International Journal of Mathematical Archive-8(7), 2017, 179-183
@§MAAvailable online through www.ijma.info ISSN 2229 - 5046

THE EXISTENCE OF FIXED POINT THEOREMS
IN COMPLEX VALUED b-METRIC SPACES

MAN]JULA TRIPATHI?, ANIL KUMAR DUBEY?*

1Department of Mathematics,
U. P. U Govt. Polytechnic, Durg, Chhattisgarh - 491001, India.

2Department of Mathematics,
Bhilai Institute of Technology, Bhilai House, Durg - 491001, India.

(Received On: 22-06-17; Revised & Accepted On: 29-07-17)

ABSTRACT

In this paper, we consider complex valued b-metric spaces which was generalized form of complex valued metric
spaces. We propose to derive the existence of fixed point theorems in complex valued b-metric spaces.
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1. INTRODUCTION

One of the most influential spaces is complex valued b-metric spaces, introduced by Rao et.al [10] in 2013, which was
more general than the complex valued metric spaces [1]. They proved some fixed point results for rational type
mappings in complex valued b-metric spaces. Since then, this notion has been used by many authors to obtain various
fixed point theorems (see [2], [3], [4], [5], [6], [7]. [8]. [9], [11]).

The purpose of this paper is to prove common fixed point theorem for two self-mappings in a complete complex valued
b-metric spaces.

2. PRELIMINARIES
Let us start by defining some important notations and definitions.

Let C be the set of complex numbers and z,, z, € C. Define a partial order < on C as follows: z; < z, if and only if
Re(z,) < Re(z,),Im(z;,) < Im(z,). Consequently, one can infer that z;, < z, if one of the following conditions is
satisfied:

(1) Re(zy) = Re(z,), Im(z;) < Im(z,);

(2) Re(z1) < Re(zy), Im(z,) = Im(z,);

(3) Re(zy) < Re(zy), Im(z,) < Im(zy);

(4) Re(z;) = Re(z,), Im(z;) = Im(zy).

In particular, we write z; X z, if z; # z, and one of (i), (ii) and (iii) is satisfied, also we write z, < z, if only (iii) is
satisfied. Notice that

(@) if0 =z £z, then |z,| < |z,l;

(b) if zy < z, and z, < z;3 then z; < z;

(c) ifa,beRanda < bthenaz < bzforallz € C,.
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The following definition is recently introduced by Rao et.al [10].
Definition 2.1[10]: Let Y be a nonempty set and let p = 1 be a given real number. A functiond:Y X Y — Cis called a
complex valued b-metric on Y if for all x,y, z € Y the following conditions are satisfied:

(i) 0=d(x,y)andd(x,y) =0ifandonlyifx = y;

(i) d(x,y) =d(y,x);

(iii) d(x,y) 3 pld(x,2) + d(z,y)].

The pair (Y, d) is called a complex valued b-metric space.

Example 2.2[10]: If Y = [0,1], define the mapping d:Y XY - Cby d(x,y) = |x —y|*> + i|x — y|* for all x,y € Y.
Then (Y, d) is a complex valued b-metric space with p = 2.

Definition 2.3[10]: Let (Y, d) be a complex valued b-metric space.
(i) A point x €Y is called interior point of a set A € Y whenever there exists 0 < r € C such that B(x,r) =
{yev:d(x,y) <r} c A
(ii) A point x €Y is called limit point of a set A whenever for every 0 < r € C, B(x,7) n (A — {x}) # @.
(iii) A subset A c Y is called open set whenever each element of A is an interior point of A.
(iv) Asubset A c Y is called closed set whenever each element of A belongs to A.
(v) The family F = {B(x,r): x € Y and 0 < r} is a sub-basis for a Hausdorff topology t on Y.

Definition 2.4[10]: Let (Y, d) be a complex valued b-metric space and let {x,,} be a sequence inY and x € Y.
(i) If for every c € C, with 0 < ¢, there is N € N such that for all n > N, d(x,,x) < ¢, then {x,,} is said to be
convergent and converges to x. We denote this by lim,,_,, x, = x or {x,,} = x asn — oo.
(i) If for every c € C, with 0 < ¢, there is N € N such that for all n > N, d(x,,, X,+m) < ¢, Where m € N, then
{x,} is said to be Cauchy sequence.
(iii) If every Cauchy sequence inY is convergent inY, then (Y,d) is said to be a complete complex valued b-
metric space.

Lemma 2.5 [10]: Let (Y, d) be a complex valued b-metric space and let {x,} be a sequence in Y. Then {x,} converges
to x ifand only if |d(x,,x)| > 0 asn — oo.

Lemma 2.6 [10]: Let (Y, d) be a complex valued b-metric space and let {x,,} be a sequence in Y. Then {x, } is Cauchy
sequence if and only if |d(x,, Xp4m)| = 0 @asn — oo, where m € N.

3. MAIN RESULT

Theorem 3.1: Let (Y, d) be a complete complex valued b-metric space with the coefficientp > 1and let P,Q:Y = Y
be a mapping satisfying:

d(Px,Qy) 3 ad(x,y) + Bld(x,Px) + d(y,Qy) | +y[d(x,Qy) + d(y, Px)], 1)
forall x,y € Y, where «, 8,y are nonnegative reals with a + 28 + 2py < 1.

Then P and Q have a unique common fixed pointin Y.

Proof: For any arbitrary point x, € Y, define sequence {x,} in Y such that
Xon+1 = PXop,
Xont2 = QX2n+1, fOf n= 0,1,2,3 T (2)

Now, we show that the sequence {x,,} is Cauchy.
Let x = x5, and y = X541 iN (1), We have
d(Pxzp, QXzn41) = d(X2n41, Xan+2)

3 ad(Xop, Xon41) + BlA(Xan, PX2p) + d(Xon41, QXone1)]
+y[d(xzn, QX2n41) + (X241, PXon)]
= ad(Xzn, Xan+1) + BlA(Xan, Xons1) + d(Xons1, Xon42)]
+y[d(Xan, Xon42) + d(Xoni1, X2n41)]
3 ad(Xzn, Xant1) + BLA(Xon, Xons1) + d(Xani1, Xons2)]
+py[d(xon, X2n41) + d(2ps1, Xons2)]s

which implies that |d (xzp11, X2n42) | < 81d(Xan, X2n41)],

where § = ZHPHPY
1-B-py
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Similarly, we have |d(xzn12, X2n4+3)| < 81d(X2n41, Xani2),
where § = LBV
1-B-py
Thus for all n, |d(xy,, xp41)| < 8ld(xp_1, X)) |
< 52|d(xn—2'xn—1)|

< 8™d(xo, x1)|. @)
Now for any m > n,m,n € N, we have
|d(xn:xm)| < pld(xn:xn+1)| + pld(xn+1' xm)l
< pld(xn' xn+1)| + P2|d(xn+1'xn+z)| + pzld(xn+2'xm)|
< pld(xn, Xps )| + P?1d Kns1, Xpa2) | + 22 1d sz, Xpgz) | + P 1d (Xngs, X))
< pld(xn' xn+1)| + P2|d(xn+1'xn+z)| + p3|d(xn+2'xn+3)| +
e F PR A (X3, X2 | P A (X2, Xm0
+p™ M d (on -1, X0 |-

By using (3), we get
|d (n, 2) | < p8™d (x50, %1) | + P2 8™ |d (xg, x| + P*6™*2|d (xg, x1)
+ o + p™25™M73)d (x, x1) | + ™™ 2 |d (g, x1)|
+p™ 6™ d (xo, 20|
= IS d (%, %0

Therefore,
|d (xn, Xp)| < TR P (x, X)) |
= X5 pt8td (xo, %)
< Y2 (@8 1d (xo, 1)
5 n
= PO 1d (o, %)

1
and hence

[d (%, x)| < %ld(xo,xl)l - 0asm,n - oo, (4)

Thus, {x,} is a Cauchy sequence in Y. Since Y is complete, there exists some w € Y such that x,, > w as n -
oo. Assume not, then there exists z € Y such that
|d(w, Pw)| = |z| > 0. 5)

So by using the triangular inequality and (1), we get
z =d(w,Pw) 3 pd(W, Xsn12) + PAd(Xzn42, PW) = pd(W, Xon42) + pd(QX2p11, PW)
S pd(W, Xzn42) + Pad(W, X2n41) + pBIA(W, PW) + d(Xzp41, QX2541)]
+py[dw, Qxzp41) + d(x2n+1,PW)]
= pd(W, X2n12) + pad(W, Xpp41) + PBIAW, Pw) + d(Xan41, X2ns2)] + PY[AW, X30042) + d (X241, PW)]

which implies that
|z| = |d(w, Pw)|
< pldW, X2n42)| + pald(W, x,n4 )] + PBIA(W, PW) + d (2041, Xon42)
+py|d(W, x2n42) + d(xon41, PW). (6)

Taking the limit of (6) asn — o, we obtain that|z| = |d(w, Pw)| < 0, a contradiction with (5). So |z| = 0. Hence
Pw = w. Similarly, we obtain Qw = w.

Now, we show that P and Q have unique common fixed point of P and Q. To prove this, assume that w* is another
common fixed point of P and Q.Then,
d(w,w*) = d(Pw,Qw")
S ad(w,w*) + Bld(w, Pw) + d(w*, Qw™*)] + y[d(w, Qw*) + d(w*, Pw)]
So that
[dw,w*)| < ald(w,w*)| + Bld(w, Pw) + d(w*, Qw*)| +y|d(w, Qw*) + d(w*, Pw)|
< ald(w,w")]|

So that w = w*, which proves the uniqueness of common fixed point.
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Corollary 3.2: Let (Y, d) be a complete complex valued b-metric space with the coefficientp = 1 and let Q:Y — Y be
a mapping satisfying:

d(Qx,Qy) S ad(x,y) + pld(x,Qx) + d(y,Qy)] +y[d(x,Qy) + d(y,Qx)], )
for all x,y € Y, where a, 8,y are nonnegative reals with @ + 28 + 2py < 1. Then Q has a unique fixed pointin Y.

Proof: We can prove this result by applying Theorem 3.1 with P = Q.

Corollary 3.3: Let (Y, d) be a complete complex valued b-metric space with the coefficientp > 1 and let Q:Y — Y be
a mapping satisfying (for some fixed n):

d(Q"x,Q"y) S ad(x,y) + B[d(x,Q"x) + d(y,Q"y)] + y[d(x,Q"y) + d(y,Q"x)], ®)
for all x,y € Y, where a, B8,y are nonnegative reals with & + 28 + 2py < 1. Then Q has a unique fixed pointin Y.

Proof: Set P = Q™ and Q = Q™ in inequality (1) and use the Theorem 3.1 and Corollary 3.2.
Following results is obtained from Corollary 3.2.

Corollary 3.4: Let (Y, d) be a complete complex valued b-metric space with the coefficientp > 1 and let Q: Y — Y be
a mapping satisfying:

d(Qx,Qy) 3 ad(x,y), )
for all x,y € Y, where pa € [0,1). Then Q has a unique fixed pointinY.

Proof: We can prove this result applying Corollary 3.2 with 8 = y = 0. Corollary 3.4 is the Banach type version of a
fixed point results for contractive mappings in a complex valued b-metric space.

Corollary 3.5: Let (Y, d) be a complete complex valued b-metric space with the coefficientp = 1 and let Q:Y — Y be
a mapping satisfying:

d(Qx,Qy) 3 ad(x,y) + Bld(x,Qx) + d(y,Qy)], (10)
forall x,y € Y, where a, 8 are nonnegative reals with p(a + 28) < 1. Then Q has a unique fixed pointinY.

Proof: We can prove this result by applying Corollary 3.2 with y = 0.

Corollary 3.6: Let (Y, d) be a complete complex valued b-metric space with the coefficientp > 1 and let Q:Y — Y be
a mapping satisfying:

d(Qx,Qy) 3 ad(x,y) +y[d(x,Qy) + d(y,Qx)], (11)
for all x,y € Y, where a, y are nonnegative reals with  + 2py < 1. Then Q has a unique fixed pointinY.

Proof: We can prove this result by applying Corollary 3.2 with 8 = 0.

Corollary 3.7: Let (Y, d) be a complete complex valued b-metric space with the coefficientp > 1 and let Q:Y — Y be
a mapping satisfying:

d(Qx,Qy) 3 a1d(x,y) + azd(x, Qx) + azd(y, Qy) + a4d(x, Qy) + asd(y, Qx), (12)
for all x,y € Y, where @; = 0 for everyi € {1,2,........5}and a; + a, + a3 + 2pa, + a5 < 1. Then Q has a unique
fixed pointinY.

Proof: In (12) interchanging the roles of x and y, and adding the new inequality to (12), gives (7) with
a = al B — az+az and ]/ — aztas
! 2 2

4. CONCLUSION

In this attempt, we prove some fixed point theorems in complex valued b-metric spaces. These results generalize and
improve the recent results of [8], [9], [10], [11], which extend the further scope of our results.
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