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Pre* regular generalized closed sets in Topological spaces
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ABSTRACT

In this paper, we introduce a new class of sets namely, p*rg-closed sets in topological spaces. Also we study some of
its basic properties and investigate the relationship with the other existing closed sets in topological space. It has been
proved that the class of pre* regular generalized closed set lies between the class of regular closed set and g-closed
set.
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1. INTRODUCTION

In 1937, Stone.M [17] introduced regular open subsets of a topological spaces. In [8] he also defined the concept of
generalized closed set. In 1982, Mashhour et al. [13], defined the concept of pre closed. S.P. Arya and N. Tour [4]
defined gs-closed sets in 1990. Gnanambal and Palaniappan [7] and Rao [6] introduced gsp-closed sets, gpr-closed sets
respectively. In 1993, Palaniappan and Chandra SekranRao [15] introduced rg-closed sets. In 1996, H. Maki,
J.Umehara and T. Noiri [11] introduced the class of pre generalized closed sets Quite recently, Selvi et al. [16],
introduced pre* closed sets.

In this paper, the concept of pre* regular generalized closed sets is to be introduced and studied some of their
properties. It has been proved that the class of pre* regular generalized closed set lies between the class of regular
closed set and g-closed set.

2. PRELIMINARIES

Throughout this paper (X, 7 ) represents a topological space on which no separation axiom is assumed unless otherwise
mentioned. For a subset A of a topological space X, cl(A), int(A) and X\A denotes the closure, the interior and the
complement of A in X respectively.

We recall the following definitions and results.

Definition 2.1: Let (X, 7 ) be a topological space. A subset A of X is said to be generalized closed [8] (briefly g-closed)
set if cl (A) < U whenever AcC Uand U isopenin (X, 7).

Definition 2.2: Let (X, 7 ) be a topological space and A < X. The generalized closure of A is denoted by cl*(A) and is
defined by the intersection of all g-closed sets containing A and the generalized interior of A denoted by int*(A) and is
defined by union of all g-open sets contained in A.
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Definition 2.3: Let (X, 7 ) be a topological space. A subset A of X is said to be
1. apre-open [13] setif A Cint(cl(A)) and a pre-closed set if cl(int(A)) C A.
a semi-open [2] set if A C cl(int(A)) and a semi-closed set if int(cl(A)) C A.
a regular-open [17] set if int(cl(A)) = A and a regular-closed set if cl(int(A)) = A.
a semi pre- open [2] set if A cl(int(cl(A))) and a semi pre closed set if int(cl(int(A))) C A.
an o-open[14] set if AcCint(cl(int(A))) and a a-closed set if cl(int(cl(A))) C A.
b-open [3] set if Accl (int (A)) vint (cl (A)) and b-closed set [2] if int(cl (A)) N cl(int (A)) C A.
a pre* open [16] set if A int*(cl(A)) and a pre* closed set if cl*(int(A)) C A.

N oo~

Definition 2.4: Let (X, 7 ) be a topological space and A < X. The regular closure [17] of A is denoted by rcl(A) and is
defined by intersection of all regular closed sets containing A .

Definition 2.5: Let (X, 7 ) be a topological space. A subset A of X is said to be a
1) generalized semi closed [4] (briefly gs-closed) set if scl(A) = U whenever Ac U and U isopenin (X, 7).
2) - generalized closed [10] (briefly ag-closed) set if acl(A) — U whenever A — U and U isopenin (X, 7).
3) regular generalized closed [15] (briefly rg-closed) set if cl(A) — U whenever A < U and U is regular open
in(X,7 ).
4) generalized pre closed [11] (briefly gp-closed) set if pcl(A) = U whenever Ac U and U isopenin (X, 7).
5) generalized regular closed [5] (briefly gr-closed) set if rcl(A) €U whenever A — U and U is open in (X, 7).
6) generalized semi pre closed [6] (briefly gsp-closed) set if spcl(A) — U whenever A < U and U is open in
X, 7).
7) generalized pre regular closed [7] (briefly gpr-closed) set if pcl(A) — U whenever A < U and U is regular
openin(X,7).
8) generalized a-closed [10](briefly ga-closed) set if acl(A) < U whenever Ac U and U is a-open in (X, 7).
9) generalized b- closed [1] (briefly gb- closed) set if bcl (A) < U whenever A — U and Uisopenin (X,7).
10) generalized o b- closed [18] (briefly gob- closed) set if bcl(A) c U whenever AC U and U is a-open in
X, 7).
11) regular generalized b-closed [12] (briefly rgb-closed) set if bcl(A) — U whenever AC U and U is regular open
in(X,7).
The complement of the above mentioned closed sets are their respective open sets.

Remark 2.6:

clozed

l

Regular o Pre*closed - closed
closed

Lemma 2.7: A subset A of a topological space X is pre* closed if and only if p* cl(A) = A.
3. Pre* regular generalized closed sets

Definition 3.1: Let (X, 7) be a topological space. A subset A of X is called pre* regular generalized closed (briefly
p*rg-closed ) set if rcl(A)c U whenever A < U and U is pre*-open in (X, 7).

Definition 3.2: For a subset A of (X, 7),

(i) the intersection of all p*rg-closed sets containing A is called the p*r -closure of A and is denoted by p*rg-cl(A).
That is, p*rg- cl(A) = N {F | F is p*rg-closed in X, AC F}.

(ii) the union of all p*rg—open sets contained in A is called the p*rg —interior of A and is denoted by p*rg-int (A) .
That is, p*rg-int (A) = U {G | G is p*rg-open in X, AcC G}.

Theorem 3.3: Every regular closed set is p*rg-closed.

Proof: Straight forward.
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Remark 3.3.1: The converse of the theorem need not be true as seen from the following example.

Example 3.3.2: Let X={a, b, ¢, d} with topology 7 ={¢ {a}.{a, b}.{c, d}, {a, c, d}, X}. Here the set {b, c, d} is
p*rg-closed but not regular closed.
Theorem 3.4: For a topological space (X, 7 ), the following conditions are hold.
(i) Every p*rg-closed set is gs-closed set.
(if) Every p*rg-closed set is ag-closed set.
(iii) Every p*rg-closed set is gp-closed set.
(iv) Every p*rg-closed set is gsp-closed set.
(v) Every p*rg-closed set is rg-closed set.
(vi) Every p*rg-closed set is rgh-closed set.
Proof: proof is straight forward.

Remark 3.4.1: The converse of the theorem need not be true as seen from the following example.

Example 3.4.2: Let X = {a, b, c} with topology 7= {¢, {a}, {a, b}, X}. Here the set {c} is gs-closed, ga-closed,
gp-closed, gr-closed, gsp-closed and rgh-closed but not p*rg-closed .
Theorem 3.5: For a topological space (X, 7 ), the following conditions are hold.
(i) Every p*rg-closed set is gr-closed set.
(if) Every p*rg-closed set is gb-closed set.
(iii) Every p*rg-closed set is gab -closed set.
(iv) Every p*rg-closed set is ga-closed set.
Proof: proof is straight forward.

Remark 3.5.1: The converse of the theorem need not true as seen from the following example.

Example 3.5.2: Let X= {a, b, c} with topology 7 = {¢, {a}, {a, b}, X}. Here the set {b} is go-closed, gab-closed,
gr-closed, gh-closed but not p*rg-closed .

Theorem 3.6: Every p*rg-closed set is gsp-closed.
Proof: Since every open set is pre* open and from the definition 2.5 (6), we have the proof .
Remark 3.6.1: The converse of the theorem need not true as seen from the following example.

Example 3.6.2: Let X = {a, b, c} with topology 7 = {¢#, {a}, {a, b}, X}. Here the set {b} is gsp- closed but not
p*rg-closed.

Remark 3.8: The above discussions are summarized in the following implications.
regular cloged gs-closed

gp-closed \ / ag-closed

gsp-closed ®——— p*ro-closed > tg-closed

gt-cloged / \ go-closed

gh-closed gith-closed
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4. Characterisation of p*rg closed sets
Theorem 4.1: A subset A of X is p*rg-closed if and only if rcl(A)\A does not contain any non-empty pre*-closed sets.

Proof: Necessity: Suppose F is a non-empty pre* closed subset of X such that F C rcl(A)\A. Then Ac X\F and X\F is
pre*-open in (X,7). Since A is p*rg-closed in X, rcl(A)cX \F which implies Fc X\rcl(A). Thus,
F< (rel(A) N (X\rcl(A) = ¢

Sufficiency: LetA c U and U is pre* open. Suppose rcl(A) does not contained in U, then rcl(A) N(X\U) is a non-empty
pre*closed set of rcl(A)\A, which is contradiction. Therefore, rcl(A) — U. Hence A is p*rg -closed.

Corollary 4.1.1: For any subset A of X, if A is p*rg-closed then rcl(A)\A does not contain any non-empty regular
closed set.

Proof: Let A be a subset of X. Then by theorem 4.1, we have rcl(A)\A does not contain any non-empty pre* closed set.
Since every regular closed set is pre* closed, we have rcl(A)\A does not contain any non-empty regular closed set.

Theorem 4.2: If A is both pre*-open and p*rg-closed set in X, then A is pre closed set.

Proof: Since A is pre* open and p*rg-closed in X, rcl(A) C A. Since every regular closed set is pre closed,
pcl(A) crcl(A) < A. But always A C pcl(A). Therefore, A = pcl(A). Hence A is pre closed set.

Theorem 4.3: If A is both pre* open and p*rg-closed set in X, then A is a closed set.

Proof: Since A is pre* open and p*rg-closed in X, rcl(A) C A. Since every regular closed set is closed, we have
cl(A) crcl(A) =A. Hence cl(A) C A. But always A C cl(A) and hence A = cl(A). Therefore, A is closed.

Theorem 4.4: Let X be a topological space, if a subset A of X is open and gr-closed then A is p*rg-closed set in X.

Proof: Assume that A is open and gr-closed. Let U be pre* open in X containing A. Then we have rcl(A) — U. Hence
Ais p*rg-clolsed set in X.

Theorem 4.5: Let X be a topological space. If a subset A of X is m-open and gr-closed then A is p*rg-closed set in X.

Proof: Assume that A is m-open and mgr-closed. Let U be pre* open in X containing A. Then we have rcl(A) C U.
Thus rcl(A) — U whenever AC U and U is pre* open. Hence A is p*rg-closed set in X.

Theorem 4.6: If A is regular closed and p*rg-closed, then A is pre* closed.

Proof: Suppose that A is regular closed and p*rg-closed. Since every regular closed set is pre*closed, p*cl(A) C rcl(A).
Since A is regular closed, we have rcl(A) =A. This implies p*cl(A) < A. We know that A C p*cl(A) and hence
p*cl(A)=A. Therefore, A is pre* closed.

Theorem 4.7: Let A be any p*rg closed set. If A is regular closed then rcl(A)\A is pre* closed.

Proof: Necessity: Since A is regular closed set in (X, 7 ), rcl(A) =A. Then rcl(A)\A =@, which is a pre* closed set in
X 7).

Remark 4.7.1: The converse of the above theorem need not be true.

Example 4.7.2: Let X = {a, b, ¢, d} with topology 7 = { ¢, {a}, {b}, {a, b}, X}. Let A = {c, d}. Here rcl(A)\A = ¢,
which is pre* closed but A is not regular closed.

Theorem 4.8: The union of any two p*rg-closed set is p*rg-closed

Proof: Let A and B be p*rg-closed sets. Let U be pre*-open set in X such that AUBC U. Then AC U and BC U. Then
rcl(A) c U and rcl(B)  U. Then rcl(AuB) = rcl(A)urcl(B) — U. Therefore, AUB is p*rg-closed set.
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Theorem 4.9: Arbitrary intersection of p*rg-closed set in a topological space X is p*rg-closed.

Proof: Let {Aj| i€l} be any collection of p*rg-closed set. Let U be a pre*-open set containing each A;, i €l. Since each
A is p*rg-closed, we have rcl(A;)) c U for each i € I . Thus N;¢; rel(4;)) < U Butrel(N; 4) < N;e rel(4;)) < U, where
U is pre*-open. Hence N;¢; 4; is p*rg-closed.

Theorem 4.10: Let A and B be subsets such that A — B C rcl(A). If A is p*rg-closed set then B is p*rg-closed set.

Proof: Let A and B be subsets such that Ac B Crcl(A). Suppose that A is p*rg-closed. Let B U and U be a pre*
open in X. Since A B and BC U, we have A — U. Hence AcC U and U is pre*open in X. Since A is p*rg-closed, we
have rcl(A) c U. Since B crcl(A), we have rcl(B) < rcl(rcl(A))= rcl(A) c U. Hence rcl(B) < U. Hence B is p*rg-
closed set.

Theorem 4.11: For every element x in the space X, {x} is pre*-closed or X\{x} is p*rg-closed.

Proof: Suppose {x} is not pre*-closed. Then X\{x} is not pre*-open implies the only pre*- open set containing X\{x}
is X. This implies rcl( X\{x}) < X. Hence X\{x} is p*rg-closed.

Theorem 4.12: Suppose BC A C X. B is p*rg-closed set relative to A and A is p*rg-closed set in Y, then B is p*rg-
closed set relative to X.

Proof: Let B U and U be a pre* open set in X. Since BC A and B U then B A NU. Since B is p*rg closed set
relative to A, rcl(B) < ANUcU. Therefore AU rcl(B)cU. Since A is pre* closed and BC A gives
rcl(B) c UN (rcl(B)). This implies that rcl(B) contained in U but not contained in (rcl(B))°. Therefore, B is p*rg -
closed set relative to X.
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