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ABSTRACT.

Gantos has shown that, if S is a semilattice of right cancellative monoids with the (LC) condition and certain further
conditions, then we can associate it with a semilattice of bisimple inverse semigroups. We show that one of Gantos’s
conditions is equivalent to S itself having the (LC) condition. We use this equivalence to define a simple form for the
multiplication which is easier to deal with than the form which Gantos used. We provide a simple proof completely
independent of Gantos’s result.
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1. INTRODUCTION

An interesting concept of semigroups of left I-quotients, based on the notion of semigroups of left quotients, was
developed by the author, Gould, Cegarra and Petrich, in series of papers (see [3], [7] and [8]).

Recall that a subsemigroup S of a group G is a left order in G or G is a group of left quotients of S if any element in G
can be written as a~b where a, b € S. Ore and Dubreil [1] showed that a semigroup S has a group of left quotients if
and only if S is right reversible and cancellative. By saying that a semigroup S is right reversible we mean for
anya,b € §,San Sh # @. A different definition proposed by Fountain and Petrich in 1985 [5] was restricted to
completely 0-simple semigroups of left quotients and then shortly after to that of semigroup of left quotients by Gould
[10]; this idea has been extensively developed by number of authors. A subsemigroup S of a semigroup Q is a left
order in Q if every element in Q can be written as a’b where a,b € S and a" is an inverse of a in a subgroup of Q.
In this case we say that Q is a semigroup of left quotients of S. Right orders and semigroup of right quotients are
defined dually. If S is both a left and right order in Q, then S is an order in Q and Q is a semigroup of quotients of S.

The author and Gould in [7] have introduced the following definition of left I-orders in inverse semigroups: A
subsemigroup S of an inverse semigroup Q is a left I-order in Q and Q@ is a semigroup of left I-quotients of S if every
element in Q can be written as a=b where a,b € S and a~! is the inverse of a in the sense of an inverse semigroup
theory. Right I-orders and semigroups of right I-quotients are defined dually. If S is a left and right I-order in an inverse
semigroup Q, we say that S is an I-order in Q and Q is a semigroup of I-quotients of S. Let S be a left I-order in Q.
Then S is straight in Q if every g € Q can be written as a b where a,b € Sand a R b in Q.

Clifford [1] showed that any right cancellative monoid S with the (LC) condition is the R-class of the identity of its
inverse hull };(S). Moreover, (in our terminology) S is a left I-order in }.(S). By saying that a semigroup S has the (LC)
condition we mean for any a,b € S there is an element ¢ € S such that Sa n Sb = Sc. Clifford established that
precisely bisimple inverse monoids can be regarded as inverse hulls of right cancellative monoids S satisfying the (LC)
condition. The author and Gould in [7] have extended Clifford’s work to a left ample semigroup with (LC). It is worth
pointing out that the inverse hull of the left ample semigroup need not be bisimple.

Gantos [11] has developed a structure for semigroups Q which are semilattices Y of bisimple inverse monoids Q,, such
that the set of identities elements forms a subsemigroup. His structure is determined by semigroups S which are strong
semilattices Y of right cancellative monoids S,,a € Y with (LC) condition and certain morphisms satisfying two
conditions.
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In this paper, we give another proof of this result. We show that one of Gantos’s conditions is equivalent to S itself
having the (LC) condition. We link this with Clifford’s result and our definition of left I-order to introduce a new
aspect for such semigroups which we can read as follows: If S is a semilattice of right cancellative monoids with (LC)
and S has (LC), then S is a left I-order in a semilattice of inverse hull semigroups. Moreover, we proved that such S is a
left 1-order in a strong semilattice of inverse hull semigroups.

In Section 2 we give some preliminaries. Section 3 contains our new proof of Gantos’s theorem.
2. PRELIMINARIES AND NOTATIONS

We begin by recalling some of the basic facts about the relations R* and L£*. Let S be a semigroup and a, b € S. We call
elements a and b to be related by R* if and only if a and b are related by R in some oversemigroup of S. Dually, we
can define the relation £*. An alternative description of R* is provided by the following lemma.

Lemma 2.1 [4]: Let S be a semigroup and a, b € S. Then the following are equivalent
(i) aR*b;
(ii) for all x,y € St xa = ya ifand only if xb = yb.

As an easy consequence of Lemma 1.1 we have:

Lemma 2.2[4]: Let S be a semigroup, a € S and e be an idempotent of S. Then the following conditions are
equivalent:

(i) aR"e

(i) a = ea and for all x,y € S, xa = ya implies that xe = ye.
It is well-known that Green star relations R* and £* on a semigroup S are generalizations of the usual Green’s relations
R and L on S, respectively.

A semigroup S is left adequate if every R*-class of S contains an idempotent and the idempotents E(S) of S form a
semilattice. In this case every R*-class of S contains a unique idempotent. We denote the idempotent in the R*-class of
a by a*. A left adequate monoid S is left ample if (ae)*a = ae for each a € S and e € E(S).

We can note easily that, any right cancellative monoid is left ample. By a right cancellative semigroup we mean, a
semigroup S such that forall x,y € §
xz = yz implies x = y.

Following [9], for any left ample semigroup S we can construct an embedding of S into the symmetric inverse
semigroup Zs as follows. For each a € S we let p, €Is be given by
dom p, = Sa* and im p, = Sa
and for any x € dom p,.
Xpg = Xxa.
Then the map 65: S — Is is a (2,1)-embedding.

The inverse hull of a left ample semigroup S is the inverse subsemigroup Y.(S) of Zs generated by im 6. If S is a right
cancellative monoid, then for any a € S we have a* = 1. Then p,:S — Sa is defined by
Xp, = xa for each x in S.

Hence dom p, = § = dom I, giving that im 85 S R, where R, is the R -class of I in Is.

As in [7] we say that a (2,1)-morphism ¢: S — T, where S and T are left ample semigroups with Condition (LC), is
(LC)-preserving if, for any b, c € S with Sbh n Sc = Sw, we have that

T(bp) N S(cp) = S(w).

Let S be a left I-order in an inverse semigroup Q. The Generalisation of Green’s relations R* and L* areon S. To
emphasis that R and L are relations Q, we may write R? and L2 or R in Q and £ in Q.

We will make heavy use of the following result [7, Corollary 3.10].

Lemma 2.3: [2,7] The following conditions are equivalent for a right cancellative monoid S:

() X(S) is bisimple;

(ii) S has Condition (LC);

(iii) S is a left I-order in };(S).
If the above conditions hold, then S is the R-class of the identity of }.(S). Further, Y:(S) is proper if and only if S is
cancellative.
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Conversely, the R-class of the identity of any bisimple inverse monoid is right cancellative with Condition (LC).
To prove our main result, we will also need the following lemma.

Lemma 2.4: (cf. [6]) Let S be a semilattice Y of right cancellative monoids S,, a €Y. Let e, denote the identity of
S, @ €Y. Then

(1) ega, = aqep ifa = B;

(2) eqeap = eqp Where ey, eqp are the identities of S, and S, 4 respectively;

(3) E(S) is a semilattice;

(4) the idempotents are central;

(5) foranya,b € S,aR*binSifandonlyifa,b € S, forsome a inY;

(6) S isa left ample semigroup.

Proof: (1) Leteg € Sg and a, € S, for some a, f € Y, where a > 8. Then ega, and a,ez are in S,z = Sg. Hence

epa, = (egaq)ep = eg(aqgep) = aqep.
(2) Let e, € S, and ez € Sp be the identities of S, and Sg respectively. From (1) it follows that

eaeaﬁ = eaeaeaﬁ = eaeaﬁeaﬁ.

Hence (eqeqp)eqseap = eqeap, thatis, e,eqp is an idempotent in S,z. But there is only one idempotent in Sz, so that
eaea/g = eaﬁ = eaﬁea.
(3) Lete, € S, and eg € Sp for some a, B € Y. Then eyep € Sp and from (2) we have that
eaeﬁ = eaeﬁeaﬁ = eaeaﬁ = eaﬁ.
(4) Lete, €S, and ez € Sp for some a, f € Y. Then e,agz € S,z and from (1) and (2) we get

eaaﬁeaﬁ = eaeaﬁaﬁ = eaﬁaﬁ = aﬁea/g = aﬁeaeaﬁ.
Since e, is the identity of S, 5, we have thate,a; = age,.

(5) Suppose that a R* b in S where a € S, and b € Sg. Then ega = ege,a and so egh = ege, b Which implies that
B < a.Dually, @ < g and hence a = §.

Conversely, suppose that b € S, and xb = yb for some x,y € Swhere x € Sg and y €S,. Then fa = ay as
xb,yb € Sqp = Sg,. Thus xbeyp = ybegp s that from (1) we get xeq,zb = yeqpb, and 0 xeqp(beyp) = yeqap(beqp).
Now xeqp, Yeqp, beqp all lie in S,z which is right cancellative, so that xe,; = ye,p. As in the proof of (3) we have
that e,ep = ege, = eqp. HeNce xege, = yege, = ye, e, and then xe, = ye,. Also, if xb = b, that is, xb = e, b, then
Xeq = e e, = €,. Thus b R7e, in S. Hence for any a € S, we have that a R*b in S as required.

(6) From (3) we have that E(S) is a semilattice. By (5) we deduce that each R*-class contains an idempotent which
must be unique as E(S) is a semilattice. Notice that if a € S,, then a* = e,. To see that S is left ample, leta € S,
and ez € Sg. We have to show that aeg = (aeg)*a. Using (1) and the fact that e e; = ege, = eqp as in the proof of
(3) we get

(aep)Ta = e,pa = aeqp = aeqep = aeg
as required.

3. PROOF OF THE THEOREM

Gantos’s main theorem states: Let S be a strong semilattice Y of right cancellative monoids S,, a € Y with (LC)
condition and connecting morphisms @,z @ = B. Suppose in addition that (C;) holds, where (C,):
if Spa, N Syby = Syc, forall ag, by, ¢, € S, then
SB (aa(pa,ﬁ) n SB (ba(pa,ﬁ) = SB (Ca(pa,ﬁ)

for all a,8 €Y with a = B. In the terminology of Section 2 (C,) says that the connecting morphisms are (LC)-
preserving. He obtained a semigroup Q which is a semilattice Y of bisimple inverse semigroup Q,, with identity
eq a € Y such that {e,: a € Y} is a subsemigroup of Q. In fact, Q, is the inverse hull of S, for each « € Y. We show
that (C,) is equivalent to S having the (LC) condition. We then reprove Gantos’s result. In Theorems 3.13 and 3.15, we
provide a simple proof completely independent of [11].

Let Y'(S) be the inverse hull of left I-quotents of a right cancellative monoid S with (LC). In the rest of this section we

identify S with S8, where 65 is the embedding of S into Zs. We write a~1b short for the element p,~1p,0of Y(S)
where a,b € S.

© 2017, IIMA. All Rights Reserved 141



N. Ghroda* / A New Proof for Gantos’s Theorem On Semilattice of Bisimple Inverse Semigroups / IIMA- 8(6), June-2017.

Theorem 3.1: Let Q = [Y; S, ] be a semilattice of right cancellative monoids S, with identity e,, @ € Y. Suppose that
S, and each S,, has (LC). Then Q = [Y;Y,,] is a semilattice of bisimple inverse monoids (where Y., is the inverse hull
of S,) and the multiplication in Q is defined by: fora™'b € ¥, c™*d € 35,

a~bcld = (ta) 1(rd)
where Sppb N Sepc = Sepw and th = rc = w for some ¢, 7 € Syp.

Proof: By Lemma 2.3, each S, is a left I-order in Y, where S, is the R -class of the identity of }.,. We prove the
theorem by means of a sequence of lemmas. We begin by the following lemma due to Clifford.

Lemma 3.2: (cf. [2, Lemma 4.1]) Let T be a right cancellative monoid. Then for a, b € T we have
aLbif and only if a = ub,
for some unit u of T.

Lemma 3.3: Let Q be an inverse monoid. Let a, b,c,d € R;. Then
a~'b =c'd if and only if a = uc and b = ud,
for some unit w.

Proof: Suppose that a=*b = ¢~'d where a, b,c,d € R;. Since a, b, c,d € R,we have that
alRah=c'dRctinQ.

Then a £ c in Q. Since a R b, it follows that b = aa™*b = ac~'d. We claim that ac~tis a unit. As a £ c, it follows

that ac™*L cc™ = 1. Since c™* R ¢~ we have that 1 = ac™* R ac™! and hence u = ac™? is a unit, and we obtain

b = ud. Since u = ac~! and a £ c we have that uc = ac™*c = a. The converse is clear.

Lemma 3.4: The multiplication is well-defined.

Proof: Suppose that we have elements ay, b;, a,, b, of S, ¢;, dy, ¢, d, Of Sp such that
a;"'by = a,"'h,in Y, and ¢;'d; = ¢;7'd, in Y.
By Lemma 3.3,
a; = U4y, by = usb,
for some unit u; € S, and
€1 =016y, dy = V1d,
for some unit v; € Sp. By definition,
a;"'bic; My = (taq) N dy)
Where
Sapbi N Sapci = Sqpwy and t1 by =11¢; = wy
for some t;,7;, w; € Sqp. Also,
a; "y, = (ta,) 7 (r2dy)
Where
Sapba N SapCy = Sapw, and t,b, =136, = wy
for some t;, 15, w; € Sup.

We have to show that a,~b,;c;"*d; = a, tbh,c, 1d,, that is,
(t1a)) "1 (rdy) = (t2a2) 71 (12d2)
and to do this we need to prove that
t,a, = ut,a, and rd, = ur,d,
for some unit win S,z, using Lemma 3.3. We aim to prove that Spgw; = Segw,. We get this if we prove that
Sa/?bl = aBbZ and Saﬁcl = OqpC2.

Since b; = u,b,, using Lemma 2.4, we have that
eaﬁbl = ea/i’u1b2 = (u1eaﬁ)b2 = (u1ea,8)(ea,8b2)
and as b, = u;1b;, we have
Sa/?bl = aﬁeaﬁbl = Saﬁeaﬁbz = Sa/gbz.

Similarly, Sypeqpc1 = SapeapC,. HeNCe Sppwy = Sppw, S0 that wy Lw, in S,p. By Lemma 3.2, w; = lw, for some
unitlin Sgp. Then

wy = t;by = lwy = 1(t;h,) = lt,(wy~'by).
But, by Lemma 2.4 a; R*b; in S, it follows that t,a; = It,u; " ta, = It,a,. Since

Wl = T'1C1 = le = lr2C2 = lTZ‘Ul_lCl

and ¢; R*d, in S, again using Lemma 2.4 we have

T'ldl = szvl_ldl = lrzvl_lvldz = lrzdz
as required.
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In order to prove the associative law we need to introduce subsidiary lemmas. The proof of the next lemma is depends
only on the fact that S, is right cancellative and the proof can be found in [11].

Lemma 3.5: (Spaq N Spby)Cq = SqQqCq N Sebocy for all ay, by, cy € S,.

In the following lemma we prove the equivalence between S having the (LC) condition and (C,) mentioned in the
introduction.

Lemma 3.6: Let S = [Y; S, ] be a semilattice Y of right cancellative monoids S, with the (LC) condition. Then S has
(LC) if and only if whenever 8 < a, if Spa, N Syby = Sycy (A, by, Cq € Sp), then if
SB(aaeﬁ) n SB (baeﬁ) = SB (caeﬁ).

Proof: Suppose that Spa, N Syby, = Sqc, iMplies Sga, N Sgby = Sgc, forall B < a. Let a €S, and b € Sp for
some @, €Y. Then aeqg, eqpb € Syp 50 thatas S,z has (LC) we know that
Saﬁ(eaﬁa) n SO{E (eaﬁb) = SOCEC
for some ¢ € S,z. Now, let d € SanSh, say d €S, so that y <af and d =wua =vb for some u,v €S. By
assumption,
Sy (eqpa)e, N Sy(eaﬁb)ey = §,ce,.
Then Syae, N S,be, =S, ce,. Now,
d=ua=vbh= (eyu)a = (eyv)b €S,anS,b=S5,c

aseyu,e,v €S,. Thend € S,c and so Sd < Sc. Thus Sa N Sbh < Sc. Also, ¢ € S,pa < Sa and ¢ € S,pb < Sb.
Thus ¢ € Sa N Sh. Hence Sc < Sa N Sb and we get Sc = Sa N Sb.

On the other hand, suppose that S has (LC) and let S,a, N Syb, = S,c,, SO that ¢, = u,b, = v,b, for some
Uy, Vg € S,. We claim that

Sa, N Sb, = Sc,.
As S has the (LC) condition there exists d € S; such that Sa, N Sh, = Sd. Then d = ka, = hb, for some k,h € S
and so ¢ < a. Since ¢, € Sa, N Sb, we have that ¢, = rd for some r € S so that a« < ¢&. Hence a = ¢, that is,
d € S, and we can write d = d,,.

From c, = rd we have that ¢, = (e,r)d, € S,d, sothatS,c, € S,d,.

Since d, = ka, = hb, = (e k)a, = (e h)b,, we have that d, € S,a, NS, b, = S,c,, and so S,d, S S,c,. Thus
S,d, = S,c,. Hence d, Lc, inS,,sothatd, L c, in S. We have

Sa, NSby = Sc,.
Hence our claim is established.

Now let 8 < a. Since Sg has the (LC) condition and ega,, egb, € Sg we have that
Sﬁ(eﬁaa) n SB (eﬁba) = SBWB
for some wg € Sg. We aim to show that Sz (egc,) = Spwp.

Since wg € Sga, N Sgb, < Sa, N Sb, we have that wg € Sc, and so wg = lc, for some [ € S, say | € S, so that
n=p. Since wp =egwp =eplc, and n =p, it follows that wg =ezwp = legc,, by Lemma 2.4. Then
WB = (leﬁ)(eﬁca) € SBCa so that SBWB c S(eBCa).

Conversely, since ¢, = uqCqy = Vob, and f < a, it follows that egc, = eguqega, = egvaepb,, by Lemma 2.4, It
follows that egc, € Sga, N Spby = Sgwg. Hence Sg(egcy) S Sgwp. Thus Sg(egcy) = Sgwy as required.

Lemma 3.7: Let a™'b,a™'e, €Y, and c¢~'d,epd € Y5 Where a,b € S,, c,d € Sg and e,, ez are the identities
elements in S, and S respectively. Then

(i) a 'begd = (aez)” (bd),
(i) (a™tey)(c™ld) = (Ca)‘l(dea/g).

Proof: (i) We have that S,zeg N Sypb = Sep N Sepb = Sqpb and
eaﬁb = (beaﬁ)eﬁ = (eaﬁb)eﬁ =b eaﬁ,
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Using Lemma 2.4. We have
(atb)(egd) = (a‘lb)giﬁ_ld)
= (eapa) (eapbd)
= (eaﬁa)_l(bd).

(i) We have that S,pc N Sppeq = Sapc N Sep = Sqpc and
eaﬁc = (Ceaﬁ)ea = (eaﬁc)ea =cC eaﬁ,
Using Lemma 2.4. We have
(atey)(c7id) = (ca)_l(deaﬁ)
as required.

Lemma 3.8: Let a™'h€ ¥, , epd,d 'eg € Y5 and x~'y € Y, where eg is the identity element in Sg where
a,be S,, eﬁ,d € S and x,y € Sy.Then

(i) (@ 'begd)x™'y = a™'b(egdx'y);

(i) (a™'bdep)x~'y = a *b(d "egx™'y).

Proof: (i) Let a~"b, ezd, x ™"y be as in the hypothesis. Then
(a 'begd)x~y = (aeaﬁ)_l(bd)x‘ly by Lemma 3.7 (i),
= () (1Y)
where t;bd = r;x = wyand
Saﬁy(bdea/gy) n SQI;y(xeaﬁy) = Saﬁywl
for some t;, 71, w; € Sup,,.

On the other hand, by definition of multiplication,
a~'b(epdxty) = a‘lb((tzeﬁ)_lrzy)

= (t:0) 7' (1312Y)
where t,d = r,x = w, with

Spy(degy) N Spy (xegy) = Sgyw, @)
for some t,, 15, w, € S, and t3b = r3tyeqp, = wy With
Sapybeapy N Sapyta€apy = SapyWs @
for some t3, 13, w3 € S, Using (1) and Lemma 3.6 gives
Saﬁyd n Saﬁyx = SaByWZ (3)

We must show that (t;a) 1(ryy) = (tza) 1(r37m,y). By using Lemma 3.3, we have to show that ¢;a = utsa and
ry = ursr,y for some unit w in Sgp, .

Once we know w; Lwsd in S.g,, We have that w; = hwsd for some unit h in Sy, by Lemma 3.2. Hence
tibd = ht3bd so that t,eqpz,bd = htseqp,bd. Since ty, ht; and eqp,bd are in S,z,, which is right cancellative we
obtain t; = ht; so that t;a = htsa.

Now,
Wy =nNnx = tlbd = ht3bd = hT'3t2d = hT'3T2x.

As 1y, hrsr, and eqp, x are in S, again by right cancellativity in S, we have that r; = hryr, and so ry = hrynyy.

aBy aBy

Now, as S has (LC)
SapyW1 = Sapybd N Sgp,x

= Supybd N Sepyd N Sep,x

= aﬁybd n SaByWZ by (3)

= aﬁybd n Saﬁytzd

= Sapybdeagy N Sapytadeapy

= (Sapyb N Sapytz)deqpy, by Lemma 3.5

= Sapywsd by (2).
(ii) Let a='h,d""eg, x 'y be as in the hypothesis. Then,

(a™*bd~teg)x 'y = (t;a) ' (rieg)x "ty
= (tt,0) 7' (1Y)

Sa/i‘ (beaﬁ) n Sa/i‘ (deaﬁ) = SaBWI (4)

where t;b = r;d = w;with
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for some t;, 71, w; € Sgp and t,ry = 1x = w, With

Saﬁyrl N Saﬁyx = SOCEVWZ (5)
for some t,, 1, w, € Sup,. By (4) and Lemma 3.6 we have
Sa/gyb n Sa/gyd = Saﬁywl. (6)

On the other hand, by Lemma 3.7 (ii),
a'b(degx'y) = a'b(xd) ' (vep,)
= (tza) " (r3yepy)

where
tshb = r3xd = ws, Sapy (xd) N Sepy (begpy) = SapyWs
for some t3, 73, w3 € Sy,

We have to show that (t,t;a) 1 (ryy) = (t3a)‘1(r3yeﬁy). By using Lemma 3.3, we have to show that t;a = vt,t a
and r3y = vryy for some unit vin Sgp,.

Once we know wsLw,d in Sup,, We have w; = kw,d for some unit k in Sz, by Lemma 3.2. Hence
r3xd = kr,xd so that 13eqp,xd = kryeqp,xd. Since 13, e4p,xd and kr, are in S,z, which is right cancellative we
obtain r; = kr, so that 3y = kr,y. Now,

w3 = t3b = r3xd = kryxd = kt,rid = kt,t,b.

Hence tseqp,b = kt,tieqp5,b Where ts, eqp,b and kt,t; are in S, again by right cancellativity in S,g,. we have that
t3 = ktztl and SO t3a = ktztla.

Now,
SaByW3 = aﬁyb n Sa/gde
= aﬁyb n Sa/gde n Sa/gyd
= Sapyxd N Sy, wq by (6)
= Sapyxd N Sgp,11d
= SapyXdeapy N SapyT1deapy
= (Sapyx N Sapyri)deqpy, by Lemma 3.5
= aByWZd by (5)
as required.

Lemma 3.9: The associative law holds in Q.

Proof: Suppose thata™'b € ¥, c™'d € ¥y and s~'t € 3, where a,b € S,, c,d € Sg and s,t € S,,. From Lemma
3.8, we have that

a'b(c™*ds™'t) = a *b(c 'egegd.s7't)

=a 'b(c'eg.epds't)

(a™*bctep)(epd.s7't)
= (a 'bclep.epd)s 't
= (a7'b(c eg.epd))s™'t
= (a 'bcd)s7 1t

From Lemmas 3.9 and 3.4 we get the proof of Theorem 3.1.
Let a €S, and b € Sg forsome o, € Y. By Lemmas 3.7 and 2.4,
eqaegh = e, taeg'h = (eqeqnp) ' (ab) = eqp(ab) = ab
and we get the following lemma;
Lemma 3.10: The multiplication on Q extends the multiplication on S.
The next corollary now is clear.

Corollary 3.11: The semigroup S defined as above is a left I-order in Q = Ugeydq-

The following lemma shows that the “strong' in Gantos’s result is automatic.
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Lemma 3.12: [7] Let P =[Y;S,] where each S, is a monoid with identity e,, such that £ = {e,;a €Y} is a
subsemigroup of P. Then E is a semilattice isomorphic to Y and E is central in P.
If we define ¢yp:S, = Sp by ayPap = asep where a =, then each ¢,z is a monoid morphism, and

pP= [Y; Sa; ¢a,[3]-

Let S=1[Y;S,] be a semilattice Y of of right cancellative monoids S, with identity e,, a € Y such that each
S, a €Y has the (LC) condition. By Lemma 2.4, E = {e,:a € Y} is a subsemigroup of S. Hence S is a strong
semilattice Y with connecting morphisms ¢, z: S, — Sg givening by a, ¢,z = a,eg wWhere a = g for any a, € S,, by
Lemma 3.12. In fact, every semilattice of right cancellative monoids is a strong semilattice of cancellative monoids
(see [13, Exercises 111.7.12]). If S has the (LC) condition, then by Corollary 3.11, S has a semigroup of left I-quotients
Q = Ugey 2o Where ¥, is the inverse hull of S,, a €Y. It is easy to see that e, is the identity of },. From Lemma
3.6 and Theorem 3.11 of [7], the @, g's lift to morphisms ¢ p: ¥ = Y and ¢, pdp, = ¢g, forall a = g =y, and
¢« 1S the identity on 3.,. Hence Q is a strong semilattice of bisimple inverse monoids ).,'s, « € Y, by Lemma 3.12.
The following theorem is now clear.

Theorem 3.13: Let S = [Y; S,; ¢q,z] and for each «, let S, be a right cancellative monoid with Condition (LC) and ¥,
as its inverse hull of left I-quotients. Suppose that S has the (LC) condition. Then S is a left I-order in a strong
semilattice of monoids Q = [Y; Y4; Papl Where @, g’s liftto g p’s, a = B.

We aim now to prove the converse of Theorem 3.1. Let Q be a semilattice Y of bisimple inverse monoids Q,, (with
identity e,) such that E = {e,: a € Y} is a subsemigroup of Q. By Lemma 3.12, E is central in Q. Further if we define
bap: Qu = Qp BY qubap = qaep (@ = B), then each ¢, p is @ monoid morphism and @ = [Y; Qq; g p]- LS, be the
R-class of the identity e, in Q. Clearly, ¢y zls,: Sy = Sg and S = [Y;S,; o pls,] is a strong semilattice ¥ of right
cancellative monoids S,. We wish to show that S has the (LC) condition. By Lemma 3.6, to show that S has (LC)
condition we have to show that ¢, 4|5, is (LC)-preserving (a = ). We need the following technical lemma from [12]
(see, Lemma 3.2 of [2]).

Lemma 3.14: (cf. [12, Lemma X.1.5]) Let Q be a bisimple inverse monoid and let R be the R-class of the identity. For
any a,b,c € R,
Ran Rb =Rcifandonlyifa~lab b =c"1c.
Returning to our argument before Lemma 3.14. Let S,anS,b =S,c where a,b,c €S,. Then, we have that
a tab™'b = c¢7tc. We claim that
(@) (epa)(epb) " (eb) = (g¢) ™~ (egc)
where a = S.

Since E is central in Q we have
(eﬁa)_l(eﬁa)(eﬁb)_l(eﬁb) =a'egegab~'egh
=a'egabtegh
=a 'aegh™'b
=ega tab™'h
=epc'c
= egclepc

= (eﬁc)_l(eﬁc)'

Hence our claim is established. By the above lemma Sgega N Sgegb = Sgegc where a > B. Thus by Lemma 3.6, S
has the (LC) condition and the following theorem is clear.

Theorem 3.15: Let Q be a semilattice Y of bisimple inverse monoids Q,, (with identity e,) such that E = {e,: a € Y}
is a subsemigroup of Q. Then there is a subsemigroup S of Q with the (LC) condition which is a strong semilattice of
right cancellative monoids S, where S,, is the R%e-class of e,. Moreover, S is a left I-order in Q.

Combining Theorem 3.1 and Theorem 3.15, we get the following corollary.

Corollary 3.16: (cf. [11, Main Theorem]) Let S = [Y; S, ] be a semilattice Y of right cancellative monoids S, with
identity e,, such that each S, has (LC). Suppose in addition that for any a = g, if S,a, N S,b, = S,c,, then
Sgaq N Sgb, = Spc,. Foreach a €Y, let @, be the inverse hull of S, so that @, is a bisimple inverse monoid, and S,
is the R%-class ofe,. Then Q = [Y;Q,]is a semigroup of left I-quotients of S, such that E = {e,:a € Y} is a
subsemigroup.
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Conversely, let Q =[Y;Q,]be a semilattice Y of bisimple inverse monoids Q,, with identity e,, such that
E = {e,: @ € Y} is a subsemigroup. Then S = [Y; Rea] is a semilattice of right cancellative monoids R, such that each
R, has (LC) and forany @ = B, if R, ,a, N S, Ry = R, Cq, then Reﬂaa n SeﬁRa = Reﬁca-
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