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ABSTRACT 
In this paper, we proved existence the locally attractive solution for a fractional order quadratic integral equation in 
Banach space under lipschitz and Caratheodory conditions via a hybrid fixed point theorem. 
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I. INTRODUCTION 
 
The theory of fractional calculus (that is fractional order differential and integral equation) has newly received a lot of 
attention and establishes a meaningful branch of nonlinear analysis. Number of research monographs and research 
papers has appeared devoted to integrals and differential equation of fractional order. 
 
In this paper we study the existence of locally attractive solution of the following fractional order quadratic integral 
equation. 

𝓍(𝑡) = 𝑔�𝑡,𝓍(𝑡)� +
𝑓�𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)��

Γ(𝜉) ∫ 𝓋�𝑡,𝑠,𝓍(𝑠)�
(𝑡−𝑠)1−𝜉

𝑡
0 𝑑𝑠                                                                                         (1.1) 

Where 𝑡 ∈ ℝ+ = [0,∞)  and  0 < 𝜉 < 1,  𝑔:ℝ+ × ℝ → ℝ,  𝑓:ℝ+ × ℝ × ℝ → ℝ   and 𝓋:ℝ+ × ℝ+ × ℝ → ℝ  are 
functions which satisfy special assumptions. 
 
II. PRELIMINARIES 
 
In this section we give the definitions, notation, hypothesis and preliminary tools, which will be used in the sequel. 
 
Let 𝕏 = 𝒜𝒞(ℝ+,ℝ)  be the space of absolutely continuous function on ℝ+ and Ω be a subset of 𝕏. Let a mapping 
𝔸:𝕏 → 𝕏 be an operator and consider the following operator equation in 𝕏, namely,                            

𝓍(𝑡) = (𝔸𝓍)(𝑡), for all 𝑡 ∈ ℝ+                                                                                                                       (2.1) 
 
Below we give some different characterization of the solutions for operator equation (2.1) on ℝ+. We need the 
following definitions; 
 
Definition 2.1[5]: We say that solution of the equation (2.1) are locally attractive if there exists a closed ball  𝐵𝓇(0) in 
the space 𝒜𝒞(ℝ+,ℝ) for some 𝑥0 ∈ 𝒜𝒞(ℝ+,ℝ) and for some real number 𝑟 > 0 such that for arbitrary solution 
𝓍 = 𝓍(𝑡) and 𝓎 = 𝓎(𝑡) of equation (2.1) belonging to 𝐵𝓇(0) ∩ Ω we have that,  

                                        lim𝑡→∞�𝓍(𝑡) −𝓎(𝑡)� = 0                                                                                            (2.2) 
 
Definition 2.2[4]: Let 𝕏 be a Banach space. A mapping 𝔸:𝕏 → 𝕏 is called Lipschitz if there is a constant 𝛼 > 0 such 
that, ‖𝔸𝓍 − 𝔸𝓎‖ ≤ 𝛼‖𝓍 − 𝓎‖ for all 𝓍,𝓎 ∈ 𝕏. If  𝛼 < 1, then 𝔸 is called a contraction on 𝕏 with the contraction 
constant  𝛼. 
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Definition 2.3[2]: An operator ℚ on a Banach space 𝕏 into itself is called compact if for any bounded subset 𝑆 of 𝕏, 
ℚ(𝑆) is relatively compact subset of 𝕏. If ℚ is continuous and compact, then it is called completely continuous on 𝕏. 
 
Definition 2.4[4]: Let 𝕏 be a Banach space with the norm ‖∙‖ and let ℚ:𝕏 → 𝕏 be an operator (in general nonlinear). 
Then ℚ is called 

i. Compact if ℚ(𝕏) is relatively compact subset of 𝕏. 
ii. Totally compact if ℚ(𝑆) is totally bounded subset of 𝕏 for any bounded subset 𝑆 of  𝕏. 

iii. Completely continuous if it is continuous and totally bounded operator on  𝕏. 
 
It is clear that every compact operator is totally bounded but the converse need not be true. 
 
We seek the solution of (2.1) in the space 𝒜𝒞(ℝ+,ℝ) of continuous and real – valued function defined on ℝ+. Define a 
standard norm ‖∙‖ and a multiplication “ ∙ ” in 𝒜𝒞(ℝ+,ℝ) by 

‖𝓍‖ = 𝑠𝑢𝑝{|𝓍(𝑡)|: 𝑡 ∈ ℝ+},   (𝑥𝑦)(𝑡) = 𝓍(𝑡)𝓎(𝑡),   𝑡 ∈ ℝ+                                                                         (2.3) 
 
Clearly, 𝒜𝒞(ℝ+,ℝ) becomes a Banach space with respect to the above norm and the multiplication in it. By ℒ1(ℝ+,ℝ) 
we denote the space of Lebesgue-integrable function ℝ+with the norm ‖∙‖ℒ1  defined by 

‖𝓍‖ℒ = ∫ |𝓍(𝑡)|𝑑𝑡∞
0                                                                                                                                          (2.4) 

 
Definition 2.5 [6]: Let 𝑓 ∈ ℒ1[0,𝕋]and 𝛼 > 0. The Riemann – Liouville fractional derivative of order 𝜉 of real 
function 𝑓 is defined as, 𝔇𝜉𝑓(𝑡) = 1

𝛤(1−𝜉)
𝑑
𝑑𝑡 ∫

𝑓(𝑠)
(𝑡−𝑠)𝜉

𝑑𝑠,   0 < 𝜉 < 1𝑡
0   

Such that 𝔇−𝜉𝑓(𝑡) = 𝐼𝜉𝑓(𝑡) = 1
𝛤(𝜉)∫

𝑓(𝑠)
(𝑡−𝑠)1−𝜉

𝑑𝑠  𝑡
0 respectively  

 
Definition 2.6[5]: The Riemann-Liouville fractional integral of order 𝜉 ∈ (0,1) of the function 𝑓 ∈ ℒ1[0,𝕋] is defined 
by the formula:  

𝐼𝜉𝑓(𝑡) =
1

𝛤(𝜉)
�

𝑓(𝑠)
(𝑡 − 𝑠)1−𝜉 𝑑𝑠,    𝑡 ∈ [0,𝕋]

𝑡

0

 

Where Γ(𝜉) denote the Euler gamma function. The Riemann-Liouville fractional derivative operator of order 𝜉  defined 

by   𝔇𝜉 = 𝑑𝜉

𝑑𝑡𝜉
= 𝑑

𝑑𝑡
°𝐼1−𝜉 

 
It may be shown that the fractional integral operator 𝐼𝜉  transforms the space ℒ1(ℝ+,ℝ) into itself and has some other 
properties.  
 
Theorem 2.1[4]: (Arzela-Ascoli Theorem) If every uniformly bounded and equicontinuous sequence {𝑓𝓃} of functions 
in 𝒞(ℝ+,ℝ) then it has a convergent subsequence. 
 
Theorem 2.2[4]: A metric space X is compact iff every sequence in X has a convergent subsequence. 
 
Theorem 2.3 (Lebesgue’s dominated convergence theorem): Suppose that {ℊ𝓃} is a sequence of measurable 
functions, that ℊ𝓃 → ℊ pointwise a.e. as 𝓃 → ∞, and that |ℊ𝓃| ≤ 𝑓,∀ 𝓃, where  𝑓 is integrable then ℊ is integrable and 

�ℊ𝑑𝜇 = 𝑙𝑖𝑚𝓃→∞�ℊ𝓃𝑑𝜇 

 
III. EXISTENCE THEORY 
 
Definition 3.1[4]: A mapping 𝓋:ℝ+ × ℝ+ × ℝ → ℝ is Caratheodory if: 

i) (𝑡, 𝑠) → 𝓋(𝑡, 𝑠,𝓍) is measurable for each 𝓍 ∈ ℝ and 
ii) (𝓍) → 𝓋(𝑡, 𝑠,𝓍) is continuous almost everywhere for 𝑡 ∈ ℝ+. 

Furthermore a Caratheodary function 𝓋 is ℒ1 −Caratheodary if: 
iii) For each real number 𝑟 > 0 there exists a function 𝒽𝑟 ∈ ℒ1(ℝ+ × ℝ+,ℝ) such that |𝓋(𝑡, 𝑠,𝓍)| ≤

𝒽𝑟(𝑡, 𝑠)   𝑎. 𝑒.   𝑡 ∈ ℝ+ for all 𝑥 ∈ ℝ with |𝓍|𝑟 ≤ 𝑟. 
Finally a caratheodary function 𝓋 is ℒ𝕏1 −caratheodary if: 

iv) There exists a function 𝒽 ∈ ℒ1(ℝ+ × ℝ+,ℝ) such that |𝓋(𝑡, 𝑠,𝓍)| ≤ 𝒽(𝑡, 𝑠),   𝑎. 𝑒.   𝑡 ∈ ℝ+ for all 𝓍 ∈ ℝ 
For convenience, the function 𝒽 is referred to as a bound function for 𝓋. 
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Theorem 3.1 [8]: Let 𝑆 be a non empty, convex, closed and bounded subset of the Banach space 𝕏 and let  𝔸,ℂ:𝕏 → 𝕏 
and 𝔹: 𝑆 → 𝕏 are two operators satisfying: 

a) 𝔸 and ℂ are Lipschitzian with lipschitz constants 𝜁, 𝜂 respectively. 
b) 𝔹 is completely continuous, and 
c) 𝓍 = 𝔸𝓍𝔹𝓎 + ℂ,𝓍 ∈ 𝑆 for all 𝓎 ∈ 𝑆 
d) 𝜁𝑀 + 𝜂 < 1 where 𝑀 = ‖𝔹(𝑠)‖ = 𝑠𝑢𝑝{‖𝔹𝓍‖:𝓍 ∈ 𝑆} 

Then the operator equation 𝓍 = 𝔸𝓍𝔹𝓎 + ℂ𝓍 has a solution in 𝑆 
 
Now for applying theorem (3.1) we study the existence of solution for the (FQIE) (1.1) under the following general 
assumptions:  
 
(𝓗1) The function 𝑓:ℝ+ × ℝ × ℝ → ℝ  is continuous and bounded with bound 𝔽 = 𝑠𝑢𝑝(𝑡,𝓍)|𝑓(𝑡,𝓍1,𝓍2)|, there exist a 
bounded function 𝜁:ℝ+ → ℝ  with bound  ‖𝜁‖  such that,  

�
𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)��

−𝑓 �𝑡,𝓎(𝑡),𝓎�𝛾(𝑡)��
� ≤ 𝜉(𝑡)𝑚𝑎𝑥{|𝓍1 − 𝓎1|, |𝓍2 − 𝓎2|} 

 

�
𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)��

−𝑓 �𝑡,𝓎(𝑡),𝓎�𝛾(𝑡)��
� ≤ 𝜁(𝑡)|𝓍(𝑡) − 𝓎(𝑡)|,∀𝓍,𝓎 ∈ ℝ 

 
(𝓗2) The function  𝑔:ℝ+ × ℝ → ℝ and 𝔾 = 𝑠𝑢𝑝(𝑡,𝓍)|𝑔(𝑡,𝓍)|,  there exist a bounded function 𝜂:ℝ+ → ℝ with bound 
‖𝜂‖  such that   

�𝑔�𝑡,𝓍(𝑡)� − 𝑔�𝑡,𝓎(𝑡)�� = 𝜂(𝑡)|𝓍(𝑡) − 𝓎(𝑡)|,∀𝓍,𝓎 ∈ ℝ and it vanish at infinity. 
 
(𝓗3) The function  𝓋:ℝ+ × ℝ+ × ℝ → ℝ  satisfies Caratheodory condition (that is it is measurable in (𝑡, 𝑠)  for any  
𝓍 ∈ ℝ  and continuous in  𝓍  for almost all  (𝑡, 𝑠). ), then there exist a function  ℎ:ℝ+ × ℝ+ → ℝ  such that   

�𝓋�𝑡, 𝑠,𝓍(𝑠)�� ≤ ℎ(𝑡, 𝑠) ∀𝑡 ∈ ℝ+, where  ℎ(𝑡, 𝑠) = 𝒶(𝑠)𝒷(𝑡) and  𝒶,𝒷:ℝ+ → ℝ 
 
(𝓗4) The function 𝜌:ℝ+ → ℝ  defined by the formula  𝜌(𝑡) = ∫ ℎ(𝑡,𝑠)

(𝑡−𝑠)1−𝜉
𝑑𝑠𝑡

0   bounded on  ℝ+  and  𝑙𝑖𝑚𝑡→∞𝜌(𝑡) = 0  
that is vanishing at infinity. 
 
Remark 3.1: Note that the hypothesis (ℋ1)−(ℋ4) hold then there exist a constant function 𝒦1 > 0 such that        
𝒦1 = 𝑠𝑢𝑝𝑡≥0

𝜌(𝑡)
Γ(𝜉)

 
 
IV. MAIN RESULT 
 
In this section we consider the FQIE (1.1).The above hybrid fixed point theorem for three operators in Banach algebras 
𝕏,  due to B.C.Dhage [8] will be used to prove  existence the solution for given equation  (1.1). 
 
Theorem 4.1: Assume that hypothesis (ℋ1)−(ℋ4) holds, further if  ‖𝜁‖𝒦1 + ‖𝜂‖ < 1 then FQIE (1.1) has locally 
attractive solution on the Banach space  𝕏 = 𝒜𝒞(ℝ+,ℝ). 
 
Proof: Define a non- empty, convex, closed and bounded subset 𝑆  of Banach space  𝕏 = 𝒜𝒞(ℝ+,ℝ) as                   
𝑆 = {𝓍 ∈ 𝕏: ‖𝓍‖ ≤ 𝑟}, where  𝑟  satisfies the inequality  ‖𝔽‖𝓚𝟏 + ‖𝔾‖  < 𝐫. 
 
Now we define the operators  𝔸:𝕏 → 𝕏 and 𝔹: 𝑆 → 𝕏 and ℂ:𝕏 → 𝕏 by, 

𝔸𝓍(𝑡) = 𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)�� , 𝑡 ∈ ℝ+                                                                                                            (4.1) 

𝔹𝓍(𝑡) = 1
Γ(𝜉)∫

𝓋�𝑡,𝑠,𝓍(𝑠)�
(𝑡−𝑠)1−𝜉

𝑑𝑠, 𝑡 ∈ ℝ+
𝑡
0                                                                                                                (4.2) 

ℂ𝓍(𝑡) = 𝑔�𝑡,𝓍(𝑡)�, 𝑡 ∈ ℝ+                                                                                                                             (4.3) 
 
The FQIE is equivalent to the operator equation  

𝓍(𝑡) = 𝔸𝓍(𝑡)𝔹𝓍(𝑡) + ℂ𝓍(𝑡),∀𝑡 ∈ ℝ+                                                                                                          (4.4) 
 
We shall show that, the operators 𝔸, 𝔹 and ℂ satisfy all the conditions of theorem (3.1) 
 
This will be achieved in the following series of steps. 
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Step-I: First to show that  𝔸  and  ℂ  are Lipschitzian on 𝕏. 
 
Let 𝓍,𝓎 ∈ 𝕏, then by (ℋ1) for 𝑡 ∈ ℝ+ we have, 

|𝔸𝓍(𝑡) −𝔸𝓎(𝑡)| = �𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)�� − 𝑓 �𝑡,𝓎(𝑡),𝓎�𝛾(𝑡)��� 
                                           ≤  ζ(t)𝑚𝑎𝑥{|𝓍1 − 𝓎1|, |𝓍2 − 𝓎2|} ≤  ζ(t)|𝓍(t) −𝓎(t)| 
 
Taking supremum over t, we obtain 

‖𝔸𝓍 − 𝔸𝓎‖ ≤ ‖𝜁‖‖𝓍 − 𝓎‖ for all 𝓍,𝓎 ∈  ℝ. 
There fore 𝔸 is lipschitzian with lipschitz constant ‖ζ‖. 
 
Now to show ℂ  is Lipschitzian on 𝕏  for any  𝓍,𝓎 ∈ 𝕏we have 

|ℂ𝓍(𝑡) − ℂ𝓎(𝑡)| = �𝑔�𝑡,𝓍(𝑡)� − 𝑔�𝑡,𝓎(𝑡)�� 
                                           ≤  η(t)|𝓍(t) − 𝓎(t)| 
 
Taking supremum over t, we obtain 

‖ℂ𝓍 − ℂ𝓎‖ ≤ ‖𝜂‖‖𝓍 − 𝓎‖, for all 𝓍,𝓎 ∈  ℝ 
There fore ℂ is lipschitzian with lipschitz constant ‖η‖. 
 
Step-II: To show 𝔹  is completely continuous on 𝕏. 
 
That is to show that 𝔹 is continuous, uniformly bounded and equicontinuous. 
 
Let by dominated convergence theorem, let {𝓍𝓃} be a sequence in 𝑆 such that {𝓍𝓃} → 𝓍. Then, 

lim𝑛→∞𝔹𝓍𝓃(𝑡) = lim𝑛→∞ �
1

Γ(𝜉)�
𝓋�𝑡, 𝑠,𝓍𝓃(𝑠)�

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠� 𝓍𝓃 

=
1

Γ(𝜉)�
𝓋�𝑡, 𝑠,𝓍(𝑠)�

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠 

= 𝔹𝓍(𝑡), ,∀𝑡 ∈ ℝ+ 
This shows that 𝔹𝓍𝓃 converges to 𝔹𝓍 pointwise on  𝑆. 
 
Next to show that sequence {𝔹𝓍𝓃} is an equicontinuous sequence in 𝑆. 
 
Let 𝑡1, 𝑡2 ∈ ℝ+be arbitrary with 𝑡1 < 𝑡2 then 

|𝔹𝓍𝓃(𝑡2) − 𝔹𝓍𝓃(𝑡1)| = �
�

1
Γ(𝜉)�

𝓋�𝑡2, 𝑠,𝓍𝓃(𝑠)�
(𝑡2 − 𝑠)1−𝜉

𝑡2

0
𝑑𝑠

−
1

Γ(𝜉)�
𝓋�𝑡1, 𝑠,𝓍𝓃(𝑠)�

(𝑡1 − 𝑠)1−𝜉
𝑡1

0
𝑑𝑠
�
� 

≤ 1
𝛤(𝜉)

�
∫ (𝑡2 − 𝑠)𝜉−1𝓋�𝑡2, 𝑠,𝓍𝓃(𝑠)�𝑑𝑠𝑡2
0

−∫ (𝑡1 − 𝑠)𝜉−1𝓋�𝑡1, 𝑠,𝓍𝓃(𝑠)�𝑑𝑠𝑡2
0

� + 1
𝛤(𝜉)

�
∫ (𝑡1 − 𝑠)𝜉−1𝓋�𝑡1, 𝑠,𝓍𝓃(𝑠)�𝑑𝑠𝑡2
0

−∫ (𝑡1 − 𝑠)𝜉−1𝓋�𝑡1, 𝑠,𝓍𝓃(𝑠)�𝑑𝑠𝑡1
0

� 

≤
1

𝛤(𝜉) ��
(𝑡2 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡2

0
− � (𝑡1 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡2

0
� 

+
1

𝛤(𝜉) ��
(𝑡1 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡2

0
− � (𝑡1 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡1

0
� 

≤
‖ℎ‖ℒ1
𝛤(𝜉)

⎩
⎪
⎨

⎪
⎧�� �(𝑡2 − 𝑠)𝜉−1 − (𝑡1 − 𝑠)𝜉−1�𝑑𝑠

𝑡2

0
�

+ �� (𝑡1 − 𝑠)𝜉−1𝑑𝑠
𝑡2

𝑡1
�

⎭
⎪
⎬

⎪
⎫

 

≤
‖ℎ‖ℒ1
𝛤(𝜉) ���

(𝑡2 − 𝑠)𝜉

−𝜉
�
0

𝑡2

− �
(𝑡1 − 𝑠)𝜉

−𝜉
�
0

𝑡2

� + ��
(𝑡1 − 𝑠)𝜉

−𝜉
�
𝑡1

𝑡2

�� 

≤
‖ℎ‖ℒ1
𝜉

�
�
−�(𝑡2 − 𝑡2)𝜉 − (𝑡2 − 0)𝜉� +
�(𝑡1 − 𝑡2)𝜉 − (𝑡1 − 0)𝜉�

� +

�−�(𝑡1 − 𝑡2)𝜉 − (𝑡1 − 𝑡1)𝜉��
� 

≤
‖ℎ‖ℒ1
𝜉

��(𝑡2)𝜉 + (𝑡1 − 𝑡2)𝜉 − (𝑡1)𝜉� + �−(𝑡1 − 𝑡2)𝜉�� 

→ 0 as  𝑡1 → 𝑡2,∀𝓃 ∈ 𝒩 
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This shows that the sequence converges uniformly, and by using property of uniform convergence that is uniform 
convergence imply continuity 
 
Hence 𝔹 is continuous on  𝑆. 
 
Step-III: To show 𝔹 is compact operator on 𝑆, for this to show that 𝔹 is uniformly bounded and equicontinuous in 𝑆. 
First we show that 𝔹 is uniformly bounded. Let 𝓍 ∈ 𝑆 be arbitrary then 

|𝔹𝓍(𝑡)| = �
1

Γ(𝜉)�
𝓋�𝑡, 𝑠,𝓍(𝑠)�

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠� 

≤
1

Γ(𝜉)�
�𝓋�𝑡, 𝑠,𝓍(𝑠)��

(𝑡 − 𝑠)1−𝜉 𝑑𝑠
𝑡

0
 

≤
1

Γ(𝜉)�
ℎ(𝑡, 𝑠)

(𝑡 − 𝑠)1−𝜉 𝑑𝑠
𝑡

0
 

≤
1

Γ(𝜉) 𝜌
(𝑡) 

 
Taking supremum over t, we obtain ‖𝔹𝓍‖ ≤ 𝜌(𝑡)

Γ(𝜉)
= 𝒦1,∀ 𝑡 ∈ ℝ+ 

 
Hence 𝔹 is uniformly bounded subset of S. 
 
Now to show 𝔹 is equicontinuous on  𝑆. 
 
Let 𝑡1, 𝑡2 ∈ ℝ+, then 

|𝔹𝓍(𝑡2) − 𝔹𝓍(𝑡1)| = �
�

1
Γ(𝜉)�

𝓋�𝑡2, 𝑠,𝓍(𝑠)�
(𝑡2 − 𝑠)1−𝜉

𝑡2

0
𝑑𝑠

−
1

Γ(𝜉)�
𝓋�𝑡1, 𝑠,𝓍(𝑠)�

(𝑡1 − 𝑠)1−𝜉
𝑡1

0
𝑑𝑠
�
� 

 ≤ 1
𝛤(𝜉)

�
∫ (𝑡2 − 𝑠)𝜉−1𝓋�𝑡2, 𝑠,𝓍(𝑠)�𝑑𝑠𝑡2
0

−∫ (𝑡1 − 𝑠)𝜉−1𝓋�𝑡1, 𝑠,𝓍(𝑠)�𝑑𝑠𝑡2
0

� + 1
𝛤(𝜉)

�
∫ (𝑡1 − 𝑠)𝜉−1𝓋�𝑡1, 𝑠,𝓍(𝑠)�𝑑𝑠𝑡2
0

−∫ (𝑡1 − 𝑠)𝜉−1𝓋�𝑡1, 𝑠,𝓍(𝑠)�𝑑𝑠𝑡1
0

� 

≤
1

𝛤(𝜉) ��
(𝑡2 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡2

0
− � (𝑡1 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡2

0
� 

+
1

𝛤(𝜉) ��
(𝑡1 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡2

0
− � (𝑡1 − 𝑠)𝜉−1ℎ(𝑠)𝑑𝑠

𝑡1

0
� 

≤
‖ℎ‖ℒ1
𝛤(𝜉)

⎩
⎪
⎨

⎪
⎧�� �(𝑡2 − 𝑠)𝜉−1 − (𝑡1 − 𝑠)𝜉−1�𝑑𝑠

𝑡2

0
�

+ �� (𝑡1 − 𝑠)𝜉−1𝑑𝑠
𝑡2

𝑡1
�

⎭
⎪
⎬

⎪
⎫

 

≤
‖ℎ‖ℒ1
𝛤(𝜉) ���

(𝑡2 − 𝑠)𝜉

−𝜉
�
0

𝑡2

− �
(𝑡1 − 𝑠)𝜉

−𝜉
�
0

𝑡2

� + ��
(𝑡1 − 𝑠)𝜉

−𝜉
�
𝑡1

𝑡2

�� 

≤
‖ℎ‖ℒ1
𝜉

�
�
−�(𝑡2 − 𝑡2)𝜉 − (𝑡2 − 0)𝜉� +
�(𝑡1 − 𝑡2)𝜉 − (𝑡1 − 0)𝜉�

� +

�−�(𝑡1 − 𝑡2)𝜉 − (𝑡1 − 𝑡1)𝜉��
� 

≤
‖ℎ‖ℒ1
𝜉

��(𝑡2)𝜉 + (𝑡1 − 𝑡2)𝜉 − (𝑡1)𝜉� + �−(𝑡1 − 𝑡2)𝜉�� 

→ 0 as  𝑡1 → 𝑡2,∀𝓃 ∈ 𝒩 
 
Implies that 𝔹(𝑆) is equicontinuous. 
 
Hence 𝔹 is compact subset of 𝑆. 
 
Implies that 𝔹 is completely continuous on 𝑆. 
 
Step-IV: To show  𝓍 = 𝔸𝓍𝔹𝓎 + ℂ𝓍 ⟹ 𝓍 ∈ 𝑆,∀𝓎 ∈ 𝑆. 
 
Let 𝓍 ∈ 𝕏, and 𝓎 ∈ 𝑆 such that  𝓍 = 𝔸𝓍𝔹𝓎 + ℂ𝓍 
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By assumptions (ℋ1-ℋ4) 

 |𝓍(𝑡)| = |𝔸𝓍(𝑡)𝔹𝓍(𝑡) + ℂ𝓍(𝑡)| 
≤ |𝔸𝓍(𝑡)||𝔹𝓍(𝑡)| + |ℂ𝓍(𝑡)| 

≤ �𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)���
1

Γ(𝜉)�
�𝓋�𝑡, 𝑠,𝓍(𝑠)��

(𝑡 − 𝑠)1−𝜉 𝑑𝑠
𝑡

0
+ �𝑔�𝑡,𝓍(𝑡)�� 

≤ 𝔽
1

Γ(𝜉)�
�𝓋�𝑡, 𝑠,𝓍(𝑠)��

(𝑡 − 𝑠)1−𝜉 𝑑𝑠 + 𝔾
𝑡

0
 

≤ 𝔽
𝜌(𝑡)
Γ(𝜉) + 𝔾 

 
Taking supremum over t on ℝ+, we obtain ‖𝔽‖𝒦1 + ‖𝔾‖, ∀𝓍 ∈ 𝑆 
 
That is we have, ‖𝓍‖ = ‖𝔸𝓍(𝑡)𝔹𝓍(𝑡) + ℂ𝓍(𝑡)‖ ≤ 𝑟, ∀𝓍 ∈ 𝑆. 
 
Step-V: Finally we show that 𝜁𝑀 + 𝜂 < 1  
 
Since               𝑀 = ‖𝔹(𝑆)‖ = 𝑠𝑢𝑝𝑥∈𝑆�𝑠𝑢𝑝𝑡∈𝕁|𝔹𝓍(𝑡)|� 

              = 𝑠𝑢𝑝𝑥∈𝑆 �𝑠𝑢𝑝𝑡∈𝕁 �
1

Γ(𝜉)∫
𝓋�𝑡,𝑠,𝓍(𝑠)�
(𝑡−𝑠)1−𝜉

𝑑𝑠𝑡
0 �� 

              ≤ 𝑠𝑢𝑝𝑥∈𝑆 �
1

Γ(𝜉)∫
�𝓋�𝑡,𝑠,𝓍(𝑠)��

(𝑡−𝑠)1−𝜉
𝑑𝑠𝑡

0 � 

              ≤ 𝑠𝑢𝑝𝑥∈𝑆 �
1

Γ(𝜉)∫
ℎ(𝑡,𝑠)

(𝑡−𝑠)1−𝜉
𝑑𝑠𝑡

0 � 

              ≤ 𝑠𝑢𝑝𝑥∈𝑆 �
𝜌(𝑡)
Γ(𝜉)

� = 𝒦1 
and therefore  𝜁𝑀 + 𝜂, we have (‖𝜁‖𝒦1 + ‖𝜂‖) < 1. 
 
Hence assumption(𝑐) of theorem (3.1) is proved 
 
Step-VI: Now to show the solution is locally attractive on  ℝ+. Then we have 

|𝓍(𝑡) − 𝓎(𝑡)| = �
�
��𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)���

1
Γ(𝜉)�

𝓋�𝑡, 𝑠,𝓍(𝑠)�
(𝑡 − 𝑠)1−𝜉

𝑡

0
𝑑𝑠 + 𝑔�𝑡,𝓍(𝑡)�� −

��𝑓 �𝑡,𝓎(𝑡),𝓎�𝛾(𝑡)���
1

Γ(𝜉)�
𝓋�𝑡, 𝑠,𝓎(𝑠)�

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠 + 𝑔�𝑡,𝓎(𝑡)��

�
� 

≤ ��𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)����
1

Γ(𝜉)�
�𝓋�𝑡, 𝑠,𝓍(𝑠)��

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠 + �𝑔�𝑡,𝓍(𝑡)�� 

+ ��𝑓 �𝑡,𝓎(𝑡),𝓎�𝛾(𝑡)���� 1
Γ(𝜉)∫

�𝓋�𝑡,𝑠,𝓎(𝑠)��
(𝑡−𝑠)1−𝜉

𝑡
0 𝑑𝑠 + �𝑔�𝑡,𝓎(𝑡)�� 

≤ 2𝔽
1

Γ(𝜉)�
ℎ(𝑡, 𝑠)

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠 + 2𝔾 

≤ 2𝔽 𝜌(𝑡)
Γ(𝜉)

+ 2𝔾, ∀𝑡 ∈ ℝ+ 
 
Since lim𝑡→∞𝜌(𝑡) = 0 , lim𝑡→∞𝑔�𝑡,𝓍(𝑡)� = 0 
 
For 𝜖 > 0, there is real number 𝕋′ > 0,𝕋′′ > 0 such that 𝜌(𝑡) ≤ Γ(𝜉)𝜖

4𝐹
  for all   𝑡 ≥ 𝕋′ and �𝑔�𝑡,𝓍(𝑡)�� < 𝜖

4
,  if we 

choose  𝕋∗ = 𝑚𝑎𝑥{𝕋′,𝕋′′} 
 
Then from above inequality it follows that |𝓍(𝑡) −𝓎(𝑡)| < 𝜖 for all  𝑡 ≥ 𝕋∗.      
 
Hence FQIE (1.1) has a locally attractive solution on ℝ+. 
 
This completes the proof.  
 
V. Example 
 
Example 5.1: Consider the following fractional quadratic integral equation of type (1.1) 

𝓍(𝑡) = 𝑒−𝑡

𝑡
𝓍(𝑡) + 𝑐𝑜𝑠2𝑡𝓍(𝑡).

Γ(𝜉) ∫ 𝑠𝑡2

𝑡𝜉+5�𝑡2+𝑠2+�𝓍(𝑡)�
2
�
(𝑡 − 𝑠)𝜉−1𝑑𝑠𝑡

0                                                                        (5.1)                                   

Where    𝜉 = 1
2
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Solution: Here 𝑔�𝑡,𝓍(𝑡)� = 𝑒−𝑡

𝑡
𝓍(𝑡) and  𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)�� = 𝑐𝑜𝑠2𝑡𝓍(𝑡), 

𝓋�𝑡, 𝑠,𝓍(𝑠)� = 𝑠𝑡2

𝑡𝜉+5�𝑡2+𝑠2+�𝓍(𝑡)�
2
�
 and ℎ(𝑡, 𝑠) = 𝑠𝑡2

𝑡𝜉+5
 

a) First to show the hypothesis (ℋ1) is satisfied: 
 

�
𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)��

−𝑓 �𝑡,𝓎(𝑡),𝓎�𝛾(𝑡)��
� ≤ 𝑐𝑜𝑠2𝑡|𝓍(𝑡) −𝓎(𝑡)|,∀𝓍,𝓎 ∈ ℝ 

 

�
𝑓 �𝑡,𝓍(𝑡),𝓍�𝛾(𝑡)��

−𝑓 �𝑡,𝓎(𝑡),𝓎�𝛾(𝑡)��
� ≤ 𝜁(𝑡)|𝓍(𝑡) − 𝓎(𝑡)|,∀𝓍,𝓎 ∈ ℝ 

 
Since  𝜁(𝑡) = 𝑐𝑜𝑠2𝑡 which is bounded and maps from ℝ+ to  ℝ. 
Implies that the hypothesis (ℋ1) satiesfied. 
 

b) To show the hypothesis (ℋ2) is satisfied: 

�𝑔�𝑡,𝓍(𝑡)� − 𝑔�𝑡,𝓎(𝑡)�� ≤ �
𝑒−𝑡

𝑡
� |𝓍(𝑡) − 𝓎(𝑡)| 

                                          ≤ 𝜂(𝑡)|𝓍(𝑡) − 𝓎(𝑡)| 
 
Since  𝜂(𝑡) = 𝑒−𝑡

𝑡
 which is bounded and maps from ℝ+ to  ℝ. 

And 𝑙𝑖𝑚𝑡→∞𝑔�𝑡,𝓍(𝑡)� = 𝑙𝑖𝑚𝑡→∞
𝑒−𝑡

𝑡
𝓍(𝑡) = 0 

That is 𝑔�𝑡,𝓍(𝑡)� vanishing at infinity. 
Implies that the hypothesis (ℋ2) satiesfied. 
 

c) To show the hypothesis (ℋ3) is satisfied: 
 
�𝓋�𝑡, 𝑠,𝓍(𝑠)�� ≤ ℎ(𝑡, 𝑠) ∀𝑡, 𝑠 ∈ ℝ+ 

 i.e  𝑠𝑡2

𝑡𝜉+5�𝑡2+𝑠2+�𝓍(𝑡)�
2
�
≤ 𝑠𝑡2

𝑡𝜉+5
 

 Implies that the hypothesis (ℋ3) satisfied. 
 

d) To show the hypothesis (ℋ4) is satisfied: Now 

𝜌(𝑡) = �
ℎ(𝑡, 𝑠)

(𝑡 − 𝑠)1−𝜉 𝑑𝑠 = �
𝑠𝑡2

𝑡𝜉+5

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠 =

1
𝑡𝜉+3

�
𝑠

(𝑡 − 𝑠)1−𝜉
𝑡

0
𝑑𝑠

𝑡

0
 

=
1

𝑡𝜉+3
� 𝑠(𝑡 − 𝑠)𝜉−1𝑑𝑠
𝑡

0
=

1
𝑡𝜉+2

��
𝑠(𝑡 − 𝑠)𝜉

𝜉
�
0

𝑡

− � 1.
(𝑡 − 𝑠)𝜉

𝜉
𝑑𝑠

𝑡

0
� 

=
1

𝑡𝜉+3
��
𝑡(𝑡 − 𝑡)

𝜉
−

0(𝑡 − 0)
𝜉

� − �
(𝑡 − 𝑠)𝜉+1

𝜉(𝜉 + 1) �
0

𝑡

� 

= 1
𝑡𝜉+3

�(𝑡)𝜉+1

𝜉2+𝜉
� = 1

𝑡2(𝜉2+𝜉)
, 𝜉 = 1

2
 

 
Implies  𝜌(𝑡) is continuous and bounded on ℝ+ and vanish at infinity. 
 
It follows that conditions (ℋ1)-(ℋ4) are satisfied. Thus by theorem (4.1), above problem has a locally attractive 
solution  ℝ+. 
 
CONCLUSION 
 
In this paper we have studied the existence of solution for fractional quadratic integral equation. The result has been 
obtained by using hybrid fixed point theorem for three operators in Banach space. The main result is well illustrated 
with the help of example. 
 
 
 
 



B. D. Karande*, S. S Yachawad** /  
Attractivity Result for Fractional Quadratic Integral equation in Banach Space / IJMA- 8(6), June-2017. 

© 2017, IJMA. All Rights Reserved                                                                                                                                                                     132  

 
REFERENCES 
 

1. Dhage B. C., A Nonlinear alternative in Banach algebras with applications to fractional differential equations, 
Nonlinear Funct.  Anal. Appl. 8, (2004), 563-573. 

2. Dugundji J. and Granas A,. Fixed Point Theory, in.  Monographie Math., Warsaw (1982). 
3. I. Podlubny, Fractional differential equations, Mathematics in Science and Engineering Volume 198. 
4. Karande B. D., Fractional order functional integro-differential equation in Banach Algebras, Malaysian 

Journal of Mathematical sciences 8(s), (2013), 1-16. 
5. Mohammed I. Abbas, On the Existence of locally attractive solution of a nonlinear quadratic voltera integral 

equation of fractional order, Hindawi Publishing Corporation Advances in difference equations, (2010), 1-11. 
6. Samko S., Kilbas A. A., Marivchev O. Fractional Integrals and Derivative: Theory and Applications. Gordon 

and Breach, Amsterdam (1993). 
7. Shanti Swarup, Integral equations, Krishna prakashn media (P) Ltd. Meerut, Fourteenth Edition (2006). 
8. Dhage B.C., Quadratic perturbations of periodic boundary value problems of second order ordinary 

differential equations, Differ. Equ. Appl. 2, (2010), 465-4869. 
 

 
Source of support: Nil, Conflict of interest: None Declared. 

[Copy right © 2017. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 

 
 
 


