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ABSTRACT
Aage and Salunke [1], proved the result on fixed point theorem in dislocated and dislocated quasi metric space. Dass
and Gupta [2], given an extentionsion of Banach contraction principle through rational expression. In this paper we
establish a common fixed point theorem for continuous contractive mapping in dislocated quasi metric space which is
the generalized result of Isufati [4], Mujeeb Ur Rahman and Muhammad Sarwar [11], and Badshah, et al. [12].
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1.1. INTRODUCTION AND PRELIMINARIES

In 1922, Banach proved fixed point theorem for contraction mapping in complete metric space. It is well known as a
Banach fixed point theorem. In 1975 Dass and Gupta [2], generalized Banach contraction principle in metric space. In
1977 Rohades [7], introduced a comparison of various definitions of contractive mappings. In 2005 Zeyada et al. [10],
given a generalization of fixed point theorem due to Hiltzler and Seda [3], in dislocated quasi metric space. In 2008
Aage and Saluke [1] proved result on fixed point theorem in dislocated & dislocated quasi metric space. After this in
2010 Isufati [4], established a fixed point theorem in gislocated quasi metric space, also in 2010 Kohli et al. [5], in
2011 Shrivastava and Gupta [8], Pagey and Nighojkar [6] and in 2014 Shrivastava et al. [9], Mujeeb Ur Rahman and
Muhammad sarwar [11], worked on a common fixed point theorem in dislocated quasi metric space. In this paper we
establish a common fixed point theorem for continuous contractive mapping in dislocated quasi metric space which is
the generalized result of Isufati [4], Mujeeb Ur Rahman and Muhammad sarwar [11] and Badshah, et al. [12].

Definition 1.1 [3&10]: Let X be a non-empty set and let d: X x X — [0, o) be a function satisfying the following
conditions :

(d) d(x,x)=0

(dy) d(x,y) =d(y,x) =0impliesx = y.

(d3) d(x,y) =d(y,x) forallx,yeX

(dy) d(x,y) < d(x,z)+d(z,y) forallx,y,z €X

If d satisfies conditions only (d,) and (d,), then d is called a dislocated quasi metric on X.

If d satisfies conditions (d,), (d,) and (d4), then d is called a quasi metric on X. If d satisfies conditions (d,), (ds) and
(dg), then d is called a dislocated metric on X. If d satisfies all the conditions (d,), (d,) (ds) and (d4), then d is called a
metric on X.

Definition 1.2 [10]: A sequence {x,} in a dq metric space (dislocated quasi metric space) (X, d) is called a Cauchy
sequence if for given e > 0, there corresponds ny € N such that for all m, n > ng implies d(x,, Xm) < €.
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Definition 1.3 [10]: A sequence in dg metric space converges to a point X if there exists x € X such that d(xn‘x) -0
asn— oo orlim, e d(x,x) = 0.

Definition 1.4 [3]: A dislocated quasi metric space (X, d) is a complete metric space if every Cauchy sequence in (X, d)
is convergent sequence with respect to d.

Definition 1.5 [10]: Let (X, d) and (Y, p) be any two dislocated quasi metric spaces and Let T : X — Y be a function
then T is a continuous function at x, € X, if for each sequence {x,} which is convergent to X, in X, the sequence
{T(x,)} is convergent to {T(xo)} in Y.

Definition 1.6 [10]: Let (X, d) be a d-metric space. A map T: X — X is called contraction mapping if there exists a
number A with 0 <A <1 such that d(Tx, Ty) < 2d(x, y) forall x,y e X.

Lemma 1.1 [10]: Limits in a dgq metric space are unique.

Theorem 1.1 [1]: Let (X, d) be a complete dg metric space and suppose there exist non negative constants ¢, g, >0
with ¢+ S+ y < 1. Let T: X — X be a continuous mapping satisfying condition,

d(Tx, Ty) < ad(x,y) +8d(x,Tx) + yd(y,Ty) forall x,y e X.
Then T has a unique fixed point.

Theorem 1.2 [4]: Let (X, d) be a dq metric space and let T: X— X be a continuous mapping satisfying the following

condition,

_ _d,Ty)[1+d(x,Tx)]
d(TX, Ty) = QW + ﬁd(x‘y) X, y EX,

anda>0,B>0,0a+p <1 ThenT has a unique fixed point.

Theorem 1.3 [9]: Let (X, d) be a dgq metric space and T: X— X be a continuous mapping
Satisfying the following condition,

d(y,Ty)[1+d(x,T.
d(Tx, Ty) = a oSt e + Bd(x,y) + yd (o Ty) v,y €X,

and >0, 8>0,y>0, a+ B+ y <1; Then T has a unique fixed point.

Theorem 1.5[11]: Let (X, d) be a complete dg metric space and and let T : X — X be a continuous self-mapping
satisfying the condition,

d(x,Ty)d(y,Ty) d(x,Tx)d(y,Ty) d(x,Tx)d(x,Ty)
d(Tx, Ty) < ad(x,y) + 8 e dlyTy) +y ) + u ey forall x,y €X,
and o, B,y u=0witha+ f+y+2u<1.

Then T has a unique fixed point.

Theorem 1.6 [12]: Let (X, d) be a complete dq metric space and T: X— X be a continuous mapping satisfying the
following condition,
d(y,Ty)d(x,Tx) d(x,y)d(x,Tx) d(x,y)d(y.Ty)
d(™x, Ty) < [1+d (x,Tx)][1+d(y,TY)] +p 1+d(x,Tx) + 1+d(x,y)
and o, B,y>0,a+p +vy <1; Then T has a unique fixed point.

X,y e X

2. MAIN RESULT

Theorem 2.1: Let (X, d) be a complete dg metric space and S, T: X— X be two continuous mapping satisfying the
following condition,

d(y,Ty)d(x.5x) d(x,y)d(x,5x) ax,y)d(y.Ty)
d(SX’ Ty) sa [14+d(x,Sx)][1+d(y,TY)] * ﬁ 1+d(x,Sx) + 1+d(x,y) VX’ ye X (1)

and «, S5, >0, a+ S+ y<1. Then Sand T have a unique common fixed point in X.

Proof: Let {x,} be a sequence in dq metric space (X, d) and let x, be arbitrary in X. We define a sequence {x,} by the
rule xo,

X1= SXO, X3= SX3 ... Xons1 = SXop and Xo = Tle Xa=TX3 ... Xops2= TXon+1 VN €N (2)
Now we claim that {x,} is a Cauchy sequence. For this consider,
d( Xan+1, Xone2 ) = d( SXan, TXzn+1)

<a d(x2n+1, Txzn+1)d(X2n, Sxz2n) d(x2n, X2n+1)d(X2n, szn)+ d(x2n, X2n+1)d(X2n+1, TX2n+1)
T [1+d(x2n, Sx2p)][1+d(X2n+1, Tx2n+1)] 1+d(x2n, Sx2n) 1+d(x2n, X2n+1)

d(x2n+1, X2n)d(X2n, X2n+1) Bd(xznr X2n+1)d(X2n, X2n+1) + d(Xz2n, X2n+1)d(X2n+1, X2n+2)
T [14d(e2n, x2n+D)][1+d(X2n+1, X2n+2)] 1+d(Xz2n, X2n+1) 1+d(X2n, X2n+1)

d(X2n+1, X2n)
——emr A +Bd(x X +yd(x X
[1+d(eans1, Xanta)] Bd(x2n, Xon+1) * Y d(Xont1, Xons2)
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i d(xzn, x
Since d(Xyn, Xone1) < 14+ d(Xzn Xone1) = (zn, Xant1) g
1+d(X2n, X2n+1)

<o d(Xapi1, X2n) T BA(X2n Xone1) ¥ d(Xons1s Xan+2)

This gives,
d( Xans+1, Xone2) < (@ + P)d(Xzn, Xon+1) + 7d(Xons1, Xons2)

(at+B)
= d( Xan+a, Xone2) < Oi_y d(X2n, Xan41)

Therefore we have,
d(Xan+1) X2n+2) < 8(Xap, Xan41), Where 8 = (a%f) €(0,1)

Similarly we have,
(X2ms X2n41) <8 d(Xzn_1,X2n),
d(X2n-1,X2n) <8 d(Xan—2, Xon-1),
= d(xz,x1) < 6 d(xy,xp).

Therefore we have,
d(xn' xn+1) < 5 d(xn—llxn) ’

Similarly we have,

d(xn—lﬁxn) <4 d(xn—Z'xn—l)'

d(xn—Z'xn—l) < d(xn—3ﬁxn—2)'

= d(xy,%1) < 8 d(xq, x0).

Finally, we have,

d(Xp, Xn41) < 6™ d(xy, %o).

> | d(xn Xnea) [ <6™ | d(x1,X0) |

Since 0 <& < 1andlettingn— o = 6" 0, impliesthat | d(x,, x,+1) | > 0asn — o
Hence the sequence {x,} is Cauchy sequence in the complete dislocated quasi metric space (X, d).
Thus the sequence {x,} is a convergent sequence in dislocated quasi metric space (X, d) to the pointz e X. i.e. X, —> 2
as n — oo, Also sub sequences {x,,} and {X,n+1} converges to z. Since T is continuous mapping therefore,

limy, o0 Xone1 =2 = liMy L0 TXopq = T2 = limy 0 Xopyeo = T2
Hence, Tz =z i.e. z is the fixed point of T.
Similarly, using the continuity of S we can show that Sz = z.
Finally we have Tz =z = Sz. i.e. z is the common fixed point of Sand T.
This completes the proof of theorem 2.1

For uniqueness:

To prove Sand T have unique fixed point we suppose z and w are any two common fixed point of S and T with z = w
i.e.Tz=zand Tw=wand Sz=zand Sw=w

Consider
d(z, w) = d(Sz, Tw)
< d(w,Tw)d(z,Sz) B d(z,w)d(z,Sz) + d(zw)d(w,Tw)
T [1+d(z,S2)][1+d(w,Tw)] 1+d(z,52) 1+d(z,w)

d(z, w) <0 [+ zand w are any two common fixed point of T, i.e. Tz=z
and Tw=walso Sz=zand Sw=wand d(z,z) =0 & d(w,w) =0] butd(z,w)=0

This implies that
dz,w)=0

i.e. z=w, this proves the uniqueness of common fixed point of Sand T in X
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Corollary 2.2: Let (X, d) be a complete dg metric space and S, T: X— X be a continuous mapping. Satisfying the
following condition,
d(Sx,Ty) < Bd(x,y)d(x,SX) 4 2EVAGTY)
- 1+d(x,Sx) 1+d(x,y)
and f>0,y>0,8+ y <1; ThenSand T have a uniqgue common fixed point in X.

VXyeX

Proof: The proof of the corollary 2.2 follows immediately by putting & = 0 in Theorem 2.1

Corollary 2.3: Let (X, d) be a complete dg metric space and S, T : X— X be a continuous mapping Satisfying the
following condition,
d(y,Ty)d(x,5x) ax,y)d(y.Ty)
d(SX’ Ty) sa [14+d(x,Sx)][1+d(y,TY)] * 1+d(x,y)
and >0, >0, a+ y <1; Then S, T have a uniqgue common fixed point in X.

VXyeX

Proof: The proof of the corollary 2.3 follows immediately by putting g =0 in Theorem 2.1

Corollary 2.4: Let (X, d) be a complete dg metric space and S, T: X— X be a continuous mapping Satisfying the
following condition
d(y,Ty)d(x,5x) d(x,y)d(x,5x)
d(SX, Ty) sa [1+d(x,Sx)][1+d(y,Ty)] * B 1+d(x,Sx)
and >0, >0, a+f<1;Then S, T have a unique common fixed point in X.

X,y e X

Proof: The proof of the corollary 2.4 follows immediately by putting = 0 in Theorem 2.1
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