (aq + ap) d(xgn_1,%2) + Ay d(X2p, X290 41)

=> (1 —ay) d(x2p, X2p41) < (aq + az) d(xzn-1,X2,)

So  d(xznXpp41) < % d(x2n-1,X20)
Where | = {1292
(1=az)
So  d(xan Xan41) < Ld(xzn_1,%2,) (3.12)
Similarly, we obtain
(a; + a;)
d(Xn+1,X2n4+2) < A=a) d (X2, Xan+1)
d(x2n 11, Xont2) < L d(xn, X2n41) (3.13)
Where L =129 < 1 a5 (g, + 2a, < 1
(1=az)
a; +a; <1—ay,
(a; + a;) <1
(1—-ay)

d(xZn'x2n+1) <L d(xZn—l'xZn)
< L? d(X2n—2) X2n—1)

Continue this process, we get
d(XZn' x2n+1) < LGd(xO, xl) (314)
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Letm,n > 0 withm > n,
d(Xzn, Xom) < S[A(X2n, X2n41) + Zd(x2n+1'x2m)] ;
<8d(Xon, Xon41) + 5°d(Xon41, Xon42) + 5°d(Xon 42, X2n43)

o +Szmd(xZn+2m_1,me)
S SLPd(xq, x0)+< SPLP N (20, %0) Feveneeeiiinn simpznrim=lqx, x,)
< sLPd(xq, x)[1+(5k) + (SK)? + e eev e e e e +(sk)P™ 1]

1_(Sk)2n—2m +1

< sL™d(xq, x0)[ -

When we take m,n —» o. Then lim,_. d(X,, X3m) = 0.
Thus{x,} is a Cauchy sequence in X.

Since X is complete, there exist some u € X such that x,, —» u as n —» c.Assum not, then there exist z € X such that
du,Tiu)=z>0 (3.15)

So by using triangular inequality and (3.9), we get
z=d(u,Tju)
= S[d(u' xZn) + d(x2n' Tlu)]
< s[du, x2,) + d(T1x2,-1, Ty u]
< sd(u, x9p,) + sd(Ty x5 1, Th)
< sd(u, Xz,) + 5a1d (X301, u) +5a5[d (Xpn—1, T X2n—1) + d(u, Ty)]
< sd(u, x2,) + sa;d(x,—1,u) +sa, [d(xZn—l,T1x2n—1)] + sa;[d(u, Tyu)]
< sd(xgn,w) + sayd(Xgn_1,u) +s2ay[d (21 1) + d (W, x2,)] + sa,[d (w, Tyw)]
< sd(xgn,w) + sayd(Xgn_1,u) +s2ayd (X2, 1 1) + s2d (W, x2,) + saz[d(u, Tyw)]

=> (1- sap)d (u, Tyu) < sd (%, u) + sa;d (X2, 1, W+s?ayd(xy,-1u) + s?ayd(x2,,w) (3.16)
Taking the limit of (3.16) as n — oo, we get that z = d(u, T;u) < 0, a contradiction with (3.15).

So, z = 0. Hence u = Tju. Similarly, it can easily be proved that u = T,u. Therefore, u is common fixed point of T;
and T,.

Now, to prove the uniqueness of common fixed point.

Let u* be another common fixed point of T; and T, i.e. u* = Tyu* = T,u". Then
d(u,u*) =d(Tyu, T,u")
< a;d(u,u*) + ay[d(u, Tyw) + d(w*, T,u*)]
< a;d(u,u*)

(1- a)dm,u)<0
Which is a contradiction, so that u = u".
This completes the proof.
CONCLUSION

From our result, we improve and extend well — known results in the literature which is very useful for further research
work.
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