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ABSTRACT 
In Present paper, we study of various fractional integral transformations of Mittag-Leffer type E-function with 
Multivariable Polynomial ( )l

l x,...,1x
U,...,1U

VS   and Aleph function in series. Also find results for earlier defined 

Mittag- Leffler type functions.    
 
Key words: Aleph functions in series, Multivariable Polynomial, Fractional Integral transformations, Mittag- Leffler 
type function. 
 
 
1. INTRODUCTION 
 
It is found by recent works of several authors that the Mittag-Leffler (M-L) function is the solution of fractional 
differential and integral equations. Unified M-L function named by E-function [1]. Now we will study Erdelyi-Kober, 
Riemann Liouville and other fractional integral transformation of newly defined M-L type E-function. 
 
In this Paper we use the following definitions 
Riemann-Liouville Fractional integral Operator ( ) ( )I xc

θ Ψ+ [6] 

dt
x

c
)t(1)tx(1)x)(cI( ∫ Ψ−θ−

θΓ
=Ψθ

+                                                                                                                       (1) 

Where ( ) 0.θ;Cθ >ℜ∈   

Erdelyi-Kober fractional integral operator (x))θη,0( +Ξ [6] 

 ( ) ( ) ( ) ( )dttf
x

0
θt1ηtx

ηΓ

θηxxfθη,0Ξ ∫
−−

−−
=







+                                                                                                           (2) 

 
Where ( ) ( ) 0.θand0η;Cθ,η >ℜ>ℜ∈  
 
The Multivariable polynomial ( )l

l x,...,1x
U,...,1U

VS  introduced by Srivastava and Garg (1987) [8, p.686, eq. (1.4)] 

is defined in the following manner: 

( ) ( )
U R Vi iU ,...,U i 11S (x ,..., x ) V A V,R ,...,RV 1 1 !R ,...,R 01 U Ri ii 1

l
Rixil

l l Rl il

≤∑
=

= −∑
=

∑
=

                       (3)                    

Where  …0,1,2=V and lU,...,1U an arbitrary positive integers and the coefficients )R,...,1R,V(A l  
are arbitrary 

constants (real or complex). 
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In 1903, Gosta Mittag-Leffler [5], introduced the function (z)αE , defined as 

  
( )

nz
0n 1αnΓ

1(z)αE ∑
∞

= +
=

                                                                                                                                        (4)
 

Where ( ) 0.zand0α;Cαz, >≥ℜ∈  
 
In 1905, Wiman [9] extended (4) in the form     

( )
nz

0n βαnΓ
1(z)βα,E ∑

∞

= +
=                                                                                                                                       (5) 

Where ( ) ( ) 0.β,0α;Cβα,z, ≥ℜ≥ℜ∈  
 
In 2000, Kiryakova [4], has studied about “Multi index M-L function” defined by  

( ) ( )
nz

0n mnm...)1n1(
1z

i,i1
E ∑

∞

= ρ+µΓρ+µΓ
=













µρ 















                                                              (6) 

 
Where m>1, is an integer, 0mρ,...,1ρ >   and mμ,...,1μ are arbitrary real numbers. 

 
In 2010, Saxena and Nishimoto [7], studied an extension of M-L type function as  

[ ] ( )
n!

nz
0n m

1j
)jβnjα(

nkγz;)mβ,mα(,...,)1β,1α(kγ,E ∑
∞

= ∏
=

+
=                                           (7) 

Where ( ) ( ) ( ) 0.kandm1,...,j,1kα
m

1j
;Cγ,jβ,jαz, >ℜ=−ℜ>ℜ∑
=

∈  

 
In 2012, Kalla , Haidey and  Virchenko [3] , showed  Multi parameter  M-L type function in the following form  

( ) ( )

( )
n Λn Mλ ,...,λ 1 z1HE zμ ,...,μ Λ1 n 0

Γ 1 μ λ nj jj 1

ν
ν ν

+∞ −   = ∑       =   + +∏ 
=  

                                                           (8)

 

Where .Λ
1j jλandM

1j jμ;1,2,...,j,0jλ,Cjμ =∑
ν

=
=∑

ν

=
ν=>∈

 
 
Chaurasia [2] gave Series representation of the Aleph function. 

[ ]
( )

sz
GB!g

)s(N,M
r,ic,iQ,iP

g1M

1G 0g
zNM,

r,ic,iQ,iP
−

Ω−
∑
=

∑
∞

=
=ℵ                                                                                    (9) 
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G

G

B
gb

g,Gs +
=η= , 1z,iQiP <<   

 

∏
+=

∏
+=
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 −−∑

=

∏
=

∏
=






 −−





 +

=Ω
iQ

1Mj

iP

1Nj
sjiAjiaΓsjiBjib1Γ

r

1i ic

1j 1j
sjAja1ΓsjBjbΓ

)s(N,M
r,ic,iQ,iPand

M N

                                                        (10) 

 
2. MITTAG- LEFFLER TYPE E-FUNCTION 
 
In 2014, Bhatter and Faisal [1], defined a unified M-L type E-function as follows 
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hs,hq,hγ,...,is,iq,iγ;aρ,

kr,kp,kδ,...,1r,1p,1δ;βα,
|zh

kEτ
h1,is,iq,iγ;aρ,
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|zh

kEτzh
kEτ  

                         

( )

( )βnαΓkr
nkp)kδ(...2r

n2p)2δ(
1r

n1p)1δ(

τanzρn1hs
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n2q)2γ(
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n1q)1γ(

+
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=           (11)                                    

Where  0)j(,0)i(,0)(,0)(,Cj,i,,,z >δℜ>γℜ>βℜ≥αℜ∈δγβα .0)iq(and ≥ℜ  

{ } ( ) or
h

0i

k

1j jrjpisiq,1,0;R,a,jr,is;0jp 









∑
=

∑
=

αℜ+<∈ρ∈τ≥




ℜ
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=

∑
=
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1i
1z
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jrjp

jpisiq
)iq(whenjrjpisiq

                                       
(12)

 

k.1,2,...,j;h1,2,...,iWhere ==       
 
3. THE IMAGE OF M-L TYPE E-FUNCTION UNDER THE RIEMANN – LIOUVILLE (R-L) OPERATOR  
θ
+cI   

 
Theorem 3.1:  

 
If convergence condition (3), (9) and (12) are satisfied also C∈θ  and ( ) 0>ℜ θ then the R-L transform θ

+cI of the 

Ε -functions is   

( ) ( ) ( ) ( ) ( )xctNM,
r,ic,iQ,iPct,...,1ct

U,...,1U
VScth

kEτ
θ
CI 
























−ℵ




 −−−+ lRRl
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U R Vi ii 11 1 1

V A(V,R ,...,R )1R ,...,R 0 R ! R !1 1U Rτ R 1i i iG,g i 1i 1 θ

l

ll ll l

≤∑
=

= −∑
=

+ − η +∑ ∑
==
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( )

g,G1i iR

cx
G

B!g

(s)NM,
r,ic,iQ,iPΩg1M

1G 0g

η−∑
=

−
−

∑
=

∑
∞

=
×

l

 

                 

( )
( )

( )




















+−∑

=
+

+−∑
=

++βα
−+

++×
1,a,1)G,gη

1i
iR(τ,h1,)is,i,qi(γ;aρ,

1,a,1)G,gη
1i

iRθ,(τk1,)jr,jp,j(δ;,
|cx1h

1kEθτ

l

l
                         (13)                               

Proof:   

       ( ) ( ) ( ) ( ) ( )xctNM,
r,ic,iQ,iPct,...,1ct

U,...,1U
VScth

kEτ
θ
CI 
























−ℵ




 −−−+ lRRl   

( ) ( )( ) ( )

( ) ( ) ( )i i i

g M,N
P ,Q ,c ,r

G

11 1 ( , ,..., )10 ,..., 01
1

M 1Ω (s)
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! g!BG 1 g 01

l
U R Vi ix ianx t n t c V A V R Rlln R Rc l U Ri ii

Rl t c i t c dtG g
Ri i

θ τ
θ
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∞ =− += − Φ − −∑ ∑ ∫
Γ = =

∑
 =
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Where 

( )
( )

( )βnαΓkr
nkp)1δ(...2r

n2p)1δ(
1r

n1p)1δ(

ρn1hs
nhq)1γ(...2s

n2q)2γ(
1s

n1q)1γ(
n

+
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=Φ                                         (14) 

( ) ( )

( )
( ) ( )

(anτ R 1) 1i ,
1

11 1( , ,..., )1 !,..., 0 011
1

g M, N1Ω (s)P ,Q ,c , rM 1i i i t c
g!BG 1 g 0 G

l
G g

i

l
U R Vi i li

V A V R R nl RlR R ni il U Ri ii

x
x t dt

c

η

θ

θ
+ + − + −∑

=


≤∑

∞ =
= − Φ∑ ∑∏

Γ = ==
∑

 =

− ∞ − × − −∑ ∑ ∫
= =                                       (15) 

By using this formula 










 −ν+µ−
ν+µΓ
νΓµΓ

=−ν−∫
−µ− 1)ab(

)(
)()(dz1)zb(

b

a

1)az( after simplification by the 

Beta –Gamma function formula than we get the required result (13).  
   

                    
 
Special Cases: 

I. R-L transform  θ+cI  of the M-L function (6) 

( ) ( ) ( ) ( ) ( )xctNM,
r,ic,iQ,iPct,...,1ct
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VSct)iμ(,)iρ1(Eθ
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l
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 (16)

 

 

II. R-L transform  θ+cI  of the M-L function (7)
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( ) ( ) ( )
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=
γ
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=

+
+×

1,1,1)gG,η
1i

iR(,k,1),(;0,1
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iR(θ,,1mα,mβ,...,,11α,1β;1,1
|x2
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l                                         (17)

 

III. R-L transform  θ
+cI  of the M-L function (8) 

( ) ( )1

1
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μ ,...,μ

U ,..., U M, Nθ 1 1I HE ; t S ( ,..., ) ( ) xC V P ,Q ,c , ri i i
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,1)1,gG,η
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,1)1,gG,η
1i

iR(M,,11λ,1μ1,...,,11λ,1μ1,...,μ,1λ
|x1EM

l

l

 

(18)

 

IV. If we Substitute Multivariable Polynomial ( )l
l x,...,1x

U,...,1U
VS   and Aleph function is unity, then we get the 

results reduce in [1]. 
 
4.  THE IMAGE OF M-L TYPE E-FUNCTION UNDER   ERDELYI- KOBER (E-K) OPERATOR θη

+Ξ ,
0  

 Theorem 4.1: If convergence condition (3), (9) and (12) are satisfied also 0).(,C, >ηℜ∈θη ( ) 0and θℜ >  

then the E-K transform θη ,
0+Ξ  of the E-function is 
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ℵ
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∞
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                                     (19) 

 
Proof:  

We get the E-K transform θη
+Ξ ,

0  of the E-function as follows 
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By using the Beta –Gamma function, we get the result (19).  
 
Special Cases: 
I. E-K transform  θη ,

0+Ξ  of the M-L type function (6) 
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II. E-K transform  θη
+Ξ ,

0  of the M-L type function (7) 

[ ] ( ) ( )xtNM,
r,ic,iQ,iP)t,...,1t(

U,...,1U
VSt;)m,m(,...,)1,1(k,Eθη,

0Ξ 























ℵβαβαγ+
lRRl  



Dr. Sanjay Bhatter*, Rakesh Kumar Bohra /  
Fractional Integral Transformations of Mittag- Leffler Type E-function with Multivariable Polynomial…. / IJMA- 8(5), May-2017. 

© 2017, IJMA. All Rights Reserved                                                                                                                                                                      147  

( )
U R Vi ii 11 1 1V A(V,R ,...,R )1 R ! R !R ,...,R 0 11 U RR 1 i i,i i 11

l

ll l ll
G gi

θ η
η

≤∑
=

= −∑
  =

+ − +∑  ∑  == 



 

( ) g,G1i iR
x

G
B!g

(s)NM,
r,ic,iQ,iPΩg1M

1G 0g1m

1j
)j(

1
η−∑

=
−

∑
=

∑
∞

=∏
−

=
βΓ

×

l

 

( ) ( ) ( )

( )




















+−∑

=
+θγ

+−∑
=

+η+
+×

1,1,1)gG,η
1i

iR(,k,1),(;0,1

1,1,1)gG,η
1i

iR(θ,,1mα,mβ,...,,11α,1β;1,1
|x2

1mE0

l

l                                   (23) 
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IV. If we Substitute Multivariable Polynomial ( )l

l x,...,1x
U,...,1U

VS   and Aleph function is unity, then we get the 

results reduce in [1]. 
 
5. THE IMAGE OF THE M-L TYPE E- FUNCTION UNDER A GENERALIZED INTEGRAL OPERATOR. 
 
Theorem 5.1: If convergence condition (3), (9) and (12) are fulfilled also ( ) 0,0)(,0).(,,, >ℜ>ℜ>ℜ∈ θσησθη C  
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Proof: The theorem is proved as follows 
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By using this formula 
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1)az( after simplification by the 

Beta –Gamma function formula than we get the required result (25).  
   

                    
 
 
Corollary 5.2: If convergence conditions (9) and (3) are satisfied also ( ) 0,0)(,0).(,C,, >θℜ>σℜ>ηℜ∈σθη  and 

0t,R,x =∈υ  in theorem (5.1) then 
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Corollary 5.3: If convergence conditions (9) and (3) are satisfied also ( ) 0,0)(,,C, >θℜ>σℜ∈σθ and 

,1,0t,R,x =η=∈υ  in theorem (5.1) then 
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Special Cases: 
I.  General integral transform of the M-L type function (6) 
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II. General integral transform of the M-L type function (7) 
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III. General integral transform of the M-L type function (8) 
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IV. If we Substitute Multivariable Polynomial ( )l
l x,...,1x

U,...,1U
VS   and Aleph function is unity, then we get the 

results reduce in [1]. 
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