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ABSTRACT

In this paper, we proved existence the locally attractive solution for a fractional order quadratic integral equation in
Banach space under lipschitz and Caratheodory conditions via a hybrid fixed point theorem.
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I. INTRODUCTION

The theory of fractional calculus (that is fractional order differential and integral equation) has newly received a lot of
attention and establishes a meaningful branch of nonlinear analysis. Number of research monographs and research
papers has appeared devoted to integrals and differential equation of fractional order.

In this paper we study the existence of locally attractive solution of the following fractional order quadratic integral

equation.
fex@®x(y®)) pto(tsx
#(0) = (6, 2(0) + — ) jrlesnt) g (L1)

Where t e R, =[0,0) and 0<¢<1, goR, XR->R, fiR, XRXR->R and v:R, XR, XR—->R are
functions which satisfy special assumptions.

Il. PRELIMINARIES
In this section we give the definitions, notation, hypothesis and preliminary tools, which will be used in the sequel.

Let X = AC(R,,R) be the space of absolutely continuous function on R, and Q be a subset of X. Let a mapping
A: X — X be an operator and consider the following operator equation in X, namely,
x(t) = (Ax)(t), forallt € R, (2.1)

Below we give some different characterization of the solutions for operator equation (2.1) on R,. We need the
following definitions;

Definition 2.1[5]: We say that solution of the equation (2.1) are locally attractive if there exists a closed ball B,.(0) in
the space AC(R,,R) for some x, € AC(R,,R) and for some real number r > 0 such that for arbitrary solution
x = z(t) and ¢ = 4(t) of equation (2.1) belonging to B,-(0) N Q we have that,

limt_,w(x(t) — y,(t)) =0 (2.2)

Definition 2.2[4]: Let X be a Banach space. A mapping A: X — X is called Lipschitz if there is a constant & > 0 such
that, ||Ax — Ayl < a|lx — ¢|| for all x,4 € X. If @ < 1, then A is called a contraction on X with the contraction
constant a.
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Definition 2.3[2]: An operator Q on a Banach space X into itself is called compact if for any bounded subset S of X,
Q(S) is relatively compact subset of X. If Q is continuous and compact, then it is called completely continuous on X.

Definition 2.4[4]: Let X be a Banach space with the norm ||-|| and let @: X — X be an operator (in general nonlinear).
Then Q is called
i. Compact if Q(X) is relatively compact subset of X.
ii. Totally compact if Q(S) is totally bounded subset of X for any bounded subset S of X.
iii.  Completely continuous if it is continuous and totally bounded operator on X.

It is clear that every compact operator is totally bounded but the converse need not be true.

We seek the solution of (2.1) in the space AC(R,, R) of continuous and real — valued function defined on R, . Define a
standard norm ||:|| and a multiplication ““ - in AC(R,, R) by

llxll = sup{lx(®)]:t € Ry}, (xy)(®) = 2(D)»(0), tE€R, (2.3)

Clearly, AC(R,, R) becomes a Banach space with respect to the above norm and the multiplication in it. By £L!(R,, R)
we denote the space of Lebesgue-integrable function R, with the norm ||-|| ;2 defined by

llllc = fy lx(@®)ldt (2.4)

Definition 2.5 [6]: Let f € £1[0,T]and @ > 0. The Riemann - Liouville fractional derivative of order & of real

function f is defined as, D°f(¢) = ml_f)% N (:_(35 ds, 0<é<1

Such that D=5 £(t) = IS f(t) = % N (t_fs(jf_; ds respectively

Definition 2.6[5]: The Riemann-Liouville fractional integral of order & € (0,1) of the function f € £1[0, T] is defined
by the formula:

t
1 f f(s)
r@) ¢—sr+
0
Where I'(¢) denote the Euler gamma function. The Riemann-Liouville fractional derivative operator of order ¢ defined

by D¢ :d_f = dop1-¢

dacé ~ at

f@) = ds, t€[0,T]

It may be shown that the fractional integral operator I¢ transforms the space £!(R,, R) into itself and has some other
properties.

Theorem 2.1[4]: (Arzela-Ascoli Theorem) If every uniformly bounded and equicontinuous sequence {f,,} of functions
in C(R,, R) then it has a convergent subsequence.

Theorem 2.2[4]: A metric space X is compact iff every sequence in X has a convergent subsequence.

Theorem 2.3 (Lebesgue’s dominated convergence theorem): Suppose that {g,} is a sequence of measurable
functions, that g,, — g pointwise a.e. as n — «, and that |g,,| < f,V n, where f is integrable then g is integrable and

f gdy = lim,,_., f G

I11. EXISTENCE THEORY

Definition 3.1[4]: A mapping v: R, X R, X R — R is Caratheodory if:
i) (t,s) - v(t,s, x)is measurable for each x € R and
ii) (x) » v(t,s,x) is continuous almost everywhere for t € R,.
Furthermore a Caratheodary function ¢ is £ —Caratheodary if:
iii) For each real number r > 0 there exists a function 4, € L1(R, x R,,R) such that |v (s, x)| <
#,.(t,s) a.e. t€R, forall x € Rwith |x], <.
Finally a caratheodary function « is L§ —caratheodary if:
iv) There exists a function 4 € L1(R, X R,, R) such that |« (t,s,x)| < A(t,s), a.e. t R, forallx € R
For convenience, the function 4 is referred to as a bound function for «.
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Theorem 3.1 [8]: Let S be a non empty, convex, closed and bounded subset of the Banach space X and let A,C: X - X
and B: S — X are two operators satisfying:
a) A and C are Lipschitzian with lipschitz constants ¢, n respectively.
b) B is completely continuous, and
c) x=AxBy+CxeSforally €S
d) (M+n < 1where M = ||B(s)|| = sup{||Bx|: x € S}
Then the operator equation x = AxBy + Cx has a solution in S

Now for applying theorem (3.1) we study the existence of solution for the (FQIE) (1.1) under the following general
assumptions:

(3€1) The function f: R, X R x R — R is continuous and bounded with bound F = sup .| f (t, x,, x,)|, there exist a
bounded function {: R, —» R with bound |[{|| such that,

f (62, 2(r(®))

< {@max{|x; — g1l |22 — 4,1}
~f (@ 4(r®))

f (62, 2(r(®))

<{®le® - y©lVry €R
~f (@, 4(r®))

(3€;) The function g: R, x R - R and G = sup . |g(t,x)|, there exist a bounded function n: R, — R with bound
[In]l such that

|g(t,x(t)) — g(t,y;(t))| =n)|x() — ¢ ()|, Vx4 € R and it vanish at infinity.

(#€3) The function v: R, x R, X R - R satisfies Caratheodory condition (that is it is measurable in (t,s) for any
x € R and continuous in x for almost all (t,s).), then there exist a function h: R, x R, = R such that
|4r(t, s,x(s))| < h(t,s) Vt € R, where h(t,s) = a(s)#(t)and a,6:R, - R

(#€4) The function p: R, —» R defined by the formula p(t) = fot (t}i(:)‘i)_f
that is vanishing at infinity.

ds bounded on R, and lim,_,p(t) =0

Remark 3.1: Note that the hypothesis (#1)—(#4) hold then there exist a constant function #; > 0 such that

p(t)
Ky = supiso r®

IV. MAIN RESULT

In this section we consider the FQIE (1.1).The above hybrid fixed point theorem for three operators in Banach algebras
X, due to B.C.Dhage [8] will be used to prove existence the solution for given equation (1.1).

Theorem 4.1: Assume that hypothesis (H1)—(#4) holds, further if ||||%; + |Inll < 1 then FQIE (1.1) has locally
attractive solution on the Banach space X = AC(R,, R).

Proof: Define a non- empty, convex, closed and bounded subset S of Banach space X = AC(R,,R) as
S = {x € X:||x|| < r}, where r satisfies the inequality ||F||%; + ||G] <.

Now we define the operators A: X — X and B: S - X and C: X — X by,
Ax(0) = f (6,20, 2(r () t € R, (4.1)
Bx(t) = —— [ O) ot e R, 4.2)

10 (t-5)1%
Cx(t) = g(t,x()),t € R, (4.3)

The FQIE is equivalent to the operator equation
x(t) = Ax(t)Bx(t) + Cx(t),Vt € R, (4.4)

We shall show that, the operators A, B and C satisfy all the conditions of theorem (3.1)

This will be achieved in the following series of steps.
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Step-I: First to show that A and C are Lipschitzian on X.

Let x, ¢4 € X, then by (H,) for t € R, we have,
A% () - Ag(©)] = |f (6.2, 2(r () - £ (£ 4©, 4 (r®))|
< (Omaxf{lx; — y4l, |2, — g2} < CO12(0) — (O]

Taking supremum over t, we obtain
lAx — Agll < [I¢llllx — ¢l forall x,4 € R.
There fore A is lipschitzian with lipschitz constant ||]|.

Now to show C is Lipschitzian on X for any x,y € Xwe have
ICx() — Cy )] = |g(t. @®) — g(t, 4 ()]
< n®]x® — »©]

Taking supremum over t, we obtain
ICx — Cyll < lInllllx — |, forall x,4 € R
There fore C is lipschitzian with lipschitz constant ||n]|.

Step-11: To show B is completely continuous on X.
That is to show that B is continuous, uniformly bounded and equicontinuous.

Let by dominated convergence theorem, let {,,} be a sequence in S such that {x,,} — «x. Then,
. , 1 (to(t,s x,(5))
lim,,_,, Bx,, (t) = lim,_, @ ), s ds¢tx,
1 tv(t, s,x(s))
r@J, -9+
= Bx(t),,Vt € R,
This shows that Bx,, converges to Bx pointwise on S.

Next to show that sequence {Bx,,} is an equicontinuous sequence in S.

Let t;, t, € R, be arbitrary with t; < t, then

1 [t v(tz,s, xn(s))
ol e

|an(t2) - an(tl)l =

1 (& v(tl, s, xn(s))
- r(f)fo CEDLIS
< L fotz(tz - S)f_l/lr(tZi S, xfn,(s))ds L fotz (tl - S)f_l/v»(tl' S, x%(s))ds
RS fotz(t1 =)L (ty, 5, 2,(s))ds| "9 |- fotl(tl =) (ty,5,%,(5))ds
1 ts ty
S — )¢t _ — )¢t
< @), (t, —s)s th(s)ds | (t; —s)* th(s)ds
1 ts t1
— — )¢t — — )¢t
+ @, (t; = s)*"th(s)ds fo (t, —s)*"th(s)ds

(| e
—$)é-1 — <)t
i %fo 2 =97 = =9 s
- re
\

|

+ tz(tl —s)¢ds
< 12l £2 [(tz - S)s]tlz _ [(tl - S)f]tz + [(tl - S)f]tz
ro|l = | = | = .
Il —[(t; = t2)° = (t, = 0)7] +|
<1 [ -0 - - 0]
|_[(t1 — ) = (t, — t1)€]|
7l ;2

=% {|)F + (t, — t2)F — @¥| + |- (& — )8}
—»0as t; > t,,VneN
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This shows that the sequence converges uniformly, and by using property of uniform convergence that is uniform
convergence imply continuity

Hence B is continuous on S.

Step-111: To show B is compact operator on S, for this to show that B is uniformly bounded and equicontinuous in S.
First we show that B is uniformly bounded. Let x € S be arbitrary then

Lo (t,s,x(s))
‘F(f) (t =93
|4r(t s, x(s))|
1"(f) (t =91
h(t,s)
= r@)f =
1

——=p()

|Bx(6)| = ds

G

Taking supremum over t, we obtain || Bx|| < ’r’((g K, VtER,

Hence B is uniformly bounded subset of S.
Now to show B is equicontinuous on S.

Lett,,t, € Ry, then

1 [t v(tz, s,x(s))
(E) f ds

IBx(t,) — Bx(t,)| = (t, —s)'~¢

U (ty,s,2(5))

F(f) f —s)t¢

L1 f (t, — s)f‘lv(tz,s x(s))ds 1 fotz(t1 - s)f_lv(tl,s,x(s))ds
r@ f (t; — ) 2w (ty, 5, 2(5))ds| T —fotl(t1 - ) (b, s,2(s))ds
2 : _ o)1 I
< @ |, (t, —s)s th(s)ds | (t; —s)* th(s)ds
1 ty ty
- _ )é1 _ _ é-1
+F(€) | (t; — $)*"th(s)ds fo (t; — s)*"th(s)ds

(|
—5)1 = —5)5 1
[ oo
- I
\

A
+ ftz(t1 —5)ds }

1

B [(tz - S)T ~ [(t1 - S)T . [(q - S)TZ
ro || ¢ |, =" .
1Al —[(t; = t2)° = (tz = OF] +

< TL [t — £)F = (&, — 0)F]

|_[(t1 — )¢ = (& — tl)s]l
Il 2

=" {|t)F + (t, — t2)F — ¥ | + |- (&, — )8}
—0as t; > t,,VneN

Implies that B(S) is equicontinuous.

Hence B is compact subset of S.

Implies that B is completely continuous on S.

Step-1V: Toshow x = AxBy + Cx = x € S,Vy € S.

Letx € X, and ¢ € S such that x = AxBy + Cx
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By assumptions (1-H 4)
[x(®)| = |[Ax(t)Bx(t) + Cx(t)]
< [Ax(®)||Bx ()| + |Cx(t)]
t |4r(t, s,x(s))|

< |f (t,x(t),x(]/(t)))|r(f) , (t—s)t

t |4r(t, s,x(s))|
r@)J, —-s)r=
p(t)
< IFF(E) + G

ds + |g(t,x(t))|

<F ds + G

Taking supremum over t on R, we obtain ||F||X; + ||G||, Vx € S
That is we have, ||x|| = [|Ax(t)Bx(t) + Cx(t)|| < r, Vx € S.

Step-V: Finally we show that (M +1n < 1

Since M = IB(S)| = supxes{supteulle(t)l}

_ tv(tsx(s))d
= Supyes {supies |5 Jy Soip ds )

{
szggaf%tf?ﬁ}
&

t h(t,s)
< SWbxes (g o ooyt }

)
< supves {22} =
and therefore (M + n, we have (||||%; + Inl]) < 1.

Hence assumption(c) of theorem (3.1) is proved

Step-VI1: Now to show the solution is locally attractive on RR,. Then we have

1 ¢ ,S,
{ (x50 g 26950 4o+ (0 x@)] -

Lo (t,s,y(s))

]F(s‘) (t =)t

<[l (x5 [ (s 22D g5+ lo(e )

+|[f (6w, 806®))] 751 t"’((f_ss—ﬁ(f;)'ds +]g(t»®)|

<o [ PED oo
YGRS

®
< 2%
< ZJFr(f) +2G, YVt € R,

lx(t) — 4 (O] =

{[f (t4®,30®)) ds + g(t.y(t))}

Since lim,_,p(t) =0, limt_,wg(t,x(t)) =0

For € > 0, there is real number T' > 0, T" > 0 such that p(t) <
choose T* = max{T, T}

r(sF)e forall t>Tand |g(t,x®))| < 2, if we

Then from above inequality it follows that |x(t) — ¢ (t)| < e forall ¢t > T*.

Hence FQIE (1.1) has a locally attractive solution on R, .

This completes the proof.

V. Example

Example 5.1: Consider the following fractional quadratic integral equation of type (1.1)

_e__t cos2tx(t). pt st2 -1
#(0) ==-x(O) + r©) Js £E45[t2 4524 (x(0) ] (£ =5y ds 6.1

Where ¢ =§
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-t
Solution: Here g(t,x(t)) = eTx(t) and f (t x(t), x(y(t))) = cos2tx(t),
st?
v(t, s,x(s)) =————and h(t,s) = t$+5

tf+5[t2+sz+(x(t)) ]
a) First to show the hypothesis (#',) is satisfied:

f (6,20, 2(r(®))

< cos2t|x(t) —y(@)|,Vx,4 ER
~f (4@ 4(r®))

f (£.2@), 2(r(®)))

<{@x@®) -y @), vx, 4 €R
—f (t®.4(r®))

Since {(t) = cos2t which is bounded and maps from R, to R.
Implies that the hypothesis (H';) satiesfied.

b) To show the hypothesis (H ) is satisfied:
l9(t.#®) - g(6,4(0)] < ‘67| () = % (0|
Sz () -y (@l

Since n(t) = ET_twhich is bounded and maps from R, to R.
And limt_mg(t,x(t)) = limt_,ooe—;tx(t) =0
That is g(t, x(¢)) vanishing at infinity.
Implies that the hypothesis (H,) satiesfied.
¢) Toshow the hypothesis (#5) is satisfied:

|4r(t s, x(s))| < h(t,s) Vt,s ER,
ie st? st?
t€+5[t2+52+(x(t)) ] 5+
Implies that the hypothesis (3 3) satisfied.
d) To show the hypothesis (H,) is satisfied: Now

st?

B h(t,s) YT 1 ¢ s
p(®) = f(t St ds f(t—s)lfd tf+3f0(t—s>1-fds

- —)lge — M]t_ G
f+3f5(t s)s~lds = §+2{[ £, fol. g ds

1 “t(t—t) 0(t — 0) [t—s)f+1 t}

G (G EE+D
1 [ef*] . 1 g1
Tt e2e | T o2e2+e) > T 2

Implies p(t) is continuous and bounded on R, and vanish at infinity.

It follows that conditions (#1)-(3,) are satisfied. Thus by theorem (4.1), above problem has a locally attractive
solution R,.

CONCLUSION
In this paper we have studied the existence of solution for fractional quadratic integral equation. The result has been

obtained by using hybrid fixed point theorem for three operators in Banach space. The main result is well illustrated
with the help of example.
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