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ABSTRACT
In Present paper, we study of various fractional integral transformations of Mittag-Leffer type E-function with
Multivariable Polynomial S\le ---- Y (Xl x| ) and Aleph function in series. Also find results for earlier defined

.....

Mittag- Leffler type functions.

Key words: Aleph functions in series, Multivariable Polynomial, Fractional Integral transformations, Mittag- Leffler
type function.

1. INTRODUCTION

It is found by recent works of several authors that the Mittag-Leffler (M-L) function is the solution of fractional
differential and integral equations. Unified M-L function named by E-function [1]. Now we will study Erdelyi-Kober,
Riemann Liouville and other fractional integral transformation of newly defined M-L type E-function.

In this Paper we use the following definitions
Riemann-Liouville Fractional integral Operator (|g+qf) (x)[6]

0 _1X e 1
(I 'P)(x) = To (j:(x t) W(t)dt 1)
Where 0 € C;SR(O)> 0.

Erdelyi-Kober fractional integral operator (ng) (x) [6]

-6 x .
(ngfj(x): Xr(n) 6(x—t)n L0¢ (t)at 0

Where 11,0 € C;R(n) > 0 and 9::(6) > 0.

.....

The Multivariable polynomial S\L;1 ----- U (X x| ) introduced by Srivastava and Garg (1987) [8, p.686, eq. (1.4)]

is defined in the following manner:

O U  UR =V R
. i=L X:
SA T T g x) = S (V) A(V.Ry, Ry ) @)
R.,....R,=0 | Ri!
el >, UiR;
=]

Where V =0,1,2...and U

constants (real or complex).
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In 1903, Gosta Mittag-Leferr [5], introduced the function Ea(z), defined as

1 .n
@)= %X ——
Ea n 0 F((xn +1) )
Where z,a € C;SR((x) > Oand |z| > 0.
In 1905, Wiman [9] extended (4) in the form
1 n
e a——4
B( )= n= oF(an+B) ®)
Where Z,a,B € C;R(a)>0,R(3)> 0.
In 2000, Kiryakova [4], has studied about “Multi index M-L function” defined by
1 n
E () z )
|: []/pi}[u J } n= OF(H]_"‘n/pl) F(Mm"‘n/Pm)
Where m>1, is an integer, P1>-"Pm = 0 and My Hmare arbitrary real numbers.
In 2010, Saxena and Nishimoto [7], studied an extension of M-L type function as
n
z
E%k[(al,Bl), (om.Bm)iz]= > (Ynk - ()
n=o H (ojn+Bj)
m .
Where 2,0;,B;veC; zl R(a)>R(k)-1,j=1,..,m and R(k)>0
J:
In 2012, Kalla , Haidey and Virchenko [3] , showed Multi parameter M-L type function in the following form
7\1 (_1)n 2 An+M
HE N V L (2) | = [_J (8)
n= O A
H F(1+u. +x-n)
=1 J J
Where C,A.>0,j=1,2 S M dvk A
1 1 P> =44 1 Hi an Hial
Hjethj=ol Vgt &'
Chaurasia [2] gave Series representation of the Aleph function.
M,N
M © (_ 1)gQ P‘ ’Q' 1C' yr(S) —
M, N _ i s ©)
Np_ Q.,c. r[Z]— DI B z
ik G=1g=0 9:bg
_ bs +9
WlthS—nG’g— B P. <Q;, 2] <1
M N
Hll“(bj + Bjs) _]‘[11"(1— a; —Ajsj
M,N = I (10)
and QPQ 3 r(s) ; QI P
ch I 1“(1 b.. —B..s) H F(a +A. sj
i=1" =M+l Ji n j=N+1 i i

2. MITTAG- LEFFLER TYPE E-FUNCTION

In 2014, Bhatter and Faisal [1], defined a unified M-L type E-function as follows
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©2)3 (Y9 Sy | Eh{ 2P )'(Vi’qi’si]"“’[Vh’qh’sh]}
COHLILTLAN U (B8Pt e (B Pieori)

_ {(Yl)qln} {(Vz)qzn}sz---{(vh)qhn}sh (_1)PP zan+T

EE(Z):TEE z|

- . . a
{@ppynt @0} 2 Gpn} “rlan+p)
Where z,0,B,7},8; € C,9(a) 2 0,%(B) > 0, R(y;) >0, %R(3;) >0 and %R(q;) = 0.
h k
*J%’(pj) >0;s;, rja,te R;pe {0,1},(i§0qisi < jélpjrj +ER(OL)j
—1
h B k h g.s. k pjrj
{izoqisi = jélpjrj +9R(a)when igl(qi) i I[aot jl;ll(pj) :I ‘ZOL‘ <1} 12

Wherei=1,2,....h;j=12,....k.

3. THE IMAGE OF M-L TYPE E-FUNCTION UNDER THE RIEMANN - LIOUVILLE (R-L) OPERATOR

19
lc+

Theorem 3.1:

If convergence condition (3), (9) and (12) are satisfied also 0 € C and 9{(9) > Qthen the R-L transform I(e:Jr of the
E -functions is

IzUiRisV
1 i=1 11
= > (-V) A(V,Ry,.., R )= ——
[ LI R or] FeRis0 Ty Ry Ry
T i n -R.
i=1 G.9 0 =
|
M,N Y R
M (_1)gQP-,Q-,c-,r(S) =i eg
x 2 X | 1] (x—c
G=1g=0 9!B,

I
(p.a) (vi»9i-Si)1h ,(T+_Z Ri—nG’g+1,a,1)
% oEprg| (¢l =1 (13)

T+0 “k+1
(o, B); (Sj’pj’rj)l,k’(T+e+_lei_T]G,g"'l’a’l)
1=

Proof:
u.,...,u
{IGC+{‘CEE(t_C) N I((t_c)Rl,_ c)leNP Q,.c. (t_C)H(X)
é U.R <V

= r_ej(x t)e 1 ;O(D(n)(t C)an+r'—i|- ,ZRI=0(_V) | AV Ry R)
= UiR;
=1

(t-ofi M = (-1 Fis _
><i=1 R Gzzlggo 9!B; (t=2) UG’g}dt

© 2017, IIMA. All Rights Reserved 143



Dr. Sanjay Bhatter*, Rakesh Kumar Bohra /
Fractional Integral Transformations of Mittag- Leffler Type E-function with Multivariable Polynomial.... / IIMA- 8(5), May-2017.

Where
Sh pn
-1
{(yl)ql } {(Yz)qz } {(Yl)qh } 1) (14)
{(81)'01 } {(Sl)pz } {(Sl)pk } ran+p)
z U.R. <V
1 i=1 " | 1 o
| L > () AV.R,-R) TT = X ®(n)
F'0 Rr,..R =0 l=1R n=0
I U.R.
z UiR;
i=1
M, N
M 0 (_1 P Q C(l) X 9_1 (ant+é{l{ i-1G,gW +
x> 3 j(x—t) (t—c) dt
By using this formula {I(Z a)t ™~ 1(b )V~ 14, = F(“)F(V)( )M+V—1} after simplification by the
C(u+v)
a
Beta —Gamma function formula than we get the required result (13).
Special Cases:
I. R-L transform |g+ of the M-L function (6)
u,,.. U
0 _ 1 _ R —
{IC+{E(]7/pi)’(ui)(t c) Sy, [(t R, (t=c) |)NP S c. C( C)H(x)
IZ U;R; <V
- 1 > (V) A(V,R R )ii
| Rq...,R, =0 LT RLOR
>~ Rp— g A+ I > UR, I
i=1 ’ 0 =1
[
M,N R. -
1 M 0 (_l)gQP.,’Q.,c r(s) |§1 ! nG g
x—— D) " P (x—c)
M reE)e=te=0 P
j=1
(0,2); (zR -ng,g+1.1.1)
<0 Em| (=€) -1 ,
: (16)
(j/pm'“m)f(ul':'/pl'l) ----- (Hm—l’j/pm—lvl)’(e+_ZlRi_nG,g+l'l’1)
1=

Il. R-L transform |g+ of the M-L function (7)

u,.,...,.U R
[Ig+{ y,k[(al’Bl)""’(am’Bm);t] sVl I(tRl,...,t I)Nllg?,'QNi,Ci.r (t)}}(x)

> UR.<V
1 1= 1 1
- R 2 oY), ARy R
> Ri-ngg+1| 1770 > UiR;
i=1 0 i=1
!
“1fa MY ) X Ro-q
o w g PPORGO Se
"rgye-ta-0 9%
=1 !
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!
(0,2) 5(v.k,1), (ZRj=ng,g+1.11)
1=

*0Emaa| X ! .
2,2);(B1.09,2),-, Byt 1), (0+ R -G g+1,1,1) (17
i=1

I1l. R-L transform If of the M-L function (8)

+

u,,...U R
{Ie {(HEM““’“'t) SN |(tR1,...,t I)Ng:l”gi’ci’r (t)H(x)

C+ Mty 7
R.<V
1 E i 1 1
= > (-V) AV,R,,..R{)— . —
' R,,...R,=0 | 71 Ry Ry
M+ 2 R.-ng 4 +1 1 I U.R.
. 1 g . [ |
i=1 0 =1
M,N
1 M (_1)ng_,Q_ C-,r(s) 6+R1+...+R|—nGg
vy DI L1 ] X ’
s g 1B
[T F[l—i—u.jG 1g=0 g
j=1 J
|
1.A): (M+ TRj—ng g+1.A1)
x E-| = =1
M~™v| A I
(g ity ooy @y g D)o, @y, g4y _1,2), (M+ SR g+0+1,A,1) | (18)
i=1 ’

XI) and Aleph function is unity, then we get the

results reduce in [1].

4. THE IMAGE OF M-L TYPE E-FUNCTION UNDER ERDELYI- KOBER (E-K) OPERATOR Eg_’f

Theorem 4.1: If convergence condition (3), (9) and (12) are satisfied also 1,0 € C,%(n). >0 and %(8)>0

then the E-K transform Eg’f of the E-function is

{ES’E{TEE(O s\le """ Y, (tRl,...,tR| ng”gi’ci’r (t)H(x)

Py 1
: = 2 (=V) AV, Rl,...,RI)Ri...i

- i _
[‘c+9+ > Ri_ﬂGg"']j Ry R =0 L UR. 1
i=1 ’ ” =

M,N B
M 0 (_1)99 PI ’QI ’Ci’r(S) . §1R| T]G, g
x Y > x! =
G=1g=0 9'Bg

|
(p.a) ;(vj.g; Si)1h s (t+0+ X Rj-—mg g+1.a,1)
i=1

T k+1 (19)

|
(o, B); (3j:Pj 1,k (z+0+n+ X Rj—g g+1.a,1)
1=

Proof:
We get the E-K transform Egjre of the E-function as follows

{ES’E{TEE(O sor U'[tRl,...,tRl ng:':gi’ci,r (t)H(x)
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|
Y UR. <V R, R
-1n-0x 1 ® i=1 ! tl ¢!
1 Tx=)"7H o) T () A(V,Rp R )
T() g n=0 R.,..R, =0 I YR
1 ¥ UR.
. 11
i=1
Mo (R el e |y
G=1g=0 9!Bs
(20)
|
> UR. <V
_|x7f > o) T Izl (-V) A(V,R,,..,R )tRl C!
TN n=o R,,..R, = I SRR
1 | > UiRi
i=1
M, N ,
M 0 (_1;9 PI , Q| , CI(,SP X Y ((J+an+r+leR,—rzc,.g +1)-1
x Y X 'S J(x=t)"t 5 t
G=1g=0 9: 0
%UR Vv
<
X_n_e w icg 11 tR1 tRI
- o Y @(n) y (V) | ANV Ry R) Doy
=0 Rp.Ri=0 uR v
i=1 (21)
|
_1)9gMN -
M (1)Qpi’Qi’ci’r(S) | n+9+an+1:+i§lRi "G
x ¥y ¥ | plo+an+t+ ¥ Ri-ng  +1n|X = d
G=1g=0 9'Bg i-1 9

By using the Beta —Gamma function, we get the result (19).

Special Cases:
. E-K transform =7 of the M-L type function (6)

=0+
u.,..,uU R
=n.0 1Y R Iy M. N
[HO+{E(]/pi)1(Hi)(t) Sy t L,...t )Npi’Qi’Ci’r (t)H(x)
iuiRisv
1 1= 1 1
= (-V) AV, Ry, Rp) S =
(0+Z|3R - +1] RymRy=0 U.R R Ry
i=1 ! 9y g b
|
9o MN _
1 L (_1)Qpi’Q|’C|’r(S) ilei nG,g
e DINEDY 0B X
M r)c=19=0 G
j=1 !
|
(0,12); (6+ XRj—ng ¢ +1.1,1)
*9Em X| =1 |
( )i ( 1),....( 1),(+0+ X Ri—ng g+1,1,1 (22)
Yembm iy Ve 1Y Pm—1.1).(n _Zl. nG,g+1.1.1)
1=
Il. E-K transform Eg_"_e of the M-L type function (7)
u,,...,uU R
I:Eg’f{Ey,k[(al'Bl)""’(am’Bm);t] Svl I(tRl,_..,t I)Ng?,'gli,ci,r (t)}}(x)
146
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éUiRiSV
i=1
B : | (-V) ANV, Ry, Ry )t
=1 ’ n i=1
|
M,N
1 M © ( 1)gQ PilQi,CI r(s) Z Rl nG g
x DIEDY i
m-1 - = B
1 F(B_)G—lg—o g G
j=1

|
(0.1):(v.k1), (6+ X Rj—ng g+1.1.1)

x E2 X| i=1
0 " m+1 | (23)
@,2);(B1.09,2).-, By et 1), (0+m+ Ry Mg g+1.1,1)
i=1
I11. E-K transform ng of the M-L type function (8)
u,,...U R
':‘nne Aoy o 1’ | F{l | M’ N
|:u0+ {(HEM”"’”"J) SV T =t )NPin,Ci,r (t)}i|(X)
|
> UR.<V
1=
- ! > (=V) AV, Ry Ry ) b
| Rq,...R,=0 | i R
M+6+ > R Gg+1 1 | ) UiRI
M,N
M oo (2fp Q.c.r® Ry+.+R -
y Yy oy [Rd R X G.g
v-1 B
M {1y |G=19=0 9:Bg
j=1 %
|
@€,A);:(y.k 1), (M+e+ YRj-ng g +1.A1)
1| X =1
MEv| Al 24
(xv,1+uv),...,(1+u1,x1,1),...,(1+uv_1,xv_1, )(M+n+ zR G g+0+LA1) | (9

=1

IV. If we Substitute Multivariable Polynomial S\le ----- Y (X XI) and Aleph function is unity, then we get the

results reduce in [1].
5. THE IMAGE OF THE M-L TYPE E- FUNCTION UNDER A GENERALIZED INTEGRAL OPERATOR.

Theorem 5.1: If convergence condition (3), (9) and (12) are fulfilled also 7,0,0 < C,R(7).> 0, R(c) > O,“R(H)> 0
and t,X,u € R then

){((x—s)n_l(s—t)e_lrEE{v(s—t)G}S\le,m,UI((S_t)Rl""( )R j P. Q cr (s—t)ds

M, N
§1UIR <V L Y " (—1 P Q C(P
= (-Vv) ARy RS 5 S X i
RaRy =0 IZUiRi 1 'G=1g=0 9!Bg
i=1
|
| n+6+ X Ri_nG -1
xpo+ 2 R. _T]G g+cr,n) (X—1) =1 '
i=1
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- (p.a) ;(vi-9i-Si)1 h » (9+GT+ZR —ngG,g-2c:1)
o ENT V(X—t)G| 1|

k+1
(oc [3) (SJ Pjs rj)l K> (T]+9+G’C+ >Ri—mg ,g°2%; 1) (25)
=1

Proof: The theorem is proved as follows

T om0 el o 0 st (- 0Pt 0 R ) SI e os

|’Qi’C r
[
> UR. <V
X —1 0—-1 ® aner j—1 ' !
[T (x—sM st ! ¥ @(n){v(s—t)c} > (wV) A(V.R ... R))
t n=0 R,,.., R|=O |
! 2z UiR;
i=1
| _ M o (-1 MN -1,
i-1  Ri' G=1g=-0 9!Bs
[
> UR. <V
2 ang  1=1 1 1
= X ®(n)v > (-V) A(V,R Do
n=0 R.,...,R =0 | R! R
1 | 3 UiRi
i=1
|
o+ > Ri+0'an+0"r——77G g—l
M _1 M,N X :1 y
Y E R K gty o
G=1g=0 9!'Bg t
(26)

By using this formula I(Z M Lb—z)VLdz = r(M)F(V)(
a C(n+v)

MtV —1} after simplification by the
Beta —Gamma function formula than we get the required result (25).

Corollary 5.2: If convergence conditions (9) and (3) are satisfied alson, 8,6 € C,%(n). > 0, R(c) > 0,%(6)>0 and
X,v e R,t =0 intheorem (5.1) then

X 1 0_ u,,...,.U
(I)(x—s)n 150 1TEE{VSG}SV1 I(SRl S ')NP Qu.cqr (s)ds

M,N
Zlu R.<V ) M (159 y Q C(SI)
= > (-V) A(V.RyRDS5 57 2 2 i
i=
[ n+0+ Z R g g_l
XB(9+ z R —‘I’] +Grln) X |_1 !
G.g
i=1
(P,a) 5(vj Qi :Si)Lh (Oror. > R; i~1G,g:20.1)
h+1 1
x Ek+1 VX |

(o, B); (Sj,pj,rj)l,k,(ﬂ+9+cﬂ+ Z Rj—™g,g-2c:1) (27)
i=1
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Corollary 5.3: If convergence conditions (9) and (3) are satisfied also 9,(56C,,9%(0)>0,‘R(6)>0 and
X, e R,t=0,n=1, intheorem (5.1) then

X g_ u.,..,u R
CI)SE) 1TEE{VSG}SVJ— I(sRl,...,s I)Ng/il:gi’ci’r (s)ds

U.R.<V _ M,N
ié i 1 1 M ) (1 Pi’Qi’Ci(’SP
Z (_V) A(V1R111RI)E“E Z Z B
i=l
l I
0+ 2 Ri=ng 4 () :(vj.0j.Sj)1 - (O+0 T+ TR Mg g.20.1)
Lox i=t N+l o) ’ i=1 ’
I T k+1
Gt+9+i§1Ri—nG,g

|
(a,[?));(Sj,pj,rj)l,k,(n+6+cr+i§1Ri—nG!g,acs,l) (28)

Special Cases:
I. General integral transform of the M-L type function (6)
X — _
[(x—s) 1(s—t)e lg
t

o I (60 -0 R )G

P..Q,.C. (s—t)ds
|
R.<V B M, N
iélu' i~ 1 1 M o0 (1;9 P.,Q.,C.(,SI)
==y (-V) AVRpRDET BT D X 5
Ry R;=0 'ZU.R 1 'G=1g=0 9:Bg
iz '
B(® %R ) I
+ .M WM n+6+ > R.—n -1
DR = DAV P B
m-1
IT T (u)
=1

|
(0.1),(6+ XRj—ng g:o)
xoEL [ v(x~t)° i=1 '

m I
(]/pm,um);(ul,]/pl,l),...,(um_l,ypm_l,l),(n+9+_lei—nG’g,G,l) (29)
1=

11. General integral transform of the M-L type function (7)
X

_ _ Uy,...U
[(x-s)" Ls—t)f 1Ey’k{(al,ﬁl),...,(am,Bm);s—t}Svl '((s—t)Rl,...,(s—t)Rl)N’F\,?,’giicllr (5—t)ds
M, N
ig UiRigV 1 1 M 00 (_1;9 P.,Q.,C.(,SP
= > (V) A(V,Rl,...,RI)R R > 3 I' !
Rl,...,RI_O iUR 1 'G=1g=0 g: G
i [
| |
BO+ X R.-m~ M) n+6+ X R. -n. -1
RN = DL VI e B
m
IT T@,)
ji=1 ]

|
2 (0’1) !(Yak!l)!(e+_z Rl_nG,g’lll)
“0Em+1 (x—t) 1=

|
(1,1); (B1.0q., D)., (Bm,am,l),(n+9+_21Ri—nG’g 1,1)
1=

(30)
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I11. General integral transform of the M-L type function (8)

X u,,...,u
-1, 01, Mty ol oYY R M,
(=5 ) HEpl,_..,uv{v(s—t) ISy -0)R,..6-)R NBQ (s—t)ds
I
U.R.<V B M, N
20 TR i P Qo
= 2 (V) A(V.Rl,.--,R|)$---ﬁ DINEED B
Rl,...,RIZO IUR 1 |G::|_g:0 g: G
= b
I I
0+ocM+ X R. - : +0+ R. - -1
B( 2 RiTg,q n) n igl i "G.g
X xX-1)
v-1
[T T'@+p.)
j=1 )
(L A)i(rk), ( I )
LA)(r.k1), (6M+6+ X R;— oA, 1
x  EL V(X‘t)c| Y =N 160
M™v A I
(g Ly oo @atg Ag Do, @ity g 2y 1, 1), (GM4m+ TRj-nG g+0,0A1) | D
i=1
IV. If we Substitute Multivariable Polynomial S\le """ U'(xl _____ XI) and Aleph function is unity, then we get the

results reduce in [1].
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