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1. ABSTRACT

In the present paper we established some fixed point theorems in complete metric spaces. Our results generalized the
previous results on complete metric spaces given by Banach, and other mathematicians.

2. INTRODUCTION AND PRELIMINARIES

In 1984, M.S. Khan, M. Swalech and S.Sessa [10] expanded the research of the metric fixed point theory to a new
category by introducing a control function which they called an altering distance function.

Definition 2A ([19]): A function i : R, — R, is called an altering distance function if the following properties are
satisfied:

V) w(t)=0<1t=0
(w,) w is monotonically non-decreasing.

(w;) w iscontinuous.

By i we denote the set of the all altering distance functions.

Theorem 2B ([19]): Let (M, d) be a complete metric space, let € ‘¥ and let S:M — M be a mapping which
satisfies the following inequality

y[d(Sx,Sy)l <ap[d(x, y)]

For all X,y e M and for some O0<a<1. Then S has a unique fixed point Z, € M and moreover for each
xeM limS"x=z,

nN—o0

Lemma 2C: Let (M, d) be a metric space. Let {X,}be asequence in M such that limy[d(X,,X,.,;)]=0
n—oo

If{X,} is not a Cauchy sequence in M , then there exist an &, > 0and sequences of integers positive {m(k)} and
{n(k)} with m(k) >n(k) >k
Such that

d (Xm(k) ) Xn(k)) >g, d (Xm(k)—lxn(k))< &
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And

i I'('_[Q d (Xm(k)—l’ Xn(k)+1) =&
(ii) Mo]od Xy Xngy) = €o

(iii) rl]m d (Xm(k)—l’ Xn(k)) =%

Remark 2D: Form Lemma 3Cis easy to get
l!l_[g d (Xm(k)+1’ Xn(k)+1) =&

In this paper we prove some fixed point and common fixed point theorems for rational expression. Our result is
generalization of various known results.

3. SOME BASIC RESULTS

Since Banach’s fixed point theorem in 1922, because of its simplicity and useful ness, it has become a very popular tool
in solving the existence problems in many branches of nonlinear analysis. For some more results of the generalization
of this principle.

Theorem 3.1: Banach [1] The well known Banach contraction principle states that “If X is complete metric space and
T is a contraction mapping on X into itself, then T has unique fixed point in X”.

Theorem 3.2: Kanan [16] proved that “If T is self mapping of a complete metric space X into itself satisfying:
d(Tx,Ty) <nld(x,Tx) +d(y,Ty)] forall x,y €X, and n € [0,%]. Then T has unique fixed point in X.

Theorem 3.3: Fisher [9] proved the result with
d(Tx,Ty) < pld(Tx,x) + d(Ty,y)]+6d(x,y) forall x,y €X, and u,é € [0,%]. Then T has unique
fixed point in X.

Theorem 3.4: A similar conclusion was also obtained by Chaterjee [3].
d(Tx,Ty) < uld(Ty,x) + d(Tx,y)] forall x,y € X, and n € [O,ﬂ. Then T has unique fixed point in X.

Theorem 3.5: Ciric [5] proved the result
d(Tx,Ty) <nld(x,Tx) +d(y,Ty)] + uld(x, Ty) + d(y,Tx)] + 6§ d(x,y) for all x,y € X, and n,u,8 €
[0,1). Then T has unique fixed point in X.

Theorem 3.6: Reich [22] proved the result
d(Tx,Ty) < uld(x, Ty) + d(y,Tx)] + 6 d(x,y) forall x,y € X, and u,6 € [0,1). Then T has unique
fixed point in X.

Theorem 3.7: In 1977, the mathematician Jaggi [14] introduced the rational expression first
d(Tx,Ty) < B %‘ﬁ”) +8d(x,y)forall x,y €eX,x #y, £,6€[01) and 0< 6+ <1. ThenT
has unique fixed point in X.

Theorem 3.8: In 1980 the mathematicians Jaggi and Das [15] obtained some fixed point theorems with the mapping
satisfying:

d(Tx,Ty) <ad(x,y)+ 8 dxTx)d0.Ty) forall x,yeX,x+y, B,6 €[0,1) and 0< 6§+ < 1.

d(x,y)+d(y,Tx)+d(x,Ty)
Then T has unique fixed point in X.
These are extensions of Banach contraction principle [1] in terms of a new symmetric rational expression. Recently
many other mathematicians viz. Dubey and Pathak [8], Murthy and Sharma [19], Rani and Chug [23] Nair and
Shrivastwa [20], Kundu and Tiwari [17], Imdad and Khan [12], Yadava, Rajput and Bhardwaj [27], Bhardwaj, Rajput
and Yadava [2], Choudhary, Wadhwa and Bhardwaj [4] Singh, Kumar and Hashim [27] gave very valuable results in
complete metric spaces.

In the present paper we shall establish some unique fixed point and common fixed point theorems, through new
symmetric rational expressions in complete metric spaces for altering distance function. Our theorems include the
fundamental result of Banach [1], Kanan [16], Fisher [9], Reich [22], Chatterjee [3] and Ciric [5]. In second part we
prove some fixed point and common fixed point theorems in 2- metric spaces which is motivated by Sharma and Iskey
[26]
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MAIN RESULTS

Theorem 3.10: Let T be a continuous self mapping defined on a complete metric space. A function 1R, = R, s
an altering distance function. Further T satisfies the following conditions:

d(x, Tx)d(y,Ty)d(x, T d(x,
Yd(Tx, Ty) < a (xl f)d (iy Tyy))d((yxTyy))d?x y(f D || ppldGe,Tx) +d(,Ty)]

+yYld(x, Ty) + d(y, Tx)] + 6 d(x,y) (3.10.1)

Forall x,y € X,x # y,and for some a,8,y,6 € [0,1) with a + 28 + 2y + § < 1, then T has a unique fixed point in
X.

Proof: Let x, be an arbitrary point in X, and we define a sequence {x,} such that T"x, = x,  where nis positive
integer.

If x, = x,,, for some n then x,, is a fixed point of T. Taking x,, # x,.q, foralln

Now
d(xn+1ﬁxn) = d(Txnﬁ Txn—l)

d(xn, Txn)d(xXn—1,Txn-1)d(xn,TXn-1)
Yd (T, Txpq) < aw[ Lt l

1+d(xn, Txpn-1)d (Xn-1,TXn-1)d (xn,xn-1)

+ Blp[ d(xn'Txn) + d(xn—lﬁTxn—l)] + le[d(xn'Txn—ﬂ + d(xn—lﬁTxn)]
+6 d (xn, xn-1)

d(xn, xn+1)d(xn—1,x0)d(Xn,xn)

d(xn,Xn—1)
d(x,.1,%,) < « +d{XnXn—1
lp (n+1 n) l,b 1+d(xn,xn)d (tn—-1,%n)d(Xn,xXn-1)

+ .31/)[ d(xn'xn+1) + d(xn—llxn)] + }/l/) [d(xn' xn) + d(xn—l' xn+1)] +5 wd(xn' xn—l)

lpd(xn+1ﬁxn) < OHP [d(xn' xn—l) ] + ﬁlp[ d(xn' xn+1) + d(xn—lt xn)] + led(xn—l' xn+1) + ¢5 d(xn' xn—l)

lpd(xn+1ﬁxn) < (ﬁ + Y +46+ a)wd(xn—lt xn) + (ﬁ + y)¢d(xn+1ﬁxn)

(a+B+y+6)
1-(B+y)

lpd(xn+1ﬁxn) < kl[) d(xn—lﬁxn)

l/)d (xn+1rxn) < lpd(xn—lrxn)

(a+B+y+6)

<1
1-(B+Y)

where k =

On the same way we can write,
Yd (X 41, %) < k™ Pd(x0, 1)

By triangular inequality, we have, form > n
lpd(xnﬁxm) < l,lJ d(xnﬁxn+1) + l;b d(xn+1ﬁxn+2) F o +I,D d(xm—lt xm)

Yd (X, X)) < [K™ + K™+ k™2 4o LA™ d (%, %1)
Yd (o, X)) < 2= (30, 1)

Therefore

Yd (X, Xpy) < %wd(xg,xl) -0 as m,n > ©

So {x,} is Cauchy sequence in X. So by completeness of X there is a point u € X such that x,, — u, as n — oo. Further
the continuity of T in X implies
YT (w) =T lim x,, = limyYT(x,) = limx,,; = u
n—-owo n—-oo n-—-oo
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Therefore u is fixed point of T in X. Now if there is any other v (# w) in X such that T (v) = v, then
d(u,v) = d(Tu,Tv)

d(u,Tuw)dv,Tv)d(u,Tv)+d(u,v)

Yd(Tu, Tv) < ay [ T AT a ) ] + pyYld(u,Tu) + d(v, Tv)]
+yyYld(u, Tv) + d(v,Tu)] + 6y d(u,v)

Yd(u,v) <2y +8)yYdu,v)
Which is contradiction, because (2 y + §) < 1 .Hence u is the unique fixed point of T.

We now prove another theorem in which T is not necessarily continuous on X. but T? is continuous for some positive
integer p , in fact we prove

Theorem 3.11: Let T be self map defined on a complete metric space (X, d) such that (3.10.1) holds. A function
v iR, > R, is an altering distance function. If for some positive integer p, T? is continuous, then T has a unique
fixed point.

Proof: We define sequence {x,}as in theorem 3.10. Clearly it converges to some fixed point u in X. Therefore its
subsequence {x,, }, (ny = k,)also converges to u.

Also 7,7 = TP (limy_., xnk) = limy, TP (Xy,) = llci_rg(x"kﬂ) =u

Therefore u is fixed point of TP .Now we show that Tu = u. Let m be the smallest positive integer such that
T™u=u butT9u #u,forq = 1,2,3,4...,m —1.1f m > 1 then by (3.10.1)

Yd(Tu,w) = Ppd(Tu, T™u)
Yd(Tu,uw) = Pd(Tu, T(T™ w))

I +d(u,(Tm_1u))

| 1+d(w,T (™ 1w))d (1™ 1w),7(T™ 1w))

[d(u,Tu)cl((Tm_lu),T(Tm_lu))d(u,T(Tm_lu))—l
|
|

Yd(Tu, T(T™ 'w)) < ayp

+ By d(u, Tw) + d((T™ ), T(T™ 'w))]
+y9[d(w, T(T™ 1)) + d((T™ ), Tu)] +6 Yd (u, (T™ 1))

d(u,Tu)d((Tm_lu),u)d(u,u)
+d(‘u,(Tm_1u))
1+d(u,u) d((Tm_lu),u)d(u,(Tm—lu))

Yd(Tu, T(T™w)) < ayp
+ pY[d, Tw) + d((T™ w),u)] + y¥[dww) + d((T™ 'u), Tu)]
+8 Yd(u, (T™ )

Yd (T, T(T™ 'w)) < ap[d(u, (T™ )]
+ Y[ d(u, Tw) + d((T™ W), u)]
+ P yldau) + d((T™ "W, Tu)| + 6 Yd (u, (T™1w))

$d(Tu, T(T™w) < ap dw, 7™ ") + fp[ du, Tw) + d((T™ '), u)]
+ vy [d(u, Tu) + d((Tm_lu), Tu)] + 8y d(u, (Tm_lu))

PYd(Tu,u) < (B +Y)PdW,Tu) + (a + B+ y + &)Yd(T™ 1u,u)

This implies
(a+B+y+06)

1-B+7)

Yd(Tu,u) < q.Yd(T™ Ty, u)

Yd(Tu,u) < Yd(T™ 1u,u)

© 2017, IIMA. All Rights Reserved 169



Shefali Vijayvargiya*, Dr. Sonal Bharti /
Some Fixed Point Theorems in Metric Spaces for Altering distance / IIMA- 8(7), July-2017.

(a+B+y+6)

1-(B+y) <1

Where q =

Since a + 28 + 2y + § < 1, thus we write
Yd(u, Tu) < q™Ppd(u, Tu)

Since k™ < 1, therefore d(u, Tu) < d(u,Tu) , this is contradiction. Hence Tu = u, i.e. u is fixed point of T. The
unigueness of u follows as in theorem 3.10.

We further generalize the result of theorem-3.10 in which T is neither continuous nor satisfies (3.10.1). In what follows
T™ , for some positive integer m, satisfying the same rational expression and continuous, still T has unique fixed point
.In fact we prove,

Theorem 3.12: A function i : R, — R, is an altering distance function. Let T be self map defined on a complete

metric space (X, d) such that for some positive integer m, satisfy the condition:
AT d(y,T"y)d(x,T™y)+d(x,y)
m m <
Yd(T™x,T™y) < at/)[ 1+d(y, T™Y)d(y,T™y)d (x,y)
+pYldC, T™x) + d(, T"Y)] + yld(x, T™y) + d(y, T"x)] + & Yd(x,y)

For all x,y € X, x #y, and for some a,f,y,6 = 0 with @ + 28 + 2y + § < 1. If T™ is continuous, then T has a
unique fixed point.

Proof: By theorem 3.11, we assume that T™ has unique fixed point.
Also  YTu =yYT(T™u) = YT™(Tu)

Which implies Tu = u, further since a fixed point of T is also a fixed point of T™ and T™ has a unique fixed point u,
it follows that u is a unique fixed point of T.

SOME FIXED POINT THEOREMS IN 2-METRIC SPACES

Theorem 3.13: Let T be a continuous self map defined on a complete 2-metric space. A function i 1R, — R, isan

altering distance function. Further T satisfies the following conditions:

d(x,Tx,a)d(y,Ty,a)d(x,Ty,a)+d(x,y,a)
<
l’bd(Tx' Ty' a) - (Xl,l) [ 1+d(x,Ty,a)d(y,Ty,a)d(x,y,a)

+ ByYld(x, Tx,a) + d(y, Ty, )] + y¥ld(x,Ty,a) + d(y,Tx,a)] +8 Ypd(x,y,a) (3.13.1)

Forall x,y € X,x # y,and forsome a,B,y,8 €[0,1), a + 28 + 2y + 6 <1, thenT has a unique fixed point in X.

Proof: Let x, be an arbitrary point in X, and we define a sequence {x,} such that, T™x, = x,, where n is positive
integer.

If x, = x,,, forsome nthen x, is a fixed point of T. Taking x,, # x,.4, foralln

Now  d(xpi1,%n) = d(Txy, TXp—1)

d (e, Txn,a)d(xp-1,Txn-1,a)d(xn,Txn-1,0)
1+d(xpn,Txp—1,0)d(Xp—1,Txn—1,a)d(xXn,xXn-1,a) l

Yd(Tx,, Txy,_1,a) < arp [ +d(n Xn-1,)

+ Bl d(xy, Txp, @) + d(xp_q, Txp_q1, a)]
+ )/l/J [d (xn' Txn—l' a) + d(xn—l' Txn' a)] +6 lpd(xnr Xn—1, a)

d(xn, Xp+1,0)d(Xn—1,%0,a)d(xn,xn,a) l

¥ A, X @) < @ [ a1

1+d(xn,xn,a)d(Xn—1,%n,a)d (xXn,Xn—-1,a)

+ /31.[}[ d(xnﬁxn+1' a) + d(xn—lﬁxn' a)]
+ le[d(xn' Xn» a) + d(xn—lt Xn+1 a)] +46 wd(xn' Xn-1, a)

l/)d (xn+1' Xn» a) < az/)d(xn, Xn—1, a)
+ ﬂl/J[ d(xn' Xn+1 a) + d(xn—ll Xn, a)] + )/l/Jd(Xn_l, Xn+1 a) + 51/J d(xn' Xn—1, a)

l:bd(xn+1'xn' a) < ((X + B + Y + 5)¢d(xn—1' Xn, a) + (ﬁ + y)l,bd(xn+1, Xn» a)
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(a+B+y+9)
1-B+7)

l/)d (xn+1' Xn, a) = kl/) d(xn—ll Xn, a)

(a+B+y+06)
1-B+y)

l/)d (xn+1rxn' a) < l/)d (xn—l'xn' a)

where k =

On the same way we can write,
Yd (Xpiq, X, @) < k™M d(xg, X1, @)

By triangular inequality, we have, form > n

YA (X, X, @) <Y d(Xp, X410, @) + Y d(Xpgq, Xnp2, @) + e oo e F P d (X1, Xy @)
Wd (X, X, @) < [K™ + KW+ k™2 o L+ Yd (%, X1, @)

n
wd(xn,xm, a) =< 1—k lpd(xO' X1 a)

Therefore

n
Y (Xp, X, @) < f_—ktpd(xo,xl,a) -0 as m,n > ©

So {x,} is Cauchy sequence in X. So by completeness of X there is a point u € X such that x,, — u, as n — co. Further
the continuity of T in X implies
YT () = YT lim x,, = limypT(x,) = limpx, ., =u
n-w n-ow n-ow

Therefore u is fixed point of T in X. Now if there is any other v (# w) in X such that T (v) = v, then
Yd(u,v,a) = d(Tu,Tv,a)

d(u,Tu,a)d(v,Tv,a)d(u, Tv,a)
+d(u,v,a)

<
d(Tw,Tv, @) < a 1+du,Tv,a)d(v, Tv,a)d(u,v,a)

+ pYldu,Tu,a) + d(v,Tv,a)] + y¥ld(u, Tv,a) + d(v,Tu,a)] + § Yd(u,v,a)
Ydu,v,a) < (a+2y+8)Yd(u,v,a)
Which is contradiction, because (a + 2y + 6) < 1. Hence u is the unique fixed point of T.

We now prove another theorem in which T is not necessarily continuous on X. But T? is continuous for some positive
integer p , in fact we prove

Theorem 3.14: Let T be a self mapping defined on a complete 2 —metric space (X, d) such that (3.13.1) holds. A
function y 1R, — N, is an altering distance function. If for some positive integer p , T? is continuous, then T has a
unique fixed point.

Proof: We define sequence {x,} as in theorem 3.13 Clearly it converges to some fixed point u in X. therefore its
subsequence {x, }, (n, = k) also converges to u.

Also  YT,” = YTP(limy, X, ) = limyo,, YTP (xy,) = limlp(xnk+1) =u
k—w

Therefore u is fixed point of TP .Now we show that Tu =u. Let m be the smallest positive integer such that T™u = u
but T9u # u,forq=1, 2,3, 4..., m-1. If m > 1 then by (3.13.1)
Yd(Tu,u,a) = Yd(Tu, T™u,a)

Yd(Tu,u,a) = Ypd(Tu, T(T™ 1u),a)
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d(,Tu,a)d(T™ 2w (T™ u),a)d (w17 (T™ u),a)
+d(u,(T™ 1u),a)
1+d (W, T(T™1w),a)d(T™ 1w, T (T 1u),a)d (u,(T™ 1u),a)

Yd(Tu, T(T™ u),a) < ay

+ By d(u, Tu, @) + d((T™*w), T(T™ ), a)]
+yldw, T(T™ ), a) + d((T™ '), Ty, a)] +68 Yd(u, (T™ *w), a)

Yd(Tu, T(T™ ), a) < apd(u, (T™ 1u),a)
+ Blp[ d(u,Tu,a) + d((Tm‘lu), u, a)]
+yyYldu,u,a) + d(u, Tu,a)] +6¢ d(u, (T™ ), a)

Yd(Tu, T(T™ u),a) < apd(u, (T™ u), a)
+ By dw, Tu,a) + d((T™w),u,a)| + yp[dw, Tu,a)] + &Y d(u, (T™ u),a)

Yd(Tu, T(T™ ), a) < apd(u, T™ 1u, a)
+ By dw, Tu,a) + d((T™w),u,a)| + vl d(w, Tu,a)] +8du, (T™ u),a)

Yd(Tu,u,a) < (B +y)Ypdw,Tu,a) + (a+ B +y + OYd(T™ u,u,a)

(a+B+y+6)

<
Yd(Tu,u,a) < T

Yd(T™ Yu,u,a)
This implies
Yd(Tu,u,a) < kyp d(T™ u,u,a)

(a+B+y+6)

Where k = G

Since a + 28 + 2y + § < 1, thus we write
Yd(Tu,u,a) < k™pd(Tu,u, a)

Since k™ < 1 kM <1, therefore Yd(Tu,u,a) < yYd(Tu,u,a) this is contradiction. Hence Tu =u
i.e. wisfixed point of T. The uniqueness of u follows as in theorem 3.1.

We further generalize the result of theorem-3.13 in which T is neither continuous nor satisfies (3.13.1). In what follows
T™, for some positive integer m, satisfying the same (3.13.1) rational expression and continuous, still T has unique
fixed point .In fact we prove,

Theorem 3.15: A function i 1R, — R, is an altering distance function. Let T be a self mapping defined on a
complete 2-metric space (X, d) such that for some positive integer m, satisfy the condition:
[ d(, T"x,a)d(y, T™y,a)d(x, T™y, a) 1

+d(x,y,a)

m m <
Ppa(Tx T y'“)—“¢|l1+d(x,Tmy,a)d(y,rmy,a)d(x,y,a)

+ pYld(x, T"x,a) + d(y,T™y, a)]
+yyYld(x, T™y,a) + d(y,T™x,a)] + &Y d(x,y,a)

Forallx,y € X,x # y, and for some a, B, y, 8> 0 with a + 28 + 2y + 6 <1.a > 0, If T™ is continuous, then T has
a unique fixed point.

Proof: By theorem 3.14 we assume that 7™ has unique fixed point.
Also  YTu =yYT(T™u) = YT™(Tu)

Which implies Tu = u, further since a fixed point of T is also a fixed point of T™ and T™ has a unique fixed point
u, it follows that u is a unique fixed point of T.
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