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ABSTRACT

In this paper, we proof some fixed point and common fixed point theorem for Cone metric space.
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Let X be a Real Banach Space and P a subset of X, P is called a cone if P satisfy followings conditions;
(i) Pis closed, nonempty and P #= 0

(i)ax +by €P forallx,y € P and non negative real numbers a, b

(ii) PN (=P) = {0}

Given a cone P c X, we define a partial ordering < on X with respecttoP by y—x €P.

We shall write x < <y if (y —x) € intP, denoted by ||.|| the norm on X. the cone P is called normal if
there is a number k > 0 such that for all x,y € X

0 < x <y implies that ||x|| < k]|ly|| (A)
The least positive number k satisfying the above condition (A) is called the normal constant of P.
The authors showed that there is no normal cones with normal constant M < 1 and for eachk > 1
there are cone with normal constant M > k.

The cone P is called regular if every increasing sequence which is bounded from the above is convergent, that
is if {xp}n»>1 is asequence such that x; < x, < -+ ..........< y forsome y € X,

then there is x € Xlimp_ ||xy, — x|| = 0.
The cone P isregular iff every decreasing sequence whichis bounded from below is convergent.

Definition: 1 let X be a nonempty set and X isareal Banach Space, d is a mapping from Xinto itself such
that, d satisfying following conditions,

d;:d(xy) = 0 Vxy €X

dy,: dx,y)= 0 iff x=y

ds: dxy) = d(y,x)

d: dxy) < dx,z)+ d(zy)

Then d is called a cone metric on X and (X,d) is called cone metric space.

Definition: 2 Let A and S be two mapping of a cone metric space (X,d) then it is said to be

compatible if, lim,_,, d(ASx,, SAx,) = 0, whenever {x,} is a sequence in X such that
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lim,,, A%, = t and lim,,, Sx, = t forsome t €X.

Let A and S be two self mapping of a cone metric space (X,d) then it is said to be weakly
compatible, if they commute at coincidence point, thatis Ax = Sx implies that,

ASx = SAx for x € X.

It iseasy to see that compatible mapping commute at there coincidence points. It is note thata
compatible maps are weakly compatible but converges need notbe true.

Theorem: 1.1 Let (X,d) be a complete cone metric spaceand P a normal cone with normal Constant k.
Suppose that the mapping T, from X into itself satisfy the condition,

d(Tx, Ty) < o« d(xy) +Bld(x Tx) + d(y, Ty)] + vy [d(x Ty) + d(y, Tx) ] (D
Forall x, y € X and a, §, y= 0 such that 0< a+ B+ y<1.Then T hasunique fixed point in X.
Proof: For any arbitrary X, ,in X, we choose x;,x, € X such that,

Txo = X; and Tx; = X,
In general we can define a sequence of elements of X such that,

Xon+1 = TXpn and Xonyz = TXonyg
Now,

d(X2n+1,X2n42) = d(TXzn, TXon41)
From (1)

(TXzn TXzn41) < @ d(Xzn, Xons1) + B [d(Xzn TXzn) + d(Xzns1 TXons )] + ¥ [d(X2n, TX2n41) + d(Xans1, TXzn) |
d(Xzn4+1, Xznt2) < & d(Xzn, Xzn41) + B [d(Xzn, Xont1) + dXans1, Xans2)] + ¥ [d(Xan Xon12) + dXons1, Xont1) |
d(Xzn+1,X2n+2) < @ d(Xzn, Xan41) + B [d(Xzn Xz2nt1) + dXans1, Xans2)] + v - d(Xzn, Xan42)

By using triangle inequality, we get,

oa+B+y

1—B—Y] d(Xzn, Xzn+1)

d(X2n+1,Xon42) < [

Similarly we can show that,

at+B+y

l—B—Y] d(Xzn-1,%X2n)

d(Xan, Xon41) < [

In general we can write,

a+B+y

1-B-v

2n+1
| dGxoxy)

d(Xzn+1, Xon42) < [

On taking [‘HBW] = 0

ooy
d(Xzn+1,Xone2) < 02" d(x0,% 1)

For n <m, we have

d(Xon Xom) < dXon Xone1) + dXont1rXanez) + o veeeeevee e+ dXom—1, X2m)

d(Xon, Xom) < {67 + 6™+ +07F2 4o . 407} d(Xg, %)

e]’l
d(Xzp, Xom) < e d(xo,%1)

en
ldGan Xzm)ll < = Kl d(xo,x,) | as n— oo
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limy o [l[d(Xzn, Xzm)ll > 0

In this way

limpe d(Xzn+1,X2n42) > 0, asn—> o

Hence {x,} is a Cauchy sequence which converges to u € X

Hence (X,d) is complete cone metric space.

Thus X, »u as n—- o, Tx,;, 2u and T,;,; 2 u as n—- oo,

u is fixed point of T in X.

Uniqueness: Let us assume that, v is another fixed point of T in X different from v. then,
Tu = u and Tv = v

d(u,v) = d(Tu, Tv)

From (1)
d(Tu, Tv) < a d(u,v) + B [d(u, Tu) + d(v, Tv)] + v [d(u, Tv) + d(v, Tu) ]
d(Tu, Tv) < (a + 2y).d(u,v)

Which contradiction uis unique fixed point of T in X.

Theorem: 2 Let (X,d) bea complete cone metric space and P a normal cone with normal
constant k. Suppose that S and T,be the mapping from X into itself satisfies the condition,

d(Sx, Ty) < a d(x,y) +B[d(x,5x) +d(y, Ty)] + v [d(x, Ty) + d(y,Sx) ] (2)

For all x, y € X and nonnegative o,f, vy, such that 0 < a+f+ y<1.ThenS and T have unique
fixed point in X. further moreif, ST = TS then it have unique common fixed pointin X.

Proof: For any arbitrary X, ,in X, we choose x;, x, € X such that,
Sxg =x; and Tx; = x,
In general we can define a sequence of elements of X such that,

Xant+1 = SXzn and Xaniz = TXpnig
Now,

d(Xon+1,X2n+2) = d(SXzn, TX2n41)
From (1)

d(SXzn, TX2n41) < @ d(Xan, Xznt1) + BlAd(Xzn, SX2n) + dXans1 TXzns )] + ¥ [dXan TX2n41) + d(Xans1, SX2n) |
d(Xzn+1, Xans2) < @ d(Xan, Xons1) + Bld(Xzn, Xans1) + dXani1, Xans2)] + [d(Xon, Xons2) + d(Xznt1, Xane1) |
d(Xzn4+1,Xznt2) < & d(Xzn, Xzne1) + BldXan X2nt1) + dXans1, Xons2)] + ¥ - d(Xzn, X2n42)

By using triangle inequality, we get,

a+B+y

l—B—V] d(Xzn, X2n+1)

d(Xan+1,X2n42) < [

Similarly we can show that,

a+p+y
1—B—Y] d(X2n-1,X2n)

d(XZruX2n+1) < [
In general we can write,
at+B+y
1-B-y

d(%g,X 1)

2n+1
d(X2n+1,X2n42) < [ ]

. B+y
On taking [a+ ] = 0
1-B-y
d(Xzn+1,Xan42) < 07" d(x0,X 1)
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For n < m, we have

d(X2n, Xz2m) < d(Xzn, Xan41) + dXans1, Xonsz) + v v oo+ d(Xzm-1, X2m)

d(Xon, Xom) < {6™ + 671 4672 4o L 4+0™ Y d(Xo,%q)

n

[¢]
d(Xzn, Xom) < Ty d(xg,%4)

0

ld(xzn, Xom) Il < 75 kIl d(xo,x41) ||

as n— oo, limn—mo“d(XZn'XZm)” -0

In this way
limn—mo d(X2n+1!X2n+2) - 0 asn- o

Hence {x,} isa Cauchy sequence which converges to u€ X
Hence (X,d) is complete cone metric space.
Thus x, - u as n -
Sx,p 2 u and T,p4; U as n—- o
u is fixed point of S and T in X.
Since ST = TS this give,
u=Tu=TSu=STu=Su=u
u is common fixed point of S and T.
Uniqueness: Let us assume that, v is another fixed point of S and T in X different from v. then,
Tu = uand Tv= v also Su = u and Sv = v
vd(u,v) = d(Su, Tv)
From (2)
d(Su, Tv) < a d(u,v) + B[d(u,Su) + d(v, Tv)] + vy [d(u, Tv) + d(v,Su) ]

d(Su, Tv) < (a+ 2y).d(u,v)
Which contradiction

uis unique fixed point of S and TinX.

Theorem: 3 Let (X,d) be a complete cone metric space and P a normal cone with normal
constant k. Suppose that S ,R and T,be the mapping from X into itself satisfies the condition,

d(SRx, TRy) < a d(x,y) + B[d(x, SRx) + d(y, TRy)] + vy [d(x, TRy) + d(y, SRx) ] 3)

For all x, y € Xand nonnegative a,, v, such that 0 < a+f+ y<1.Then S, RandT has unique
fixed point in X. furthermore either SR = RSor TR = RT thenit have unique common fixed point in X.

Proof: For any arbitrary x, ,in X, we choosex;, x, € Xsuch that,
SRxy, = x4 and TRx; = X,
In general we can define a sequence of elements of Xsuch that,
Xan+1 = SRXzn and Xppyp = TRXpp4g

Now,
d(X2n+1,X2n4+2) = d(SRXzp, TRXzn41)
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From (3)
d(SRxzp, TRXzn41) < d(X2n, X2n4+1) + BlA(Xzp, SRX;5) + d(X2041 TRXo041)] + v [d(X2n, TRX2041)
+ d(Xzn+1, SRXzn) |

d(Xon+1X2n+2) < o d(Xap, Xant1) + BlAXKzn, Xon41) + d(Xons1, Xon42)] + ¥ [d(Xon, Xone2) + d(Xani1, Xons1) |
d(Xon+1X2n42) S & d(Xan, Xant1) + BlAd(Kzn, Xon41) + dXons1 Xon+2)] + V. d(Xan, Xant2)
By using triangle inequality, we get,

oa+B+y

1—[3—\/] d(XZn! X2n+1)

d(Xzn+1,X2n4+2) < [
Similarly we can show that,

+B+
d(X2n,X2n41) < [ %‘_ﬂ d(Xzn-1,X2n)

In general we can write,

“+B+Y]2n+

1
gy d(%g,% 1)

d(X2n+1,X2n4+2) < [

: B+y
On taking [L] =0
1-B-v.
d(Xon+1, X2n42) < R d(x,%1)

For n < m, we have
d(XZn, sz) S d(XZn, X2n+1) + d(X2n+1, X2n+2) F o d(XZm—lv sz)

d(Xon, Xom) < {8™ + 0™ +0"2 + v L 4+0™ }d(X0,%;)

n

6
d(XZn!XZm) < E d(XO'Xl)

en
4Gz Xom) | S = Kl dGro,x,) |
as 1> o, limy o lldGen Xom) | - 0

In this way
limy o d(X2n+1,X2n42) 2 0 as n—> o

Hence {x,} is a Cauchy sequence which converges to u € X
Hence (X,d) is complete cone metric space.
Thusx, - u as n - o

SRx,, 2 u and TR,,;; 2 u as n— o

u is fixed point of Sand T in X.

Since ST =TS this give,

u is common fixed point of S and T.
Uniqueness: Let us assume that, v is another fixed point of S and T in X different from v. then,
Tu = uand Tv= v also Su = u and Sv = v
d(u,v) = d(Su, Tv)
From (3)
d(Su, Tv) < a d(u,v) + B[d(y,Su) +d(v,Tv)] + vy [d(u,Tv) + d(v,Su) ]
d(Su, Tv) < (o + 2y). d(u,v)
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Which contradiction

uis unique fixed point of Sand T in X.

Theorem: 4 Let (X,d) be a complete cone metric space and P a normal cone with normal
constant k. Suppose that A, B, S and T, be the mapping from X into itself satisfies the condition,
HAX) c TX), BX) & SX),

(ii) {A,S} and {B,T} are weakly compatible.

(iii) S or T is continuous.

(iv) d(Ax,By) < « d(Sx,Ty) + B[d(Sx,Ax) + d(Ty,By)] + vy [d(Sx,By) + d(Ty, Ax) ]

For all x,y € Xand non negative o,f, vy, suchthat 0 < a+f+ y<1.Then A, B, S and T have unique
fixed point in X.

Proof: For any arbitraryx, in X we define the sequence {x,} and {y,} in X, such that,

Axyy = TXpnsq = Yon and BXpnyq = SXongz = Yonsr
foralln= 0,1,2,.....

Now

d(Y2n Yan+1) = d(AXzn, BXonyq)
From (iv)

D(AXzn, BXont1) < & d(SXan, TXoneq) + BIA(SXan, AXon) + d(TXpn41, BXons1)] + v [d(SXon, BXon41)
+ d(TXzn41, AXan)

d(Y2n Yan+1) < @ d(Yzn-1,¥2n) + Bld(Y2n-1,Y20) + d(¥2n,¥an+1)] + ¥ [A(V2n-1,Y2n+1)

a+B+y
1-B-v

]2n+

1
d(Yzn Yznen) < | d(yo,y1)

a+fB+y
1-B-y

On taking [ ]= 6 and For n < m, we have

d(Yzn, Yom) < {6" + 07 + 0742 .o L +0™ }d(yo,¥1)
en
d(¥zn Yom) < Py d(yo,y1)

en
1d(yzn, Yam)Il < P k|| d(yo,y1) |l
as n—o oo

limn—mo”d(YZntYZm)” - 0
Hence {y,} is a Cauchy sequence which converges to u € X, By the continuity of SandT {x,} is
also convergent sequence which converges to u€X, Hence (X,d) is complete cone metric space.
u is fixed point of A,B,Sand T.
Since {A,S} and {B,T} are weakly compatible, implies that u is common fixed point of A,B,Sand T
Uniqueness: Let us assume that, v isanother fixed point of A,B, S and T in X different from v. then,
Au=uand Av=v also Bu=u and Bv=v
d(u,v) = d(Au, Bv)
From (iv)
d(Au,Bv) < a d(Su, Tv) + B[d(Su, Au) + d(Tv,Bv)] + vy [d(Su,Bv) + d(Tv, Au) ]
d(Au,Bv) < (a+ 2y).d(u,v)

Which contradiction

uis unique fixed point of A,B, Sand TinX

© 2011, IUIMA. All Rights Reserved 1433



lRajesh Shrivastava, 'Animesh Gupta* and ’R. N. Yadav/ SOME COMMON FIXED POINT THEOREM FOR CONE METRIC
SPACE/ IJMA- 2(8), August-2011, Page: 1428-1434

Acknowledgement:

The authors are gratefull to the referee for his / her valuable suggestion to improve the manuscript.

REFERENCE:

[1] A. Aliouche and V. Popa Common fixed point theorems for occasionally weakly compatible mapping via
implicit relations Filomat, 22 (2) (2008), 99-107.

[2] B. E. Rhoades, Some theorem in weakly contractive maps, Nonlinear Analysis 47 (2010) 2683-2693.

[3] Bhardwaj, R. K, Rajput, S. S. and Yadava, R. N. “Application of fixed point theory in metric spaces” Thai
Journal of Mathematics 5 (2007) 253-259.

[4] Bryant V. W. “A remark on a fixed point theorem for iterated Mapping,” Amer. Math. Soc. Mont. 75 (1968)
399-400.

[5] Ciric, L. B. “A generalization of Banach contraction principle” Proc. Amer. Math. Soc.45 (1974) 267-273.

[6] D. Turkoglu, O. Ozer, B. Fisher, Fixed point theorem for T — Orbitally complete metric space, Mathemathica
Nr. 9 (1999) 211-218.

[7] G. V.R. Babu, G.N. Alemayehu, Point of coincidence and common fixed points of a pair of generalized
weakly contractive map, Journal of Advanced Research in pure Mathematics 2 (2010) 89- 106.

[8] Gohde, D. “Zum prinzip dev kontraktiven abbilduing” Math. Nachr 30 (1965) 251-258.

[9] Gahlar, S. “2- Metrche raume and ihre topologiscche structure” Math. Nadh. 26 (1963-64) 115-148.

[10] Gupta O. P. and Badshah V. N “fixed Point theorem in Banach and 2- Banach spaces” Jnanabha 35 (2005).
[11] Kannan R. “Some results on fixed pointll” Amer. Math. Maon. 76(1969) 405-406MR41 *. 2487.

[12] Khan M. S. and Imdad M. “Fixed and coincidence Points in Banach and 2- Banach spaces” Mathemasthical
Seminar Notes, Vol 10 (1982).

[13] M. Aamri and D. EI Moutawakil, New common fixed point theorems under strict contractive condition,
J. Math. Annl. ppl. 270(2002) 181-188.

[14] Ya. I. Alber, Gurre-Delabriere, Principles of weakly contractive maps in Hillbert space, in: I. Gohberg,
Yu. Lyubich (Eds), New result in operator theory, in Advance and Appl. 98,1997, 7-22.

skskskokok ok sk sk koskook ok k-

© 2011, IUIMA. All Rights Reserved 1434



