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ABSTRACT

Focus of this paper is to introduce the concept of fuzzy € - (5 7) - semi open sets € - (7, 75) — semi closed sets
boundary subsets of a fuzzy bitopological space where ¢ : [0,1] — [0,1] is a complement function. Several examples
are given to illustrate the concepts introduced in this paper.
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1. INTRODUCTION

The concept of fuzzy sets and fuzzy set operations were first introduced by L. A. Zadeh [8] in the year 1965. The
theory of fuzzy topological space was introduced and developed by C. L. Chang [3]. A. Kandil [5] introduced and
studied the notion of fuzzy bitopological spaces as a natural generalization of fuzzy topological space. The concept of
complement function €: [0, 1] — [0,1] was introduced by K. Bageerathi and P. Thangavelu in [2]. The concept of
fuzzy (v, 1) - semi open set and fuzzy (v t;) - semi closed set was introduced and studied by S.S.Thakur,R.Malvia in
[6] In this paper the concept of fuzzy €-(t;, 1) -semi open sets, fuzzy €-(v;, 1) -semi closed sets, fuzzy €-(;, ;) -semi
closure and fuzzy €-(t;, t;) -semi interior operators in fuzzy bitopological spaces is introduced and several examples are
given to illustrate the concepts introduced in this paper.

2. PRELIMINARIES

In this section we list some definitions and results that are needed. Any function €: [0, 1]—[0, 1] defined from the
interval [0, 1] to itself is called a complement function. Throughout the paper € denotes an arbitrary complement
function and (X, T, 1;) is a fuzzy bitopological space in the sense of A.Kandil [5].Throughout this paper, for fuzzy set
A of a fuzzy bitopological space (X, T, 1)), Ti - intA and ;- cl¢h means, respectively, the interior and closure of A with
respect to fuzzy topologies t; andr;

Definition 2.1[2]: If A is a fuzzy subset of X then the complement €L of a fuzzy set A is a fuzzy subset with
membership function defined by puecA (X) = €(ui (X)) for all xeX.

A subset A of a fuzzy topological space is fuzzy closed if its standard complement A’, where A’ (X) = 1-A(x) is fuzzy
open. Several fuzzy topologists used this type of complement while extending the concepts in general topological
spaces to fuzzy topological spaces. But there are other complements available in the fuzzy literature.

The properties of fuzzy complement function € and €\ are given in George Klir [4] and Bageerathi et al. [2]. The
following lemma will be useful in sequel. Some of the complement functions are given below.
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Examples 2.2[4]:
(i) The standard complement function: € 4(x) = 1- x.
(if) The Threshold type complement function for any te [0, 1):

Qi(x) _ 1 forO<x<t
t o fort<x<1

(iii) Sugeno class complement function for any 1 e (1, «):

€= 2% forxe o, 1]

1+ AX
(iv) Yagor class of complement function for @ e (0, «):

Gy, ®=1-x?)?  forxe[o,1].
The next lemma can be easily established.

Lemma 2.3[4]: The complement functions €, C;, €s, and €y ,, satisfy the following conditions.
(i) Boundary condition: €(0)=1 and € (1) =0;
(if) Monotonicity: forall X,y € [0, 1], x <y = € (x) > C(y);
(iii) € is continuous and
(iv) Involutive: €(€(x)) = x for all x £[0, 1].

Definition 2.4[1]: For a family {A,: aeA} of fuzzy sub sets of X, the union, A= U {A,: aeA} and the intersection,
B=n {A,: aeA} are defined with membership functions respectively

na(X) =sup{pac(X) : aeA} and pg(x) = inf{ua(X) : aeA}, xe X.

Lemma 2.5 [2]: Let €: [0, 1] — [0, 1] be a complement function that satisfies the involutive and monotonicity
properties. Then for any family {A, : a€A } of fuzzy subsets of X we have

(i) € (sup{pac (x): 0aeA}=Inf{C€ (uaq(X)): acA}= Inf{(ucaq (X)): aeA} and

(i) € (inf{ur, (x): a€A}=sUp{C (paq(x)): aeA}= sUP{(Hcaq (X)): €A}

Lemma 2.6[4]: Let €: [0, 1] — [0, 1] be a complement function that satisfies involutive and monotonicity properties.
Then for any family {A, : aeA } of fuzzy subsets of X. we have
(i) C(AA,:aed}) = {CA,: aed}and (i) C(H{A,: aed}) = ACA,: aeAd}.

Proposition 2.7[7]: If the complement functions € satisfies the monotonicity and involutive properties, then for any
fuzzy subset A of a fuzzy bitopological space ,we have
(i) C(g-intl)= 5-cleg(CA) and (ii) C( 5- clgd) = 5- int(CA).

Theorem 2.8 [7]: Let € be a complement function that satisfies the monotonicity and involutive properties. For any
two fuzzy subsets A and p of a fuzzy bitopological space we have

(i) A< gcled;

(if) A isfuzzy €-g-closed < 7-cled = 4;

(iii) g-clg (g-cle )= 5 - cleA;

(iv) If A< uthen 5 - clg A< 5- Cleu

(v) g-cle (Ay)= 5-clg A 5 - clgueand

(Vi) 5- cle (Anp) = g-cle A Agi- Clop

3. Fuzzy € - (1, 7;) - semi open and Fuzzy € - (t;, T;) - semi closed sets

In this section we define the notion of fuzzy € - (;, T;) - semi open set and € - (;, T;) - semi closed set and discussed
some of their properties.

Definition 3.1: A fuzzy set A of a fuzzy bitopological space (X, 11, 15) is called (a) fuzzy € -(t;,7;)- semi open if there
exists a 1; - fuzzy open set p such that p <A <tj-clc (u) ti-cle (1) (b) fuzzy € - (7;, 7;) - semi closed if there exists a
fuzzy € - 7; -closed psuchthat € p< €A <r1;-clg (Cp).

The concept of all fuzzy € - (1, ;) - semi open sets and € - (1, ;) - semi closed sets coincides with the concept of all

fuzzy (v, T;) - semi open sets and fuzzy (v, t;) semi closed sets if the arbitrary complement coincides with the standard
complement function.
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Theorem 3.2: Let (X, 11, 15) be a fuzzy bitopological space and € be a complement function that satisfies the
involutive properties. Then A is fuzzy € - (1, 1;)- semi closed if and only if € A is s fuzzy € - (;, t;)- semi open.

Proof: Let A be a fuzzy € - (v, 1;) - semi closed. Then by using Definition 3.1 there exists a fuzzy € - 1; - closed p such
that € p < € A < 15- clg (Cp). By replacing € p =3, § <€ A < 1- cl ¢(3). By using Definition 3.1 (b), € A is fuzzy
€ - (v, 7;) - semi open. Conversely let A be a fuzzy € - (;, 1;) - semi open. Then by using Definition 3.1 (a), there exists
an e tisuchthat n <A <rt-clgn. Let u = € n. Since € satisfies the involutive condition, n = € (En) = € p. That is
Cu<C(€@r) <tj-clg (€ p). Thus € A is fuzzy € - (7;, 1) - semi closed.

The next example shows that if the complement function does not satisfy the involutive property, then the conclusion
of above theorem is false.

Example 3.3: Let X ={a, b, ¢}, 1. = {0, 1, {a.s, b.7}, {a.s, b.7, c.a}, 1} and 1, ={ 0, 1, {c.o}, {as, b.o }, {a:s, b9, C.o},

{a.g, b.g, C.o}}. Let €(x) = ﬁ 0 < x <1, be a complement function does not satisfies involute property. Then the

famlly of all fUZZy C- 7 - closed sets are © (Tl) = {1, {a.25, b.25, C.25}, {a.294, b.3225, Cl}, {a.294, b.3225, C.526}} and

€ (t2) = {1, {a.25, b.os, C.os}, {a1, b1, €27}, {20, D27, €1}, {8020, Doz, €27}, {27, Doz, €273} Let A = {a., by, C.g}. Then A
is not fuzzy € - (ty, o) - semi open. Now € A = {a.g25, b 25, C.o9} and it is fuzzy € - (ty, o) - sSemi closed.

Theorem 3.4: Let (X, 1, 1) be a fuzzy bitopological space and € be a complement function that satisfies the
monotonic and involutive properties. Then (i) fuzzy subset A of a fuzzy bitopological space (X, 11, 1) is fuzzy
€ - (ti, 1) - semi open if and only if A < 1;- cls (7; - Int &). (ii) fuzzy subset A of a fuzzy bitopological space (X, t1, 1)
is fuzzy € - (;, 1;) - semi closed if and only if 7;- Int(7; - cle (A)) <A.

Proof:

(i) Let A be a fuzzy € - (5, 7) - semi open. Then by using Definition 3.1 (a), there exists a 4 € 7 such that
Hu< A< g-clg u Since € satisfies the monotonic and involutive conditions, by using Proposition 2.7, we have
U< A< E(5-Int € ). Since € satisfies the monotonic and involutive conditions, - Int € u<E A< € u By
applying Theorem [2.8] , € 4 < € x implies that 5 - clg (€ )< 5 - clg (€ 1) = € w This implies that
- Int (5- clg (€ A)) < 5- cle (€ 4) < € . Therefore - Int (75 - cle (€ A)) is 7 - open contained in € x. But
- Int € w is largest 7 - open set contained in € g Therefore 5 - Int (- cle (€ A)) < 5-Int (€ 1) < € A
Therefore 7 - Int (7 - clg (€ 4)) < € A. This implies that A < 7 - clg (7 - Int A). Conversely, we assume that
A< g-cle (5 - Int A). Let = 5 - Int A. Taking complement on both sides, € = € (7 - Int A). By using
Proposition 2.7, € 1= 5- clg (€ 2) > € A. Since € satisfies the monotonic condition, < A. By our assumption
A< g-cle(5- Int (1)) = 5- clg 4. We have 4 < A < 55- clg (¢ ). By using Definition 3.1, A is fuzzy € - (7, 7) -
semi open.

(ii) Let A be a fuzzy € - (5, 5) - semi closed. Then by using Definition 3.1, there exists € x € 7 such that
Cu<C A< g-cls (€ ). Since € satisfies the monotonic and involutive conditions, by using applying
proposition 2.7, we have € 4 < € 4 < € (7 - Int z). In particular € satisfies the monotonic condition that
implies 7- Int £ < A< . Since A < 5 - clg A that implies 7- Int u< A< 7- clg 4 < w. Therefore 5-cle A<
Then - Int (7- cle A) < 5- Int £ < A. Therefore - Int (7 - clg 4) < A. Conversely, suppose 7 - Int (5 - clg 4) <
A Let u= g5-clg A. Therefore - Int x < A. Taking complement on both sides, € 2 < € (- Int z). Since €
satisfies the monotonic and involutive conditions, by applying proposition 2.7 € 1 < g- clg (€ ). Since u= 5
- ¢l ¢ A. Taking complement on both sides, we have € =€ (5-clg ) = - INtECA<E A So € u< € A Thus
we have € u< € A< - clg (€ 4). Again by using Definition 3.1, 4 is fuzzy € - (5, 7) - semi closed.

The next example shows that if the complement function does not satisfy the monotonic and involutive conditions, then
the conclusion of above theorem is false.

Example 3.5: Let X = {a, b, c}, 1, = {0, {a.5, b.1 }, {as, bo, C.6}, {@.2, bo, C.6}, {a.s, b.y, C6}, {@6, bs, Cg}, 1} and
1, = {0, {as, c.1}, {as b, C3}, {as, by, 1}, 1} Let € (x) = ﬁ , 0 <x <1, be a complement function. We see that

the complement function € does not satisfy the involutive condition. Then the family of all fuzzy € - 7; - closed sets are
C () ={1 {as by ci} {as by, Cexs} {as b1, Ces} {a7 b Cexs}t {aes b7, Css) {as bs, C.s}} and
€ (v) = {1, {a.7, by, c.o}, {as2s, b.g, C77}, {a.7, b.g, Co}, {@s, b5, C5}}. Let A = {a.;, bs, Cc.g}. Then we can see that
T - Clg (11 - Int(X)) = 715 - clg{a.s, b.1, C.6} = {@.625, b.g, C.7}. Therefore A < 1, - clg (71 - Int A). But & is fuzzy € - (11, 13)
- semi open. Also let L = {a.s, b.4, c.1}. Then it can be computed that 1, - Int(ty - Clg (A)) = 1o — Int {a.5, b.s, C.5} = {a.s,
b.,, c.1}. This implies that A > 1, - Int(t; - clg (A)).But A is not fuzzy € - (14, 1) - Semi closed.

Remark 3.6: It is clear from Definition 3.1 that every t; - fuzzy open (respectively t; - fuzzy closed) set is fuzzy
€ - (ti, ;) - semi open (respectively fuzzy € - (t;, 1;) - semi closed). The following example shows that the converse
may not be true.
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Example 3.7: Let X = {al b1 C}, T1 = { O! {a'Z! b-l }! {a'lv b'4y C'B}! {a'l! b'l}v {a'21 b'4a C'B}! 1} and T2 = {0! {a'3v C'G}v
{b.4}, {as, b4 Ce}, 1} Let € (x) = “¥ 0<x<1bea complement function. Then the family of all fuzzy € -7 -

1+3x’
closed sets are € (1) = {1, {as, b.7, ¢1}, {a.7, b3, .1}, {a.7, by, 1}, {as bs, €1}, 0} and € (o) = {1, {a.4, by, C.14},
{a1, b.s, ¢}, {a4, b, g}, 0} Let A = {a.5, by, c.1}. Then it can be computed that t; - Int(A) = {a.;, b.4} and
T - Clg (11 - Int(X)) = {a.4, b3, C.14}. Then A < 1, - Clg (74 - Int X). Therefore A is fuzzy € - (14, 12) - Semi open but A is
not fuzzy € - t; - open. Also let A = {a.,, b.;, c.1}. Then it can be calculated that t; - cls (A) = {a.s, b.3, c.1} and
T, - Int(ty - clg ) = {0}. Therefore A > 1, - Int (11 - clg (A)). This implies that A is fuzzy € - (ty, T2) - semi closed but A is
not fuzzy € - t; - closed.

Remark 3.8: The concepts of fuzzy € - (11, 15) - semi open (respectively fuzzy € - (t1, 1) - semi closed) and fuzzy
€ - (7o, 1) - Semi open (respectively fuzzy € - (1, 11) - semi closed) sets are independent.

Example 3.9: Let X ={a, b, ¢}, 11 = { 0, {a.,, b.1}, {a.1, b.4, C.g}, {a.1, b}, {an b, Cg}, 1} and 1, = {0, {a.3, C.c},

{b.s}, {a.3, b.4, C6}, 1}. Let € (X) = 11;3’; , 0 < x <1, be arbitrary complement function. Then the family of all fuzzy

€ - 7; - closed sets are € (t;) = {1, {as, b.7, ¢c1}, {a.7, b.s, c.1}, {a.7, b7, 1} {a@s, b, €4}, 0} and € (1) = {1, {a.4, by,
C.1a}, {21, b.3, €1}, {84, b3, C.1g}, 0} Let A = {a.3, by, €.1}. Then it can be computed that t, - clg (ty - Int(X)) =1, - clg
{a.5, b..} = {a.4, b.3, .1} Therefore A < 1, - clg (t1 - Int A). This implies that A is fuzzy € - (3, t2) - semi open. Now
11 - Clg (t2- Int(L)) = {0}. Therefore X < 14 - clg (12 - Int A). This implies that X is fuzzy € - (ty, 1) - Semi open but A is
not fuzzy € - (1, t1) - semi open. Let A = {a.;, b.,, c.1}. Then it can be computed that t, - Int (11 - cle (1)) = 15 - Int{a.s,
b.s, c.1} = {0}. Therefore A > 1, - Int (7 - clg (X)). This implies that A is fuzzy € - (1, 1,) - semi closed. Also t; - Int (1,
- clg (A)) = 11 - Int{a.y, b.s, C.ia} = {a.2, b.y, Co}. This implies that A & 14 - Int (1 - clg (X)). Therefore A is not fuzzy
€ - (12, 71) - Semi closed.

Theorem 3.10: Let (X, 11, 1) be a fuzzy bitopological space and € be a complement function that satisfies the
monotonic and involutive properties. Then (i) Arbitrary union of fuzzy € - (v, t;) - semi open sets is fuzzy € - (v, 1)) -
semi open. (ii) Arbitrary intersection of fuzzy € - (;, 1;) - semi closed sets is fuzzy € - (1;, 1;) - semi closed.

Proof

(i) Let {1,} be a collection of all fuzzy € - (g, 7) - semi open sets of a fuzzy bitopological space (X, z, 7). Then
for each ¢, there exists a u, € 5 such that u, < A, < 5- cle (). Thus v, < vA, < v 75 - cle (1) Since €
satisfies the monotonic and involutive properties by applying Theorem 2.8, we have 7 - clg (1) < 7 - cle
(vitg), that implies v 7 - cle (1) < 7 - cle (V). Hence v, < vA, < 7 - cle (Vi) and v, € 7. By using
Definition 3.1, we have vA, is fuzzy € - (7, 7) - semi open.

(i) Let {1.} be a collection of all fuzzy € - (5, 7) - semi closed sets of a fuzzy bitopological space (X, 7, ).
Then for each ¢, there exists a fuzzy € - 7 - closed set x, such that € u, < € A, < - cle (€ 1,). Thus
vE u, < vE A, < vg-cle (€ ). Since € satisfies the monotonic and involutive properties by applying
Theorem 2.8, we have vz - clg (€ 1) < 5- cle (vi,). This implies that v € p, < vE A, < 5- cle (V€ 1,). By
using Lemma 2.6 € (2uy) < € (4d,) < 5- cle (B(any)). Since arbitrary intersection of fuzzy € - 7 - closed
sets is fuzzy € - 7 - closed. That implies that A, = wis fuzzy € - 7 - closed set. Therefore € 1< € (11,) < 5-
cls (€ £9). By using Definition 3.1, we have a4, is fuzzy € - (7, 7) - semi closed.

Remark 3.11: The following example shows that Intersection of two fuzzy € - (v, 1;) - semi open sets need not be
fuzzy € - (7i, T;) - semi open.

Example 3.12: Let X = {a, b}, u» = {0, {a..}, {bs }, {22 b} 1} and t, = {0, {a.3}, {b..}, {as b.s}, 1}. Let
C x =11;4’;, 0 < x <1, be a complement function. Then the family of all fuzzy € - t; - closed sets are
( (‘Cl) = {1, {a.4, bl}, {al, b.l}, {a.4, b.l}, 0} and ( (’Cz) = { 1, {a.g, bl}, {al, b.z}, {a.g, b.z}, 0} Let A = {a.g, bl} and
u = {a.;, b.7}. Then it can be calculated that 7, - clg (11 - Int(})) = {a.5, b.,}. Therefore A < 1, - clg (11 - Int X). Also
T - Cle (tq - Int( w)) = {a.s, by} Therefore p < ;- clg (71 - Int A). This shows that A and p are fuzzy € - (ty, 12) - sSemi
open. But Aap = {a.y, b..}. Now 15 - clg (11 - Int (Aap)) = {0}. This shows that Aap £ 15 - Cle (11 - Int(AAp)). This
implies that AAp need not be fuzzy € - (1, t,) - Semi open even if € satisfies the monotonic and involutive conditions.

Remark 3.13: The following example shows that Union of two fuzzy € - (1;, 7;) - semi closed sets need not be fuzzy
€ - (7, T;) - semi closed set even though the complement function satisfies the monotonic and involutive condition.
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Example 3.14: Let X = {a, b}, T = {0, {a.4, bl }, {a 1 b.3}, {a.4, b.3 }, 1} and Ty = { 0, {a_l, b.l}, {a.3, b.l}, {a.l, b.5},
{as bs} 1} Let € (x) = 11;6’; , 0 <x <1, be acomplement function. Then the family of all fuzzy € - ; - closed sets
are € (1) = {1, {a.», bo}, {ao, b3}, {22, b}, 0} and € (1) = {1, {ae be}, {23 b.e}, {as b.a}, {as b} 0}. Let
A = {a.0s, bo} and p = {a o, b.os}. Then it can be calculated that 1, - Ints (73 - cle (X)) = {0} and 1, - Ints (73 - clg (W) =
{0}. Avp= {a.gs5, b s}.Then it can be calculated that t, - Intg (t; - Cle (Avp)) = {a1, b..} £ Avu. This implies that Avp is
not fuzzy € - (14, 1) - semi closed.

Remark 3.15: The following example shows that the intersection of fuzzy t; - open set, i=1,2 and fuzzy € - (1;, 1)) -
semi open sets need not be fuzzy € - (t;, ;) - semi open even if the complement function satisfies the monotonic and
involutive properties.

Example 3.16: Let X = {a, b, c}, 11 = {0, {b..}, {a..}, {a.», b.1.}, {a.5, b.g, C.o}, 1} and 1, = {0, {b..}, {a.5, b.gs, C.3},
{a., b.y, c.3}, {bos}, 1} Let € (X) = 111—;‘ be a complement function that satisfies the monotonic and involutive

properties. Then the family of all fuzzy € - t; - closed sets are € (tq) = {0, {a;, bg, ¢}, {a.7, by, ¢}, {a.7, b.g, €1}
{a.7, b.l, C.05}, 1} and © (’52) = {0, {al, b.g, Cl}, {a.7, b.g, C.5}, {a.7, b.g, C.5}, {3.1, b.g, Cl}, 1} LetA = {a.z, b_05, C_l}. Then
it can be calculated that t, - clg (11 - Int( X)) = {a.7, b.s, Cs}. This shows that A < 7, - clg (7 - Int A) and A is fuzzy
€ - (11, 1) - semi open. But u = {b.;} is fuzzy t — open, i=1,2. Now par = {b.,s}. It can be evaluated that
T - Clg (11 - Int (uAL)) = 15 - clg {0} = {0}. Therefore ual £ 1, - cle (71 - Int( waX)). This implies that pai is not fuzzy
€ - (1, T2) - Semi open.

Remark 3.17: The following example shows that the union of fuzzy € - 1; - closed set, i=1,2 and fuzzy € - (1;, 7)) -
semi closed sets need not be fuzzy € - (1, 1;) - semi closed even if the complement function satisfies the monotonic and
involutive properties.

Example 3.18: Let X = {a, b, ¢}, 11 = {0, {ao, b.», ¢}, {a.3, bo, o}, {a.3, b.y, Co}, {a.3, b7, C.g}, 1} and 1, = {0, {b.,},
{a.3, b.gs, C.u}, {a3, by, Cu}, {20, buos, Cu}, 1} Let € (X) =V1 — x2, be a complement function that satisfies the
monotonic and involutive properties. Then the family of all fuzzy € - t; - closed sets are € (t1) = { 1, {a1, bgs, C1},
{a.es, by, €1}, {a.05, D.gs, Ci}, {205, b7y Ce}, 0F and € (1) = { 0, {ay, b.gs, Ci}, {205, D.os, C.o}y {A.05 D.gs, Coo}
{a1, b.gs, Co}, 1}. Let A = {a.gs, bgg, Coo}- Then it can be evaluated that t, - Int (t; - cle (X)) = {a.3, b.,, ¢4} Therefore
A>1-Int (ty - clg A). That is A is fuzzy € - (14, 12) - semi closed. But p = {a;, b.gg, €1} is fuzzy € - 1; - closed set,
i=1, 2. Also uvA = {ay, b.gg, C1}. Now 15 - Int (11 - clg (Avp)) = 15 - Int{1} = {1}. This shows that pvA £ 1, - Int (11 - cle
(Avp)). Therefore uvA is not fuzzy € - (ty, 1,) - semi closed.

Theorem 3.19: Let (X, 11, T5) be a fuzzy bitopological space and € be a complement function satisfies the monotonic
and involutive properties, then (i) If A is fuzzy € - (t;, 7)) - semi open and A < A; < 15 - clg (A), then A, is fuzzy
€ - (ti, Tj) - semi open set. (ii) If & is fuzzy € - (v, 1;) - semi closed and 7j- Int L <A, <A, then A, is fuzzy € - (t; 1) -
semi closed set.

Proof:

(i) Let Abeafuzzy €- (g, 5) - semi open set. Then by Definition 3.1, there exists ¢ € 5 such that u< A< g-clg
(1). Since € satisfies the monotonic and involutive properties by Theorem 2.8, we have 7 - clg (1) < 5- cle (1).
Also 1< 4 < g-clg(4) impliesthat u< A< 4 < 5-cle (1) < - cle (1). Therefore < A4; < 5- cle (). Hence
A isfuzzy € - (5, 7) - semi open set.

(i) Let A be a fuzzy € - (7, 5) - semi closed set. Then by Definition 3.1, there exists fuzzy € - 7 - closed set u
suchthat € x< € A< 5- cle (€ ). Since € satisfies the monotonic and involutive conditions by proposition
2.7, we have > A2 7~ Int w. Since 7-Int () <1< A, CA<C A1 < 5-Clg (€ A). Therefore € u<CA<C Ay
<g-clg (€ A) < g-cle(g- cle (€ 1)) implies that € < € 4; < 5- cle (€ ). Hence 4, is fuzzy € - (5, 5) -
semi closed set.

4. Fuzzy € - (ti, 7j) - semi interior and Fuzzy € - (t;, T;) - semi closure

In this section we define the notion of fuzzy €- (v, t;) - semi interior and fuzzy €- (v, t;) - semi closure operators and
discussed some of their properties.

Definition 4.1: Let (X, 1, 1;) be a fuzzy bitopological space and € be a complement function. Then for a fuzzy subset A
of X, the fuzzy € - (1;, T;) - semi interior of A (briefly (ti, 7;) - SInt ¢ 1), is the union of all fuzzy € - (v, 1;) - semi open
sets of X contained in A.

That is (7, 1) - SInt ¢ (A) = v {u: p <A, pis fuzzy € - (v, 1) - semi open}.
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Definition 4.2: Let (X, 1, 1;) be a fuzzy bitopological space and € be a complement function. Then for a fuzzy subset A
of X, the fuzzy € - (1;, ;) - semi closure of A (briefly (v, 1)) - S clg A), is the intersection of all fuzzy € - (1, ;) - semi
closed sets of X containing A.

Thatis (tj, 7)) - Scle(X) = A {p: p =2, pis fuzzy € - (v, 1)) - semi closed}.

The concepts of fuzzy € - (v, 1;) - semi closure and fuzzy (v, t;) - semi closure are identical if € is the standard
complement function.

Theorem 4.3: Let (X, T, 1;) be a fuzzy bitopological space and € be any complement function. Then for a fuzzy subset
A and p of a fuzzy bitopological space X, we have

(i) (@ 5)-SIntg()<A.

(i) Aisfuzzy € - (5, 5) - semi open < (7, 7) - Sintg (1) = 4.

(iii) (7 g) - SInts (@, 7) - SInts (4)) = (@, 5) - Slnts (4).

(iv) If A< uthen (@, 5) - Sinte () < (@, 5) - SInte (22).

Proof:

(i) follows from Definition 4.1.

(i) Let A be a fuzzy € - (g5, 5) - semi open.Since A < 4, by Definition 4.1, 1 < (5, 5) -SInts (4). By (i), (5, 5) - S
Intg (1) =A. Conversely we assume that (7, g5) - Sint ¢ (1) = 4, By Definition 4.1, Ais fuzzy € - (7, 5) - semi
open.

(iii) By using (ii), we get (g, 5) - SInt ¢ ((#, 7) - SInt ¢ (1)) = (%, 5) - Sinte (4).

(iv) Since A < g, by using (i), (5, 5) - SInt ¢ (4) < A < . This implies that (7, 5) - Sints ((7, ) - S
Ints(4)) < (g, 5) - S Int ¢ (). By using (iii), (7, 5) - SInt ¢ (1) < (7, 5) - SInt ¢ ().

Theorem 4.4: Let € be a complement function that satisfies the monotonic and involutive properties. Then for a fuzzy
subset A of a fuzzy bitopological space X, we have

(i) €((m 5)-Sints(4) =(5 5)-Scls(CA).

(i) € ((7 g)-Scle(4) = (g, 5) - Sintc(C 2).

Proof:

(i) By Definition 4.1, (5, 7)) - SInt s (1) = v{u: u< A, pis fuzzy € - (5, 5) - semi open}. Taking complement on
both sides, we get € ((7, ) - SInt ¢ (A1)(X)) = € {Sup {x(X): (X) < AX), wis fuzzy € - (g5, 7) - semi open}}.
Since € satisfies the monotonic and involutive properties, By Lemma 2.5, € ((5, 35) - SInt ¢ (A)(X)) =
Inf {€ u(xX) : 1(X) < AX), pis fuzzy € - (5, 5) - semi open } = Inf {€ x(X) : € x(X)> € A(X), u is fuzzy
€ - (5, 5) - semi open} = Inf {7(x) : 7(x) > € AX), nis fuzzy € - (5, 7) - semi closed}. By Definition 4.2,
€ (7, 5) - SInt ¢ (A)(X)) = (7, 5) - S cl ¢ (€ A)(X). Therefore € ((7, 5) - SInt ¢ (1)) = (5, 5) - Scle(C 1).

(if) By Definition 4.2, (5, ) - Scle (A4) = A{u: u=4, uis fuzzy € - (5, 7) - semi closed}. Taking complement on
both sides, we get € (7, 5) - S cle (A)(X)) = € {Inf {2(X) : 2(x) = AX), ¢ is fuzzy € - (5, ) - semi closed}}.
Since € satisfies the monotonic and involutive properties, By using Lemma 2.6, € ((7, 7) - S clg (4)(X)) = Sup
{C 1(x): 1(X) = AX), pis fuzzy € - (5, 7) - semi closed}. By Definition € ((7, 5) - S clg (4)(X) = Sup {€ (x)
: Cu(x) <€ A(X), wis fuzzy € - (g, ) - semi closed} = Sup {7(x) : 7(X) < € AX), nis fuzzy € - (g, g5) - semi
open}. By using Definition 4.1, € ((%, 5) - S cls (A)(X)) = (@, 5) - SInt ¢ (€ A)(x). Therefore € ((5, g) - S cle
(A) = (@, 5) - Sint ¢ (€ A).

Example 4.5: Let X = {a, b, ¢}, u = {0, 1, {c.3}, {as b.7}, {as, b7, c3}, 1} and 1, = {0, 1, {c.o}, {as b.o},
{a.g, b.y C.o}, {a.g, b.g, C.o}}. Let €(X) = ﬁ 0 < x <1, be a complement function does not satisfies involute property.

Then the family of all fuzzy €- t; - closed sets are € (1) = {1, {a.25, b.os, C2s}, {a1, b1, Cusoe} {82040 D305, C1}
{@.204, D.3225, C.526}} and € (t2) = { 1, {@.25, 025, C.25}, {1, by, €27}, {@.20, D27, €1}, {@20, D27, C.27}y {@.27, D27, C.o7} ) Let
A = {a.,, by cg}. Then (t1, 15) - S clg (A) = {a.g, b.g, Cst.Therefore €( (tq, 12) - S cle (A))={a.59, b.29, C4}. Now
= € A={as, by, Cs7}, (1, T0) - Scle (€ A) = {a.g b.7, Cg}. It can be calculated that (ty, 15) - Sints (A)={a.25, b.25, C25}
and €( (11, 12) - Sintg (A))={a.5, b.5, c5}.Also (11, o) - SInte (€ 1) = {a.5, b.4, C5}.This implies that € ((ty, o) - Sint ¢
(A)) and (ty, 12) - S clg (€ 1) are not equal, € ((ty, T2) — S cle (1)) and (ty, 1,) - SInt ¢ (€ ) are not equal .

Theorem 4.6: Let (X, 1, 1;) be a fuzzy bitopological space and € be a complement function that satisfies the
monotonic and involutive properties. Then for a fuzzy subset A and p of a fuzzy bitopological space X, we have

(i) A<(m, 5)-Scle().

(i) Aisfuzzy € - (5, 7) - semi closed < (g, 5) - Scle(4) = 4.

(iil) (5 ) - S ol «((m 5) - S ¢le (A)) = (5 7) - S cle (A).

(iv) If A< u then (5, 5) - Scle (4) < (5, 5) - S cle (4).
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Proof:

(i) follows from Definition 4.2.

(i) Let A be a fuzzy € - (g, 7) - semi closed. Since € satisfies the monotonic and involutive conditions, By using
Theorem 3.2, € 4 is fuzzy €- (g, 7) - semi open. Therefore by Theorem 4.3, we get (g, ) - Sint¢(€ 1) =C A.
By Proposition 4.4, € (5, 5) - S cle (1)) = € 4. Taking complement on both sides, we get € (€ ((5, 7) - S cle
(4))) = € (€ A). Therefore (g5, 5) - S clg (1) =A. Conversely, we assume that (7, 75) - S clg (4) =4. Taking
complement on both sides, we get € ((5, 5) - S clg (1)) = € 4. By Theorem 4.4, (7, g5) - Sint¢ (€ 1) = € A. By
Theorem 4.3, € A is fuzzy € - (g5, 7) - semi open. Again By using Theorem 3.2, A is fuzzy € - (7, ) - semi
closed.

(iii) By Theorem 4.4, € ((5, 5) - S ¢l ¢ (1)) = (%, 5) - SInt¢ (€ A). This implies that € ((7, 5) - S cle (1)) is fuzzy
€ - (5, 1) - semi open. By using Theorem 3.2, (g, 5) - S ¢l ¢ (1)) is fuzzy € - (7, 5) - semi closed. Therefore
By using (ii), we get (7, g) - S cle (5, 5) - S cle(4)) = (7, 5) - Scl s ().

(iv) Suppose A< uthen € A > € . This implies that By Theorem 4.3, (5, 7) - S Int ¢ (€ 4) > (5, 5) - S Intc (€ 1)).
Since € satisfies the monotonic and involutive and taking complement on both sides, we get (7, 5) - S cle (1)
<(a@, 5) - Scle ().

Proposition 4.7: Let (X, 1y, 1) be a fuzzy bitopological space and € be any complement function. Then for a fuzzy
subsets A and p of a fuzzy bitopological space X, we have

(i) (@ 5) - Sints (Av) = (7, 5) - Sints (1) v (5, 7) - Sinte () and

(ii) (@, 5) - Sints (An) < (7, 5) - Sints (1) A (7, 7) - Sinte ().

Proof:
(i) Since A < Avpand p < Avu. By Theorem 4.3, we have (7, ) - Sints (1) < (7, 5) - Sints (Av) and (g, 5) -
Sints (1) < (7, 5) - SIntg (Av). This implies that (g, g5) - Sints (1) v (7, 5) - Sinte (1) < (7, 5) - Sinte (Av).
(ii) Since A > Aauand u> Aau. By Theorem 4.3, we have (g, 7) - Sinte (Anp) < (5, 5) - S Ints (4) and (5, 5) -
Sintg (A1) < (7, 5) - Sinte (19). This implies that (5, 5) - Sinte (Az) < (5, 5) - Sints (1) A (5, 7) - SInte (1)

Proposition 4.8: Let (X, 11, 12) be a fuzzy bitopological space and € be a complement function that satisfies these
monotonic and involutive properties. Then for a fuzzy subsets A and p of a fuzzy bitopological space X, we have

() (% 5)-Scle(Ava) = (5, 5) - Scle (A) v(5, 5) - Scle (1) and

(i) (@, ) - Scls(Arw) < (@, ) - Scle(4) A (4, 5) - S cle (1)

Proof:

(i) Since C satisfies the involutive condition, (7, 5) - S cls (Av) = (5, ) - S cls (€(C(Avy)). Since € satisfies
the monotonic and involute properties, by Theorem 4.4, (5, 7) - S cls (Av) = € (7, 5) — S In te (E(Av))).
By Lemma 2.6, we have (5, ) - Scle(Av) = € ((5, 5) =S Inte (E AV E ). (5, 5) - Scle(Avy) <€ (7,
5)-Sints (€ A)) A ((5, 5)-Sints (€ #))). Again by Theorem 2.9, (7, 5) - S cls (Av) < €((g, 5)-Sint ¢ (€ 1))
vE((7, 5)-SIntc(C ). By Theorem 4.4, (5, 5) - S cle (Ave) < (5, 5) - Scle (4) v (5, 5) - S cle (). Also
(5, 5) - Scle(4) < (7, 5) - Scle(Ave) and (7, 5) - S cle (1) < (7, 5) - S cle (Avg). This implies that (7, 7) - S
cls (4) v (5, 5) - Scle () < (7, 5) - S clg (Av). Therefore (g, 7) - S cle (Av) = (5, ) - Scle (4) v(7, 5) - S
cle ().

(ii) Since (5, 5) - S clg (Anw) < (5, 5) - S cle (4) and (g5, g) - S cle (Anp) < (5, 5) - S cle (1) which implies that
(@, 5) - Scle () < (5, 5) - Scle (A) 2 (7, 5) - S cle ().

Proposition 4.9: Let € be a complement function that satisfies the monotonic and involutive properties. Then for any
family {).} of fuzzy subsets of a fuzzy bitopological space, we have

() (=@ g)-Scle(1)) = (7 5) - Scls(vA,)

(i) (@ g) - Scle(rl) < A((@ 7) - S cle(4s))

Proof:
(i) Forevery g, A< vA,< (5, 5) - S clg(vA,). By Theorem 4.6, (7, 5) - S cls (A4p) < (7, 5) - S cle (vA,) for every
B. Therefore \( (7, 5) - S cle (44) < (7, 5) - S cls (VA,). This proves (i).
(if) For every B, Ad,< As Again by using Theorem 4.6, (5, 7) - S cle (A1y) < (7, 5) - S cls (4p). This implies that
(7, 5) - S cle (1 4g) < A((7, 7) - S cle (4,)). This proves (ii).
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