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ABSTRACT

In this paper, we will introduce fuzzy prime topology on a group and also will investigate the concepts of fuzzy contra
continuous, fuzzy contra open, fuzzy contra closed, fuzzy supra contra continuous, fuzzy supra contra open, fuzzy supra
closed, via fuzzy topology and fuzzy supra topology on a group.
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1. INTRODUCTION

Fuzzy set theory [13] was started in the year 1965 after the publication on the seminar work on fuzzy sets by Lotfi
Asker Zadeh’s (Professor of electrical engineering at the University of California in Berkeley). The basis of the
fuzzification of mathematical concepts are based on the generalization of these concepts from characteristics function
to membership function. Fuzzy sets theory is much wider than the classical set theory. Fuzzy topology in such a branch,
combing order structure will topological structure. This branch has emerged from the background processing fuzziness
and locate theory, proposed from the angle of pure mathematics by Ehresmann.

Change [3], Wang [12], Lowen [9] and others applied some basic concepts from the general topology to fuzzy sets and
develop a fuzzy topological spaces. Foster [5] combined the structure of a fuzzy topological spaces with that of fuzzy
group (introduced bt Rosenfeld [11]) to formulate the elements of the theory of fuzzy topological groups. Mash hour et
aai[10] introduced the concepts os supra topological spaces. In 1987, M.E Abd, E.L — Monsef and A.E Ramadan [1]
introduced the fuzzy supra topological spaces. N. Kuroki has studied fuzzy ideas and bi ideas in a semi group [8]. Many
classes of semi groups were studied and discussed further by using fuzzy ideas. For example, Kuroki characterized
intra-regular semi groups by fuzzy prime ideas.

2. PRELIMINARIES
Definition 2.1 [2]: Let G be a nonempty set. A mapping p: G — [0,1] is called a fuzzy set of G.

Definition 2.2 [2]: Let G be a nonempty set. A fuzzy topology on G is a family t of fuzzy sets in G which satisfices the
following conditions

1. Foranyc € [0,1], the fuzzy set u.(x) =cVvx €G,isint.

2. If A,B € tthen (AN B), where (AN B) (x) = min{A(x), B(x0}

3. IfAjexforj€]then Ujc; Aj € Twhere Uje; Aj(x) = supje{4; (x)}

Definition 2.3 [2]: Let G and H be two nonempty set, f : G — H a mapping and u a fuzzy sets inH. The pre image of
w under £ by £=1(w) (or uf) afuzzy set of G defined by f~*(u)(x) = p/(x) = u (f(x)) forallx €G.
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Definition 2.4 [2]: Let u be a fuzzy set in a Gand, f : G - H a mapping. The mapping, f (u): H — [0,1] defined by
fFUO) = supyer-10){n (O} if f71(y) # @and f(u)(y) =0

If f~1(y) # @ is called the image of u under f, wheref ' (y) ={x €G: f(x) =y}.
Definition 2.5 [2]: Let (G, 1), (H, o) be two fuzzy topological spaces. A mapping f of (G,7), into (H,o) is fuzzy

continuous if for each open fuzzy set V € ¢ the inverse image f~1(V) is int. If f is said to be fuzzy open if for each
U e€1.fissaid to be openifforeach U €, f(U) € 0.

Definition 2.6 [6]: If (G,.)and (H,.) are any two groups then the function f:G — H is called a group
homomorphism if f (xy) = f(x)f(y)for all x,y €G.

Definition 2.7 [7]: A fuzzy set (fuzzy sets) u of a group G is called a fuzzy prime ideal if for all x,y € G, u(xy) =
p(x) or p(x,y) = p(y)

Definition 2.8 [2]: Let G and H be two nonempty sets, f : G - H be a mapping, and A be a fuzzy setin G. Then A is
said to be f invariant if for each x,y € G such thatf(x) = f(y), we have A(x) = A(y).

Definition 2.9 [4]: A function f from a fuzzy topological space (G, t) to fuzzy topological space (H, o) is called fuzzy
contra continuous if £~1(4) is fuzzy closed in (G, 1) for every fuzzy open set A of (H, o).

3. ON FUZZY PRIME TOPOLOGY AND FUZZY TOPOLOGY ON A GROUP

Let (G,.) be agroup and t is a family of fuzzy sets in (G, .) satisfying the conditions in Definition 2.2, then 7 is a fuzzy
topology on group G and (G, 1) is a fuzzy topological spaces.

Example 3.1: Let (G,.) beagroupand let 7: { u: G - [0,1]: u(xy) = u(x); vx,u € G}.

To check whether if the family t satisfies the conditions of a fuzzy topology. First we have to prove that the fuzzy sets
U, € Twhere u.(x) =c for c € [0,1].

Now, let x,y € G.
Then pu.(xy) = c = u.(x) thenu, €t

Next, let, L, u €t
Then (AN w)(xy) = min{A(xy), u(xy)}
min{A(x), u(x)}

af 1w

Then (A Nw) €t Finally, lety;, et,ti €l
Then U, ui(xy) = supie{pi(xy)}
= _Z}lp{uz (xy)}

= | Jueo.

i€l
Thus U;e; i € T and so t is a fuzzy topology on G.

Definition 3.2: The family zin example 3.1 is called the fuzzy prime topology in G.

Theorem 3.3: Let (G, ), (H, o) be two fuzzy topological spaces, T is the fuzzy prime topology in G and f: (G, 1) -
(H, o)be an epimorphism of groupG. If f is fuzzy continuous, then any fuzzy subsetn in H such that n € ¢ is a fuzzy
prime topology.

Since 7 is a fuzzy subset of H, we are omitting the regularity method. Now, let y;,y, € H. since f is onto there exist
X1,%, € G suchthat f(x;) = y; and f(x;) = f(y,) such that
n(1y2) = n((f ) (f (72))
n(f (x1x2))
n’ (x1 x2)
= 7)) (%1 x2)

Since f is fuzzy continuous and n € o, f "1 () (x) = n(yy).
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Lemma 3.4: Let X and Y be two nonempty sets, f: X — Y mapping and A be an F-invariant fuzzy set in X. Then
@) = A

Corollary 3.5: Let T and o be the fuzzy prime topology on G and H respectively. If f is epimorphism and every fuzzy
setin G is f is fuzzy open.

Proof: Suppose that f is onto homomorphism and every fuzzy set G is f invariant and let U € T and y, y, € H, then
exist x;, x, € G such that f(x;) = y; and f(x,) = y, so that
fFW3y2) = fFAODF (e f (x2))
= fFW)(f () (x2))
= AW (x1x2)

Since U isf invariant, by lemma 3.4. Hence
fW)(1y2) = U (%)
=U(x1)
= fU)(((x1))
=fU) )

Definition 3.6: Let (G,.) be a group. Let (G, 1) be a fuzzy topological spaces and A fuzzy set in G. Then the induced
fuzzy topology on G, denoted by 7, = {A NS : S € t}. the pair (4, 1,) is called the fuzzy subspaces of (G, 7).

Example 3.7: Consider the set G = {1, —1,i, —i} with following caley table (Table).Then (G,.) is a group. Let the
fuzzy subset u;: G - [0,1],i = 1,2, 3,4,5, 6 be given by

7 ifx=1
U (x) = <.5 ifx=—-1,i
.4 i fx=-—i
.6 i fx=1
U (x) = <.3 ifx=—-1,i
{.2 i fx=-i
6 ifx=1
us(x)=<.2  ifx= -1,
{.1 i fx=-i
.0 i fx=1
Ua(x) = .2 ifx=-1,i
{.1 i fx=-—i
.7 i fx=1
us(x) = .4 ifx= -1,i
{.2 i fx=-i
6 ifx=1
Ue(x) = .4 ifx=-1,i
1 i fx=-i

Then the collection 7 = { @ .G, uy, Uy, Us, s, 4s} 1S @ fuzzy topology on G. Hence (G, 7) is a fuzzy topological spaces.
Let A= ug Thent, = {0, Uy, Us, ta, ts} and A = (ue7,4) is a fuzzy topological subspaces of (G, 1)

Definition 3.8: Let (G,.), (H,.) be two groups. A function f from fuzzy topological spaces (G, 1) to fuzzy topological
space (H, o) is called fuzzy contra continuous if f~(n) is fuzzy closed in (G, 7) for every fuzzy open nin (H,0).

Example 3.9: Consider the set G = {1, —1, i, —i} with the following caley table (Table 1).Then (G,.) is a group. Let
the fuzzy subsets u;: G - [0,1],i = 1,2,3,4,5,6 be given by

7 ifx=1

U (x) = <.5 ifx=—-1,i
4 i fx=-—i
.6 i fx=1

U (x) = <.3 ifx= —-1,i
.2 i fx=-i
6 ifx=1

Us(x)=<.2  ifx= -1,
1 i fx=-i
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.0 i fx=1
Ua(x) = 1.2 ifx= —1,i
.1 i fx=-i
7 difx=1
Us(x) = {.4 ifx=—-1,i
.2 i fx=-—i
.6 i fx=1
Ug(x) = <.4 ifx=—-1,i
.1 i fx=-i
Table-1: Table caption Table-2: Table caption
S ¢ I I Y
A EE - i © Lo
T I A I I >
i [0 |- 1]1 w | o o] 1
GG 011 w |w*] 1| w

Then the collection T = {@.G, uq, iy, U3, Ug, Us} IS @ fuzzy topology on G. Hence (G, t) is a fuzzy topological space.
The member of t are fuzzy open sets in(G, 7).

Now the complement of T = { @, ', u,', us', us', us'} are fuzzy closed set in (G, 7)., where

.3 i fx=1
U (x) = 4.6 ifx=-1,i
.5 i fx=-i
.4 i fx=1
U’ (x) = <.7 ifx=-1,i
{.8 i fx=-i
A i fx=1
us;'(x)=+.8 ifx=—-1,i
{.9 i fx=-i
1 i fx=1
Us'(x) =4.8 ifx= -1,i
{.9 i fx=-i
.3 i fx=1
Us'(x) = 4.6 ifx= -1,i
{.8 i fx=-i
4 ifx=1
Ug'(x) = {.6 ifx=-1,i
.9 i fx=-i

Consider the set H = {1, w, w?} with the following caley table (Table 2)

Let the fuzzy subset n; : H —,i = 1,2,3,4 be given by

3 dify=1
my) = 8 ify= w
6 ify= w?
4 ify=1
n(y) = 9 ify= o
8 ify= w?
3 ify=1
n3(y) = 6 ify= w
5 ify= w?
A4 ify=1
ns(y) = 8 ify= w
7 ify= w?
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Then the collection o = { @, H,n1,1m2,713,14} IS @ fuzzy topology on H. Hence (H, o) is a fuzzy topological space. Let
f:G - H be a function given byf(1) = 1,f(-1) = w? f(i) = w? f(=i) =. then 71 (x) = n(f(x)) for all
x € G foranyn € H.

frm)G) = s ) = ws," 1) () = wy)
1) (x) = py,’ Hence f~1(n) is fuzzy closed in (G, ) for every fuzzy open set i in (G, T)

Definition 3.10: Let(G,.), (H,.) be two groups. Let (G, ), (H, o) be fuzzy topological spaces. A mapping f: (G, )
into (H, o) is fuzzy contra open iff the mapping of each t open fuzzy set is o closed fuzzy set.

Example 3.11: Consider the groups(G,.), (H,.) as in the example 3.9. Let the fuzzy subsets y;: G —,[0,1],i = 1,2,3,4
be given by

.7 i fx=1
U (x) = <{.5 ifx= —1,i
A4 i fx=—i
6 ifx=1
Uy (x) = <.3 ifx= —-1,i
{.2 i fx=-—i
6 ifx=1
us(x)=<.2  ifx= -1,
{.1 i fx=-i
.0 i fx=1
Ua(x) = .2 ifx= -1,i
A i fx=—i

Then the collection T = { @, G, uy, 14, U3, 14} is @ fuzzy topology on G. Hence (G, 7) is a fuzzy topological space.

Consider the group as in the example 3.9.Let the fuzzy subsets #;: H —,[0,1], i = 1,2,3,4 be given by

3 ify=1
my) = 8 ify= w
6 ify= w?
4 ify=1
n:(y) = 9 ify= w
8 ify= w?
3 ify=1
n3(y) = 6 ify= o
5 ify= w?
4 ify=1
ns(y) = 8 ify= w
7 ify= w?
1 ify=1
ns(y) = 9 ify= o
8 ify= w?

Then the collection ¢ = { @, H,n1,712,13,M4, 15} 1S & fuzzy topology on H. Hence (H, o) is a fuzzy topological space.
The member in o are called as fuzzy open set in (H, ) Now the complement of o = { 9, H,n’l,n’z,n’3,n’4,n’5} are
fuzzy closed in (H, o), where

7 ify=1
n'l(y): 2 ify=w
4 ify= w?
6 ify=1
n’z(y): 1 ify= w
2 ify= w?
.7 ify=1
n',y) = 4 ify= w
5 ify= w?
6 ify=1
n’4(y): 2 ify= w
3 ify= w?
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0 ify=1
n’s(y): A ify= o
2 ify= w?

Let f:G —» H be a function givenby f(1) = 1, f(—1) = w? f(i) = w? f(—i) = w. Then
) =1, = -1, fH0?) = i,f (o) = —i.

Let f(u) =1’y fu) =1, f(us) = 0, f(ua) = n's. Hence the image of each topen fuzzy set iso closed
fuzzy set.

Definition 3.12: Let(G,.), (H,.) be two groups. Let (G, 1), (H,o) be fuzzy topological spaces. A mapping f: (G, 1)
into (H, o) is fuzzy contra closed iff the image of each t closed fuzzy set is o open fuzzy set.

Example 3.13: Consider the groups(G,.) as in the example 3.9. Let the fuzzy subsets u;: G —,[0,1],i = 1,2,3,4 be
given by

.7 i fx=1

U (x) = <.5 ifx= —1,i
A4 i fx=—i
.6 i fx=1

U (x) = <.3 ifx=—-1,i
.2 i fx=-i
6 ifx=1

us(x)=+<.2  ifx= -1,
{.1 i fx=-i
.0 i fx=1

Ua(x) = .2 ifx= -1,i
A i fx=—i

Then the collection T = { @ . G, 4, 1y, Us, Ua, Us} 1S @ fuzzy topology on G. Hence (G, 7) is a fuzzy topological spaces.

The member of T are fuzzy open set in (G, 7). Now the complement of T = { @, G, iy, , 13, s} are fuzzy closed set
in(G, 7), where

.3 i fx=1
U (x) = 4.6 ifx=-1,i
.5 i fx=-i
4 difx=1
U (x) = .7 ifx=-1,i
.8 i fx=-i
A4 i fx=1
;' (x) = 4.8  ifx= —1 i
.9 i fx=-—
1 i fx= 1
Uy'(x) = 4.8 ifx=-1,i
.9 i fx=-i
Consider the group as in the example 3.9. Let the fuzzy subsets n;: H —,[0,1], i = 1,2,3,4 be given by
ify=1
m@) = { 8 ify= w
6 ify= w?
4 ify=1
n2(y) = { 9 ify=w
8 ify= w?
3 ify=
n:(y) = { 6 ify= w
5 ify= w?
A4 ify=
n.(y) = 8 ify= w
7 ify= w?
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A ify=1
ns(y): 9 ify= w
8 ify= w?

Then the collection o = { @, H,n1,7m,,13, M4} is a fuzzy topology on H. Hence (H, o) is a fuzzy topological space.
Let f: G —» H be a function given byf (1) = 1, f(—1) = w?, f(i) = o? f(-=i) =.then f~1(1) = 1, fH(w?) = -1,
ffH) =i, fHw) = —i

fu") = ns fQu') = 14, fus’) = 1y f(us") = ns. Hence the image of each t closed fuzzy set is o open fuzzy
set.

4. FUZZY SUPRA TOPOLOGICAL SPACE ON A GROUP

Definition 4.1: let (G,.) be a group. A fuzzy supra topology on G is a family of fuzzy sets in G which satisfies the
following conditions
1. 0,6 €t
2. If A; € v for i €lthen U;;A; €t where | is an index set. The pair (G,7) is called a fuzzy supra
topological space and the member of 7 are called fuzzy supra open set.

Definition 4.2: Let(G,.), (H,.) be two groups. A function f from fuzzy supra topological space (G, t) to fuzzy supra
topological spaces (H, o) is called fuzzy supra contra continuous if f~1(n) is fuzzy supra closed in (G, ) foe every
fuzzy supra open setn in (H, o)

Example 4.3: Consider the group(G,.) as in example 3.9. Let the fuzzy subset u;: G —,[0,1],i = 1, 2,3,4,5,6 be given
by

6 ifx=1
U (x) = <.4 ifx= —1,i
.3 i fx=-—i
.7 i fx=1
U(x) = 1.6 ifx= —-1,i
.9 i fx=-i
.5 i fx=1
Us(x) = {.4 ifx=-1,i
.6 i fx=-i
.3 i fx=1
Us(x) = 4.5 ifx= -1,i
A i fx=—i
4 i fx=1
Us(x) = {.5 ifx= -1,i
.3 i fx=-i
.1 i fx=1
Ue(x) = {.2 ifx= —-1,i
.3 i fx=-i

Then the collection T = { @ . G, uq, s, U3, ta, Us, Ue} 1S @ fuzzy topology on G. Hence (G, 7) is a fuzzy supra topological
spaces.

The member of 7 are fuzzy supra open set in (G, 7). Now the complement of © = { @, G, 1y, ;' us', '} are fuzzy
closed set in(G, T), where
4 difx=1
U (x) = 4.6 ifx=-1,i
7 i fx=-i
.3 i fx=1
' (x) = <.4 ifx=-1,i
1 i fx=—i
5 ifx=1
6 ifx=—1,i
4 i fx=—i

us'(x) =
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7 ifx=1
uy'(x) = +4.5 ifx= —1,i
.6 i fx=-i
6 ifx=1
us'(x) = {.5 ifx=-1,i
.7 i fx=-i
.9 i fx=1
Ug'(x) = <.8 ifx= -1,i
7 i fx=—i

Consider the group (H,.) as in example 3.9. Let the fuzzy subsets n;: H —,[0,1], i = 1,2,3,4 be given by

4 ify=1
) = 3 ify= o
1 ify= w?
6 ify=1
n:(y) = S ify= o
4 ify= w?
S5 dify=1
n3(y) = 6 ify= o
7 ify= w?
8 ify=1
ns(y) = 9 ify= o
7 ify= w?

Then the collection o = { @, H,nl,nz,n3,n4_} is a fuzzy supra topology on H. Hence (H, o) is a fuzzy supra topological
space. Let f:G —» H be a function given f(1)=ow, f(-1) =1, f(i)=1,f(-i) = w?. thenf1(n)(x) =
r](f(x))for all x € G for any fuzzy subset n € H.

frm) =w', 1) =ps', 7 (s) = ps', f71(a) = pe’ . Hence f71(n) is fuzzy supra closed in (G,) for
every fuzzy supra open setn in (H, o)

Definition 4.4: Let(G,.), (H,.) be two groups. Let (G, ), (H,o) be fuzzy supra topological spaces. A mapping
f:(G,7) into (H, o) isfuzzy supra contra open iff the image of each t open fuzzy supra set is ¢ closed fuzzy supra set.

Example 4.5: Consider the group(G,.) as in the example 3.9. Let the fuzzy subset u;:G —,[0,1],i = 1,2,3,4,5,6 be
given by

6 ifx=1

u(x) = <.4 ifx= —1,i
.3 i fx=-i
.7 i fx=1

U(x) = 1.6 ifx=—-1,i
.9 i fx=-i
.5 i fx=1

Uz (x) =<.4  ifx=-1,i
6 i fx=—i
.3 i fx=1

Us(x) = {.5 ifx=—-1,i
.4 i fx=-—i

Then the collection 7 = {@ .G, uy, 4y, s, ta, ts} 1S a fuzzy supra topology on G. Hence (G,t) is a fuzzy supra
topological spaces.

Consider the group(H, .) as in the example 3.9. Let the fuzzy subset n;: H —,[0,1],i = 1, 2,3,4,5, be given by

6 ify=1

m@) = 5 ify= w
4 ify= w?
S5 o ify=1

n.(y) = 7 ify=w
6 ify= w?
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A4 ify=1
n3(y): 3 ify= w
1 ify= w?
8 ify=1
n4(y): 7 ify= w
9 ify= w?
6 ify=1
ns(y) = 4 ify= w
7 ify= w?

Then the collection o = { @, H,11,7m2,13, 475} is & fuzzy supra topological on H. Hence (H, o) is a fuzzy supra
topological space. The member in o are called as fuzzy supra open set in (H,o) Now the complement of

o= { 0, H,n’l,n’z,n’3,n’4,n’5} are fuzzy supra closed set in (H, o), where

4 ify=1
n', = S ify= o
6 ify= w?
S5 dify=1
n’z(y): .3 ify= w
4 ify= w?
6 ify=1
n’g(y): 7 ify= w
9 ify= w?
2 ify=1
n,) = 3 ify= w
1 ify= w?
4 ify=1
n’s(y): 6 ify=w
3 ify= w?

Consider the group (H,.) as in example 3.9. Let the fuzzy subsets n;: H —,[0,1], i = 1,2,3,4 be given by

6 ify=1
my) = 8 ify= w
7 ify= w?
S5 o dify=1
n(y) = 7 ify= w
6 ify= w?
6 ify=1
n:(y) = A4 ify= o
5 ify= w?
A4 ify=1
ns(y) = 3 ify= w
1 ify= w?
A ify=1
=4 2 ify=o
3 ify= w?

Then the collection o = { @, H,n1,7m,,713,M471s} is a fuzzy supra topological on H. Hence (H,0) is a fuzzy supra
topological space.
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