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ABSTRACT

Let M be a prime I-ring satisfying a certain assumption and D a nonzero derivation on M. Let f: M — M be a left
generalized derivation such that f is centralizing and commuting on a left ideal J of M. Then we prove that M is
commutative.
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PRELIMINARIES

Let M and T be additive abelian groups. If there exists a mapping (x, &, y) = xay of M X I x M — M, which satisfies
the conditions

(i) xayeM

(i) (x+y)az =xaz+yaz, x(a + B)z = xaz + xBz, xa(y + z) = xay + xaz

(iii) (xay)Bz = xa(yBz) forall x,y,z € M and @, 8 € T, then M is called a I'-ring.

Every ring M is a I'-ring with M =T". However a I'-ring need not be a ring. Let M be a I'-ring. Then an additive
subgroup U of M is called a left (right) ideal of M if MTU c U(UTM c U). If U is both a left and a right ideal, then
we say U is an ideal of M. Suppose again that M is a I'-ring. Then M is said to be a 2-torsion free if 2x = 0 implies
x = 0forall x € M. An ideal P; of a I'-ring M is said to be prime if for any ideals A and B of M, ATB < P, implies
ACP,orBcP;. An ideal P, of a T-ring M is said to be semiprime if for any ideal U of M, UT'U < P, implies
UCc P, AT-ringM is said to be prime if alMI'b = (0) with a,b € M, implies a = 0 or b = 0 and semiprime if
al'MTa = (0) with a € M implies a = 0. Furthermore, M is said to be commutative T-ring if xay = yax for all
x,y € M and @ € T. Moreover, the set Z(M) = {x € M: xay = yax forall y € M and a € T'} is called the centre of the
I-ring M. If M is a T'-ring, then [x, y], = xay — yax is known as the commutator of x and y with respect to a, where
x,y € M and a € T'. We make the basic commutator identities:

[xay, z]p = [x,z]gay + xa[y, z]g and [x,yaz]g = [x,y]paz + ya[x,z]gz , for all x,y € M and « € T. We consider
the following assumption:

(A) e xayBz = xByaz, forall x,y,z € M and a, 8 € T'. An additive mapping D: M — M is called a derivation if
D(xay) = D(x)ay + xaD(y) holds for all x,y € M and a € T. A mapping f is said to be commuting on a left ideal J
of Mif [f(x),x]o,=0forallxejanda €T and f is said to be centralizing if [f(x), x], € Z(M)for all x € J and
a € T. An additive mapping f:M — M is said to be a generalized derivation on M, if f(xay) = f(x)ay + xaD(y)
holds for all x,y € M and @« € ', where D is a derivation on M. An additive mapping f: M — M is called a left
generalized derivation on M, if f(xay) = xaf (y) + D(x)ay holds for all x,y € M and @ € T, where D is a derivation
on M.
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INTRODUCTION

The concept of the I'-ring was first introduced by Nobusawa[13] and also shown that I'-rings, more general than rings.
Bernes [1] weakened slightly the conditions in the definition of I'-ring in the sense of Nobusawa. Bresar[2] studied
centralizing mappings and derivations in prime rings. Kyuno[9], Luh[10], Hoque and Paul[5], [6] and others were
obtained a large numbers of important basic properties of I'-rings in various ways and determined some more
remarkable results of I'-rings. Ceven[3] studied on Jordan left derivations on completely prime I'-rings. Mayne[12]
have developed some remarkable result on prime rings with commuting and centralizing. Jaya subba reddy.C et.al [8]
studied centralizing and commutating left generalized derivation on prime ring is commutative. Hoque and paul [7]
studied prime gamma rings with centralizing and commuting generalized derivations is a commutative. In this paper,
we extended some results on prime gamma rings with centralizing and commuting left generalized derivations is a
commutative.

Some preliminary results
We have to make some use of the following well-known results
Remark 1: Let M be a prime T-ring. If aab € Z(M) with 0 = a € Z(M), then b € Z(M).

Remark 2: Let M be a prime I'-ring and J a nonzero left ideal of M. If D is a nonzero derivation on M, then D is also a
nonzero on J.

Remark 3: Let M be a prime I'-ring and J a nonzero left ideal of M. If J is commutative, then M is also commutative.

Lemma 1: Suppose M is a prime T-ring satisfying the assumption (4) and D: M — M be a derivation. For an element
a€M,if aaD(x) =0, forallx € M and a €T, theneithera =0or D = 0.

Proof: By our assumption, aaD(x) = 0, forall x € M, and a« € T.
Replacing x by xfy in above equation, we get

aaD(xBy) =0

aa(D(x)By + xBD(y)) = 0

aaD(x)By + aaxBD(y) =0

aaxBD(y) =0, forall x,y € M,and a, B € T.
If D is not a zero, that is, if D(y) # 0, for some y € M.

By definition of prime I'-ring, then a = 0. Hence proved.

Lemma 2: Suppose M is a prime I'-ring satisfying the assumption (A) and J a nonzero left ideal of M. If M has a
derivation D which is zero on J, then D is zero on M.

Proof: By the hypothesis, D(J) = 0

Replacing J by MTJ in above equation then, we get

D(MT)) =0
D(M)TJ + MI'D()) = 0
D(M)T] = 0.

By Lemma 1, D must be zero, since J is nonzero.

Lemma 3[7]: Suppose M is a prime I'-ring satisfying the assumption (A) and J a nonzero left ideal of M. If J is
commutative on M, then M is commutative.

Lemma 4: Suppose M is a prime I'-ring and f: M — M be a additive mapping. If f is centralizing on a left ideal J of
M, then f(a) € Z(M), forall a € J U Z(M).

Proof: f is a centralizing a on left ideal J of M, we have [f(a),a], € Z(M) foralla € Jand a € T.

By linearization, we have
abe]=a+be] foralla er.
[f(a+b),a+b]l, €Z(M)
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f is a additive mapping then
[f(a) + f(b),a + b], € Z(M)
[f(a),ale + [f(@), bly + [f (D), aly + [f (D), ]y € Z(M)

f is acentralizing on left ideal J of M then, we get
[f(@),ale =0, [f(b),b]l, =0
[f(@),b]q + [f (D), ala € Z(M). D

If a € Z(M), then equation (1) becomes
[f (), b]q € Z(M).

Replacing b by f(a)Bb in above equation then, we get
[f (a), f(@)Bb], € Z(M)
[f (@), f(@)]«Bb + f(@)B[f (@), b], € Z(M)
f(@)B[f(a),b], € Z(M). If [f(a),b]q = 0.
Then f(a) € Cry ().

The centralizer of / in M and hence f(a) € Z(M). Otherwise, if [f(a),b], # 0, remark 1 follows that f(a) € Z(M).
Hence the lemma.

Theorem 1: Let M be a prime T-ring satisfying the assumption (A) and D a nonzero derivation on M. If f is a left
generalized derivation on a left ideal J of M such that f is commuting on J, then M is commutative.

Proof: Since f is commuting on J, we have
[f(a),a]l, =0,foralla€ejand a €T.

Replacing a by a + b in above equation, we get
[fla+Db),a+bl,=0
[f(a) + f(b),a+b]a =0
[f(a),ale + [f(a),b]s + (%f(b), ale + [f(b),b]a =0

[f(a),ble + [f(b),a]a )
Replacing b by aBb in equation (2), we get

[f(a),aBb], + [f(aBb),a], =0

[f(a),a]aBb + aB [f (@), bly + [aBf (b) + D(a)Bb,al, = 0

[f(@),alaBb + ap [f(a), bl + [aBf(b),al, + [D(a)Bb,al, =0

[f (@), alaBb + aB [f (@), bla + [a,al.Bf (b) + aB[f (D), al, + [D(a)Bb,a], = 0O
f is centralizer then, [f(a), a].8b = 0, [a,a],Bf(b) = 0.

ap [f(a), bl + aB[f(b),al, + [D(a)Bb,al, =0

aB([f(a),bly + [f(b),als) + [D(a)Bb,a]l, =0
Using equation (2) in above equation, we get

[D(a)Bb,a], = 0. @)

Replacing b by ayr in above equation (3), we get
[D(a)Bayr,al, =0
[D(a), alaBayr + D(a)Blayr,al, =0
[D(a), aleBayr + D(a)B [a,al.yr + D(a)Bay [r,a], = 0
D(a)Bay [r,al, =0,foralla€eJ,re Mand a, B,y,€T.

Since M is prime T-ring, thus D(a) = 0 or [r,a], = 0.

Since D is nonzero derivation on M, then by lemma 2, D is nonzero on .

Suppose D(a) # 0 for some a € J, then a € Z(M).

Letc e/ with ¢ # Z(M). ThenD(c) =0and a+ c & Z(M), that is, D(a + ¢) = 0 and so D(a) = 0, which is a

contradiction. Thus ¢ € Z(M) for all ¢ € J. Hence J is commutative and hence by lemma 3, M is commutative. Hence
the theorem.
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Theorem 2: Let M be a prime T'-ring satisfying the assumption (4) and J a left ideal of M withj n Z(M) # 0. If f is
a left generalized derivation on M with associated nonzero derivation D such that f is commuting on J, then M is
commutative.

Proof: we claim that, Z(M) # 0 because of f is commuting on J and the proof is complete.

Now from equation (1), we get

[f (@), blq + [f (), alq € Z(M)

We replace a by bfc with 0 # ¢ € Z(M), then we get
[f(bBc), bla + [f (D), bBcly € Z(M)
[bBf (c) + D(b)Bc, bl + [f(b),blaBc + bB[f(b),cla € Z(M)
[bBf(c),blo + [D(D)Bc, bl + bB[f(b),cla € Z(M)
[b,blaBf(c) + bB [f(c),bla + [D(b),blaBc + D(B)B [c,ble + [f(b),bloBc + bB [f(b),clq € Z(M)
c€ZM)= [c,b],=0forallbe],[bbl,=0

Since ¢ € Z(M) = f is acentralizer on J.
f(b) € Z(M) = [f(b),c]y = 0.
bp [f(c), bl + [D (D), blaBc + [f (b), bl Bc € Z(M)

From lemma 1, f(c) € Z(M) and hence [D(b), bl.Bc + [f(b), b].Bc € Z(M). Since f is a centralizing on J, we have
[f(b),bleBc € Z(M) and consequently [D(b),b],Bc € Z(M) . As c is nonzero, remark 1 follows that
[D(b), b], € Z(M). This implies D is centralizing on J and hence we conclude that M is commutative.
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